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Abstract
Turbulent flows exhibit chaotic and unpredictable motions. Nevertheless, coherent struc-
tures are prevalent in turbulent flows near a solid wall. Energy transfer occurs among
these structures and is governed by the nonlinear Navier-Stokes equations. Channel flow
as one of the simple canonical geometries has been widely studied in wall turbulence.
This thesis focuses on the nonlinear energy transfer physics and a flow estimation prob-
lem in turbulent channel flows.

This thesis comprises three parts. In the first part, we quantify the energy transfer
between any pair of modes in spectral space where a mode characterises structures of
a specific size. This is achieved by examining the triadic interactions of the nonlinear
terms in the Navier-Stokes equations in the streamwise-spanwise wavenumber space. We
quantify the net energy transfer gain and loss due to nonlinear interactions for each mode.
We focus on the energy transfer gain and loss of streamwise streaks, obliques waves and
Tollmien–Schlichting waves which are crucial for sustaining turbulence in wall-bounded
flows. In addition, we quantify the forward and inverse cascades between resolved scales
(large scales) and subgrid scales (small scales) in the spirit of large-eddy simulations.

In the second part, we extract the coherent structures linked to positive and negative
nonlinear energy transfer events in physical space using conditional averaging. Positive
nonlinear energy transfer events are characterised by significant energy transfer gain while
negative nonlinear energy transfer events are characterised by significant energy transfer
loss. We extract similar velocity fields, nonlinear energy transfer fields and vortical fields
for both positive and negative nonlinear energy transfer events. The main distinction is
that positive and negative nonlinear energy transfers occur at different locations around
the vortical structures.

In the third part, we consider a flow estimation problem in which we use limited ve-
locity measurements at one location to predict the unknown velocities at other locations.
We design a velocity estimator by combining a linear Kalman filter and a nonlinear rela-
tionship described by the nonlinear terms in the Navier-Stokes equations. The designed
nonlinear estimator outperforms the purely linear estimator in terms of predicting veloc-
ity magnitudes, structures and energy transfer at the low Reynolds number considered.
However, a linear estimator embedded with a simple eddy viscosity outperforms the de-
signed nonlinear estimator in terms of estimation performance and stability at the high
Reynolds number considered, implying that eddy viscosity is a favourable model for flow
estimation and control in high-Reynolds-number wall-bounded flows.
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觀山難越關山越

聞水易覓紊水覓

I saw the high mountains and I passed every one of them.

I heard the flowing water and I found turbulence.
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Chapter 1

Introduction

1.1 Motivation

Turbulence, characterised by chaotic and unpredictable fluid motions, is found in vari-
ous natural and engineered systems. However, turbulent flows are far from being com-
prehensively understood because the momentum equations governing the dynamics of
turbulence, the Navier-Stokes equations, are nonlinear.

Wall-bounded flows that occur near a solid surface are an important class of flows.
Wall turbulence is closely related to a wide variety of applications, such as air flowing
over the surface of an aircraft, oil transportation inside a pipe and cloud pattern formation
in the atmospheric boundary layer. Since studying wall turbulence in a complex geom-
etry is both more challenging and less generalisable, researchers in the fluid mechanics
community study wall turbulence using canonical flow geometries. Examples include
channels, pipes and boundary layers. A full understanding of wall turbulence in simple
geometries would make it possible to unravel the mysteries of wall turbulence, though
investigating wall turbulence in a simple canonical flow geometry is already a difficult
problem.

A common strategy to tackle a nonlinear system is to use the linearised Navier-Stokes
equations. For wall turbulence, the linearised Navier-Stokes equations are able to explain
transient energy growth, where an infinitesimal perturbation could grow temporarily trig-
gering turbulence even in the absence of unstable eigenvalues (Trefethen et al., 1993;
Reddy & Henningson, 1993). In addition, the linearised Navier-Stokes equations are able
to explain the formation of streamwise streaks from streamwise vortices via the lift-up
mechanism (Landahl, 1980). Both streamwise streaks and streamwise vortices are preva-
lent in wall turbulence.

Linear analysis only solves parts of the puzzle of wall turbulence leaving other parts
to be answered by nonlinear analysis. For example, the energy cascade from large scales
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to small scales is achieved through nonlinear interactions and the formation of stream-
wise vortices in the self-sustaining process (SSP) is related to nonlinear mechanisms
(Hamilton et al., 1995). In addition, embedding knowledge of the nonlinearity into the
linearised Navier-Stokes models recovers more accurate turbulence features (Zare et al.,
2017; Illingworth et al., 2018; Madhusudanan et al., 2019). Therefore, it is worthwhile
to investigate nonlinear energy transfer among different structures and ways to embed
knowledge of the nonlinear dynamics into linear models for wall turbulence.

1.2 Thesis outline

This thesis focuses on the nonlinear energy transfer and nonlinear estimation of turbulent
channel flows using direct numerical simulation (DNS) datasets.

We start with a literature review covering two main topics in chapter 2: energy transfer
and structures in wall turbulence, and linearised models for wall turbulence and applica-
tions. These two main topics are closely related to the studies presented in the following
chapters.

A brief description and validation of the DNS datasets is presented in chapter 3.
In chapter 4, we discuss the nonlinear energy transfer in spectral space. Specifi-

cally, we investigate three aspects of the nonlinear energy transfer among different modes,
where each mode is characterised by a streamwise wavelength and a spanwise wavelength
because channel flows are homogeneous in these two directions. First, we quantify the
dual feature of nonlinear energy transfer: how much energy each mode gains and loses
nonlinearly. Second, we investigate the nonlinear energy transfer of structures which
are important in sustaining turbulence and providing guidance for numerical simulation.
Third, we quantify the forward and inverse cascades between the resolved scales and
subgrid scales in the spirit of large-eddy simulation (LES).

Having looked at the nonlinear energy transfer in spectral space, we proceed to discuss
the nonlinear energy transfer in physical space in chapter 5. We extract significant posi-
tive and negative nonlinear energy transfer events using conditional averaging. Based on
the conditionally averaged events, we look at the conditionally averaged velocity fields,
nonlinear energy transfer fields and vorticity fields. We further explore the relationship
between nonlinear energy transfer and the detected vortical coherent structures. The sim-
ilarities and differences between positive and negative nonlinear energy transfer events
are discussed. Since nonlinear energy transfer in physical space is often termed turbulent
convection, we use the phrase turbulent convection in chapter 5.

In chapter 6, we consider the estimation problem for channel flows. Given a single
velocity measurement at one wall-normal height, we design an estimator to predict the
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velocity fluctuations at other wall-normal heights. Illingworth et al. (2018) found that
including a simple eddy viscosity model which considers the nonlinear effect of the small
scales on the large scales in the linear estimator (based on the linearised Navier-Stokes
equations) improves the estimation performance compared to the purely linear estimator,
indicating the importance and benefits of embedding knowledge of the nonlinear dynam-
ics in a linear model. Inspired by this, we embed knowledge of the nonlinear terms into
the linear estimator using a different approach by explicitly calculating the remaining
nonlinear terms in the Navier-Stokes equations. The estimation performance of the de-
signed nonlinear estimator is discussed and compared with the estimators presented in
Illingworth et al. (2018) and Oehler et al. (2018).

We summarise the present study and propose possible future work in chapter 7.

1.3 Contributions

The contributions of this thesis are summarised as follows:

• The early findings in chapter 4 were published in the following conference proceed-
ing: Ding, J., Illingworth, S., & Chung, D. (2022, December). Nonlinear energy
transfer in channel flow at Reτ = 180. In 23rd Australian Fluid Mechanics Confer-

ence (Sydney, Australia).

• The early findings in chapter 6 were published in the following workshop: Ding,
J., Illingworth, S., & Chung, D. (2022, June). Nonlinear estimation in channel flow
at Reτ = 180. In 14th ERCOFTAC SIG 33 Workshop, Progress in Flow Instability,

Transition and Control (Cádiz, Spain).
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Chapter 2

Literature review

This chapter provides a brief literature review on two broad areas of wall turbulence: the
first is energy transfer and structures; the second is linearised models and applications.
It gives a general background for the discussions in the following chapters. The review
is mainly about wall-bounded flows, though other types of flows are discussed where
appropriate.

2.1 Energy transfer and structures in wall turbulence

2.1.1 Turbulent kinetic energy budget

Inhomogeneity in the wall-normal direction
Because of the no-slip boundary condition at the wall, velocity statistics change signifi-
cantly in the wall-normal direction z, leading to the inhomogeneity associated with differ-
ent physical characteristics across the wall-normal height. In the near-wall region, often
called the ‘inner layer’, viscous forces dominate (Prandtl, 1925). The characteristic length
is the viscous unit ν/uτ where ν is the kinetic viscosity and uτ is the friction velocity. In
the region far away from the wall and often called the ‘outer layer’, viscous forces are
no longer important and the fluid is mainly affected by the bulk flow. The characteristic
length is then the size of the flow geometry. For channel flow, it is the half channel height
h; for boundary layer flow, it is the boundary layer thickness δ ; for pipe flow, it is the pipe
radius r. An intermediate region linking the inner and outer regions exists and the mean
streamwise velocity follows the well-known logarithmic law (Millikan, 1938). While
the extent of the logarithmic region is not completely settled, one sensible definition is
30ν/uτ < z < 0.15δ for Reτ > 2000 (Smits et al., 2011). Figure 2.1 schematically shows
the categorisation of different regions in the wall-normal direction for wall turbulence
(Pope, 2000).
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Figure 2.1: Different regions in the wall-normal direction z for wall turbulence. This
figure is taken from Pope (2000).

Spectral turbulent energy transfer budget for channel flow
Turbulence can be regarded as fluctuations based on the time-averaged flow. The Reynolds
decomposition divides instantaneous quantities into time-averaged quantities and fluctu-
ation quantities. Turbulent kinetic energy (TKE) equation is used to describe energy
transfer concerning the fluctuations in physical space (Moin & Kim, 1982; Mansour et
al., 1988; Pope, 2000):
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First consider energy transfer locally, TKE (2.1) reveals that different types of energy
transfer involving both linear and nonlinear mechanisms contribute to sustaining turbu-
lence. If we integrate equation (2.1) across the whole flow domain Ω, either with periodic
or no-turbulence boundary condition, we arrive at the Reynolds-Orr equation (Schmid &
Henningson, 2001):
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(2.2)

Now consider energy transfer globally, the Reynolds-Orr equation (2.2) tells us that
the true source of turbulence is production from mean shear and the true sink of turbulence
is dissipation to heat, both of which involve only linear mechanisms. The nonlinear term
u j

∂ui
∂x j

in the Navier-Stokes equations is conservative: it neither adds nor drains energy
when considered over the entire flow. Rather, it plays the role of energy redistribution.
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For most turbulent flows, energy transfer happens across a wide range of scales. A
scale refers to structures with certain dimension(s) in specific direction(s). However,
equation (2.1) does not relate energy transfer with scales. For channel flows that are
homogeneous in the streamwise and spanwise directions, we can arrive at the spectral
turbulent kinetic energy equation for a single scale with streamwise wavenumber kx and
spanwise wavenumber ky (Bolotnov et al., 2010):
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−⟨ûi,
̂
u j

∂ui

∂x j
⟩−⟨ûi,
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(2.3)

For each term, the contribution from the streamwise and spanwise velocities is termed ‘in-
plane’ (or ‘spatial’) energy transfer and the contribution from the wall-normal velocity is
termed ‘inter-plane’ (or ‘interscale’) energy transfer (Bolotnov et al., 2010; Mizuno, 2016;
Andrade et al., 2018; Lee & Moser, 2019). In-plane energy transfer refers to energy trans-
fer in the homogeneous directions and inter-plane energy transfer refers to energy transfer
in the wall-normal direction. Energy transfer is usually plotted in terms of premultiplied
energy transfer spectrum. In this case, the energy transfer contributed from certain scales
is easily determined by looking at the area delineated by the corresponding energy trans-
fer curve. For example, production P̂ is visualised in the form of kxkyP̂. However, one
drawback of using premultiplied spectra is that scales with zero wavenumbers cannot be
visualised since the corresponding premultiplied energy transfer is zero.

Figure 2.2: (a) Inter-plane nonlinear energy transfer. (b) In-plane nonlinear energy trans-
fer. k is the polar wavenumber defined as k =

√
k2

x + k2
y . This figure is taken from Bolot-

nov et al. (2010).
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Lumley (1964) first analytically investigated the spectral budget (2.3) and proposed
that an inverse cascade could appear because of the presence of the wall. As DNS data
has become available, Bolotnov et al. (2010); Mizuno (2016); Cho et al. (2018); Andrade
et al. (2018); Lee & Moser (2019) investigated the statistical properties of energy transfer
in channel flows for both low and high Reynolds number datasets. Discussions relating
to the energy cascade, self-similarity in the wall-normal direction, the effect of Reynolds
number, velocity components and physical mechanisms are provided. For example, fig-
ure 2.2 shows the inter-plane and in-plane nonlinear energy transfer contributed by the
nonlinear terms (Bolotnov et al., 2010). Figure 2.2(a) shows that the logarithmic region
where the maximum production occurs is responsible for transferring energy nonlinearly
to the near-wall region and the outer layer region. Figure 2.2(b) shows that energy is
transferred nonlinearly from large scales to small scales. In recent years, Lee & Moser
(2019) used the ‘polar’ coordinates to visualise the energy transfer spectra and two main
advantages were explained.

There are other ways to investigate the spectral energy budget apart from using equa-
tion (2.3). For example, Dunn & Morrison (2003, 2005) used orthogonal wavelets which
give a dual space-scale description of the energy transfer; Cimarelli et al. (2013, 2016) use
the second-order structure function and two physical mechanisms of near-wall turbulence
regeneration cycle and outer self-sustaining mechanism were explained.

For channel flows, similar to the derivation of the Reynolds-Orr equation (2.2), inte-
grating spectral energy budget (2.3) across the flow domain for each scale gives (Symon
et al., 2021):
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(2.4)

The pressure diffusion term and viscous diffusion term disappear because of the no-slip
and the impermeability boundary conditions at the walls. Equation (2.4) describes the
wall-normal integrated spectral energy transfer for a single spatial scale.

Nonlinear energy transfer from triadic interactions
It is generally understood that turbulence transfers energy from large scales to small scales
(Richardson, 1922; Kolmogorov, 1941). Large scales are effective in extracting energy
from the mean shear (Ellingsen & Palm, 1975; Landahl, 1980), while small scales are
effective in dissipating kinetic energy isotropically into heat (Vassilicos, 2015). The ratio
of the largest scale to the smallest scale becomes large as the Reynolds number increases.
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As indicated in equation (2.4), nonlinear energy transfer bridges the gap between large
scales that gain more energy from production than they can dissipate; and small scales
that dissipate more than they gain from production.

The following discussion focuses on the nonlinear energy transfer term in equation
(2.3) and (2.4) which can be written in a convolution form as:
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The superscript represents the Fourier mode under consideration. The nonlinear energy
transfer term is a convolution composed of all possible wavenumber-compatible triadic
interactions (Domaradzki & Rogallo, 1990). It represents the net energy mode kkk received
from the nonlinear interactions between mode kkk and all the other modes. However, with a
loss of information about details of the nonlinear energy transfer within individual triads,
this nonlinear energy transfer term in equations (2.3) and (2.4) cannot reveal the nonlinear
energy transfer from a specific mode to a specific mode.

In equation (2.5), a single triadic interaction involving wavenumber vector kkk,,, ppp,,,qqq sat-
isfies kkk + ppp+ qqq = 000. This single triadic interaction could be interpreted as the energy
transferred nonlinearly from the source mode qqq to the recipient mode kkk with the help
of the advective mode ppp (Domaradzki & Rogallo, 1990; Smyth, 1992; Dar et al., 2001;
Webber et al., 2002; Alexakis et al., 2005; Jin et al., 2021).

Works related to the triadic interactions of this nonlinear energy transfer term in equa-
tion (2.5) started in homogeneous isotropic turbulence (HIT) (Domaradzki & Rogallo,
1990; Waleffe, 1992; Brasseur & Wei, 1994). Main discussions fall into two aspects:
first, whether scales involved in a triad are of similar sizes (local) or quite different sizes
(distant); second, whether energy is transferred from large scales to small scales (forward
energy cascade) or from small scales to large scales (reverse energy cascade). Energy is
transferred mainly locally, and both forward and inverse cascades exist. Triadic interac-
tions are inherently related to energy cascade as Cheung & Zaki (2014) derived the −5/3
energy spectrum law from the Navier-Stokes equations using nonlinear triad interactions.

As for wall-bounded flows, Domaradzki et al. (1994) was the first to explore the triadic
interactions in channel flows and he found that the nonlinear energy transfer in channel
flows is similar to that in homogeneous isotropic turbulence. In recent years, a few stud-
ies have looked at the energy cascade mechanisms in channel flows by characterising
triadic interactions (Cho et al., 2018; Karban et al., 2023). However, research on triadic
interactions in wall-bounded flows remains limited compared to homogeneous isotropic
flows.

Apart from homogeneous isotropic turbulence and wall turbulence, nonlinear triadic
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interactions have been explored in other flow geometries. For example, magnetohydro-
dynamic turbulence (Dar et al., 2001) and cylinder flows (Jin et al., 2021). It has been
found that inverse cascades exist in these types of flows. Table 2.1 shows that in cylinder
flows, energy is not always transferred nonlinearly from the vortex shedding frequency to
the higher frequencies and there exists non-negligible inverse cascade from the 2nd and
3rd harmonic frequencies to the vortex shedding frequency (Jin et al., 2021).

Table 2.1: Example of nonlinear energy transfer in cylinder flow. ˆNmn represents energy
transferred nonlinearly from mth harmonic frequency to nth harmonic frequency. This
figure is taken from Jin et al. (2021).

Implications of nonlinear energy transfer to large-eddy simulations
Large-eddy simulation (LES) resolves large energy-containing scales (resolved scales)
directly affected by the boundary conditions and does not resolve small scales (subgrid
scales) which are modelled instead. LES is more computationally efficient than direct
numerical simulation (DNS) and more accurate than Reynolds averaged Navier-Stokes
(RANS) equations. An important step in LES is the subgrid scale (SGS) model relating
the energy transfer between the resolved scales and subgrid scales. The traditional mod-
elling methodology is based on Kolmogorov’s theory of energy cascade and assumes that
the subgrid scales only gain energy from the resolved scales. The discovery of the inverse
cascade in which energy is transferred from small scales to large scales, also known as
‘backscatter’ compromises the accuracy of LES, especially in near-wall regions (Piomelli
et al., 1991; Härtel et al., 1994; Cimarelli et al., 2013; Cho et al., 2018). It is therefore
necessary to recognise and model the inverse cascade to improve LES.

Several modelling approaches have been proposed to account for the inverse cascade.
For example, Domaradzki et al. (1994) used a negative eddy viscosity to account for the
energy transferred from the subgrid scales to the resolved scales; Cimarelli & De Ange-
lis (2014) combined the classical linear formation of eddy viscosity with the nonlinear
anisotropic features of the velocity increments tensor to account for the inverse cascade.
The general statistics such as the mean velocities and root mean square (RMS) quantities
are in good agreement with the DNS even though the LES grid is coarse.
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2.1.2 Related coherent structures and physical mechanisms

Coherent structures in wall-bounded turbulence
Coherent structures characterised by high spatial or temporal correlation exist in wall-
bounded flows, exhibiting regularity and simplicity in high chaotic systems governed by
the nonlinear Navier-Stokes equations (Cantwell, 1981; Robinson, 1991; Jiménez, 2018).

Figure 2.3: The four classes of coherent structures in wall turbulence. (a) Near-wall
streaks at z+ = 2.7 in the laminar sublayer. The flow is from top to bottom. Taken from
Kline et al. (1967). (b) Sketch of a hairpin vortex. It is accompanied by a low-speed
streak. Taken from Zhou et al. (1999). (c) LSM: a vortex packet consisting of four
hairpin vortices aligned in the streamwise direction observed from the PIV experiment.
Taken from Adrian et al. (2000) (d) VLSM: a regime of very long meandering positive
and negative streamwise velocity fluctuations. Taken from Hutchins & Marusic (2007).
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Theodorsen (1952) was the first to conceptualise the hairpin vortex structure as a ba-
sic element in boundary layer flows. Later on, experimental visualisation techniques en-
abled observations of coherent structures. For example, Kline et al. (1967) observed well-
organised low-speed streaks in the near-wall region using a hydrogen bubble technique.
Head & Bandyopadhyay (1981) observed elongated hairpin vortices at high Reynolds
number and vortex loops at low Reynolds number in zero pressure gradient boundary
layer flows using hot-wire anemometry and an oil-fog flow visualization technique. With
the rapid development of computation, inspecting coherent structures has become eas-
ier. For example, Wu & Moin (2009) observed populated hairpin vortices in a DNS of a
zero-pressure-gradient flat-plate boundary layer.

Structures scattered irregularly in flow fields could be systematically detected and
analysed using conditional averaging techniques, which are the best mean-square esti-
mation of the quantity being averaged (Antonia, 1981). Here we give two representative
examples. The first is quadrant analysis initiated by Wallace et al. (1972). It classifies
four types of motions that contribute to the Reynolds shear stress −ρuw: (1) Q1: outward
interactions (u > 0,w > 0); (2) Q2: ejections (u < 0,w > 0); (3) Q3: inward interactions
(u < 0,w < 0); (4) Q4: sweeps (u > 0,w < 0). It was found that Q2 and Q4 events make
the largest contributions to the Reynolds shear stress. The second is the VITA (variable
interval time average) method proposed by Blackwelder & Kaplan (1976). It was initially
used to detect bursting events associated with high local rapid temporal changes. Bursting
events are a series of ejections (Q2) and sweeps (Q4). It was found that bursting events
make a significant contribution to turbulent production. Kim & Moin (1986) adapted the
VITA technique and proposed VISA (variable interval spatial average) to detect events
with lower spatial variance. Two distinct horseshoe-shaped vortical structures associated
with bursting were found: one associated with ejections and the other with sweeps.

Different types of coherent structures exist in wall turbulence at different wall-normal
locations. Smits et al. (2011) categorise coherent structures in wall turbulence into four
classes as shown in figure 2.3. (1) near-wall streaks and quasi-streamwise vortices (Kline
et al., 1967); (2) hairpin vortices spanning from the wall to the overlap region (Theodorsen,
1952); (3) large-scale motions (LSMs) referring to packets of hairpin vortices with lengths
of 2-3 outer length scales in the streamwise direction (Zhou et al., 1999; Adrian et al.,
2000); (4) very large-scale motions (VLSMs) referring to superstructures with lengths
of 10-15 outer length scales in the streamwise direction and which contain an increasing
percentage of streamwise energy and Reynolds shear stress for higher Reynolds numbers
(Hutchins & Marusic, 2007).
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Attached eddy model
Despite access to large datasets, models for wall turbulence are still insufficient to un-
derstand the physics. A widely acknowledged model for the logarithmic region of wall
turbulence is the attached eddy model (AEM) (Marusic & Monty, 2019). The attached
eddy model is based on the hypothesis that there exist hierarchies of geometrically self-
similar structures that are attached to the wall (Townsend, 1976). The widths and lengths
of these structures scale in proportion to their wall-normal heights, and their population
densities scale inversely with their wall-normal heights, as shown in figure 2.4. Perry &
Chong (1982) extended this hypothesis with Λ-shaped vortex and derived the mean flow,
Reynolds stresses and energy spectra. The credibility of this model is supported by exper-
imental observations (Head & Bandyopadhyay, 1981; Dennis & Nickels, 2011) and DNS
data (Wu & Moin, 2009).

Figure 2.4: A sketch of an assemblage of hierarchies of eddies in a boundary layer with
inverse-scale probability distribution in the wall-normal direction. This figure is taken
from Marusic & Monty (2019).

Self-sustaining process (SSP) in the near-wall region
Evidence for a self-sustaining process for turbulence could be traced back to Jiménez
& Moin (1991), who showed that turbulence could be sustained in a minimal channel
box with a spanwise length of 100 wall units. The low-order turbulence statistics in this
minimal channel box are correct in the near-wall region. Later, it was found that a cycle
exists which is in the near-wall region and is independent of the outer flow at low Reynolds
number (Jiménez & Pinelli, 1999).

Hamilton et al. (1995); Waleffe (1997) proposed the self-sustaining process in the
near-wall region by investigating plane Couette flow which requires a minimal set of
structures for sustaining turbulence. The SSP is composed of three distinct physical
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phases and the absence of any phase will cause the relaminarisation of flow. Forward
and inverse energy cascades are involved in the SSP.

The first phase is related to the lift-up effect which is a linear mechanism. During
this phase, streamwise streaks are formed due to wall-normal advection by streamwise
vortices (Ellingsen & Palm, 1975). Because of the mean shear U(z), streamwise vortices
bring the fluid with low streamwise velocity upward and the fluid with high streamwise
velocity downward.

The second phase is related to streak breakdown which is also a linear mechanism.
Because of the lift-up effect from the first phase, there is a change in the mean shear
U(z)→U(y,z) which triggers the inflection instability in the spanwise direction (Waleffe,
1995; Schmid & Henningson, 2001). This instability breaks streamwise streaks into x-
dependent structures with kx ≈ 1 as the most unstable mode. This stage involves a forward
energy cascade from streamwise streaks (large structures) to x-dependent structures (small
structures).

The third phase is related to nonlinear interactions involving nonlinear mechanisms.
During this phase, streamwise vortices are regenerated. This involves an inverse energy
cascade from x-dependent structures (small structures) to streamwise vortices (large struc-
tures). The dominant wavenumbers related to nonlinear interactions could be found theo-
retically by investigating the governing equation of streamwise vortices with x-dependent
modes substituted (Jiménez & Moin, 1991; Hamilton et al., 1995; Schoppa & Hussain,
2002). Differently, Bae et al. (2021) found that spanwise rolls interacting with oblique
streaks plays an important role in sustaining turbulence by restricting the formation of the
nonlinear forcing in the DNS and LES.

Figure 2.5: The three phases are involved in the self-sustaining process (SSP) in the near-
wall region. The figure is taken from Hamilton et al. (1995).
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2.2 Linearised models and applications

2.2.1 Reduced-order models for wall turbulence

One powerful strategy for tackling nonlinear high-dimensional fluid systems is to con-
struct reduced-order models (ROMs). Reduced-order modelling not only saves computa-
tional resources and time, but also helps us extract low-dimensional coordinates related
to dominant physical mechanisms and coherent structures. As indicated by Candès &
Wakin (2008), ‘many natural signals are sparse or compressible in the sense that they
have concise representations when expressed in the proper basis’. A common categori-
sation divides reduced-order modelling into data-driven modelling and equation-based
modelling (Rowley & Dawson, 2017; Taira et al., 2017, 2020). Table 2.2 gives several
examples illustrating different reduced-order modelling techniques for wall turbulence.

ROM method Flow type Study

data-driven

POD
pipe Aubry et al. (1988)
channel Alfonsi & Primavera (2007)

BPOD
channel Ilak & Rowley (2008)
boundary layer Bagheri et al. (2009)

DMD
channel Mizuno et al. (2011)
channel Le Clainche et al. (2022)

equation-based

Koopman analysis boundary layer Dotto et al. (2021)

global stability
channel Orszag (1971)
boundary layer Åkervik et al. (2008)

resolvent analysis
pipe McKeon & Sharma (2010)
channel Moarref et al. (2014)

Table 2.2: A brief summary of reduced-order modelling techniques for wall turbulence.
POD represents proper orthogonal decomposition, also known as principal component
analysis (PCA), Karhunen-Loève procedure. BPOD represents balanced proper orthogo-
nal decomposition. DMD represents dynamic mode decomposition.

2.2.2 Linearised Navier-Stokes equations

Although the Navier-Stokes equations are nonlinear and the nonlinearity cannot be ne-
glected in wall turbulence, the Navier-Stokes equations linearised around the mean veloc-
ity profile capture some important physical processes, such as transient energy growth and
streamwise vortices generating streamwise streaks. The linearised Navier-Stokes equa-
tions also serve as a useful tool for flow estimation and control.
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Eigenvalues and pseudospectra
From the control theory, the stability of a dynamic system could be determined by calcu-
lating the eigenvalues of the linear operator governing the dynamics (Zhou et al., 1996). If
a flow system has unstable eigenvalues, then the perturbations around the laminar velocity
profile will grow and lead to turbulence. Unlike wake flows which have unstable eigen-
values indicating instability (Williamson, 1996), a number of wall-bounded flows present
no unstable eigenvalues. For Poiseuille flow, the first unstable mode appears when the
Reynolds number reaches 5772 (Orszag, 1971) and this instability mode corresponds to
Tollmien–Schlichting (TS) waves (Schmid & Henningson, 2001). For Couette flow, there
are no unstable eigenvalues for all Reynolds numbers (Romanov, 1973). Apparently,
these eigenvalue results contradict the experiments in which turbulence occurs at a much
lower Reynolds number (Davies & White, 1928). The absence of unstable eigenvalues
had haunted researchers for a long period until the proposed theory of pseudospectral
analysis which concerns the sensitivity of the eigenvalues in terms of perturbations to the
operator (Trefethen et al., 1993; Trefethen, 1999):

Λε(A) = {z ∈ C : z ∈ Λ(A+∆A), where ∥∆A∥ ≤ ε} (2.6)

where A is the linear operator, ε is the perturbation, Λ is the symbol for eigenvalue spectra
and Λε represent the ε-pseudospectra of A.

Figure 2.6: Pseudospectra of the Orr-Sommerfeld & Squire operator for (a) Poiseuille
flow at kx = 1, ky = 0 and Re= 3000, thin grey lines are boundaries of the ε-pseudospectra
for ε = 10−1,10−2, ...,10−4; (b) for Couette flow at kx = 1, ky = 0 and Re = 1000, thin
grey lines are boundaries of the ε-pseudospectra for ε = 10−1,10−2, ...,10−6. The veloc-
ities are assumed as downstream travelling waves: ui = ûiei(kxx+kyy−ωt). For (a)(b), solid
dots are the eigenvalues and thick dashed lines are the numerical ranges. Grey patches
mark the unstable regions. The figure is reproduced from Reddy & Henningson (1993).

15



Reddy & Henningson (1993) showed two examples illustrating the eigenvalues and
pseudospectra of the Orr-Sommerfeld & Squire operator (Orr, 1907; Sommerfield, 1908;
Squire, 1933), as shown in figure 2.6. Two cases all have stable eigenvalues. However,
the pseudospectra intruding into the grey areas indicates that a small perturbation will
trigger the flow system to enter the unstable region where the small perturbations grow
and develop into turbulence.

Non-normality and transient energy growth
The transient energy growth feature is rooted in the non-normality of the linear operator
(Schmid, 2007; Symon et al., 2018). A self-adjoint operator satisfies A = A∗, where ∗
denotes the Hermitian transpose. It has orthogonal eigenvectors and real eigenvalues.
A normal operator satisfies AA∗ = A∗A. It has orthogonal eigenvectors but may have
complex eigenvalues (Strang, 1988). A non-normal operator does not have orthogonal
eigenvectors and may experience transient growth before decaying.

Figure 2.7: (a) A simple example of transient growth. Vector f is defined as the difference
between two non-orthogonal vectors Φ1 and Φ2. Φ1 has a lower shrinking rate than Φ2.
Starting on the left, vector f increases substantially in length in the direction of Φ1 at first
before decaying to zero (eventually both Φ1 and Φ2 decay to zero). This figure is taken
from Schmid (2007). (b) Maximum amplification of initial energy defined in equation
(2.7) for Poiseuille flow at kx = 1, ky = 0 and Re = 3000. The thick black line shows the
maximum amplification G. Three thin coloured lines represent three energy growth cases
under different initial conditions. The maximum amplification G is the envelope of any
energy growth under a specific initial condition. This figure is reproduced from Reddy &
Henningson (1993) with modifications.

A simple example is shown in figure 2.7(a) (Schmid, 2007). The Orr-Sommerfeld
& Squire operator is non-normal because of the coupling term related to the mean shear
between wall-normal velocity and wall-normal vorticity (Reddy & Henningson, 1993;
Henningson & Reddy, 1994). Figure 2.7(b) shows an example of perturbation energy
growth from the initial moment for Poiseuille flow at kx = 1, ky = 0 and Re = 3000,
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where G is defined as the maximum amplification of initial kinetic energy q(0) (Reddy &
Henningson, 1993):

G(t) = max
q0

∥q(t)∥2

∥q(0)∥2 , q =
1
2

û∗i ûi (2.7)

This could be linked back to the fact that its pseudospectra extrude into the unstable region
as shown in figure 2.6(a).

Gustavsson (1991) was the first to apply the idea of transient energy growth in channel
flows and found that the induced energy density from the wall-normal velocity greatly
exceeds the initial energy density. The least-damped Orr-Sommerfeld mode as the initial
condition excites the maximum energy density for structures infinitely elongated in the
streamwise direction. Later, Butler & Farrell (1992, 1993) found that streamwise vortices
divert the mean flow energy into streaks of streamwise velocity and enable the energy
of the perturbation to grow by as much as three orders of magnitude in channel flows.
Similar turbulence transient energy growth could also be found in pipe flows (Schmid &
Henningson, 1994) and boundary layer flows (Andersson et al., 1999).

The dimension of optimal modes for transient energy growth could also be predicted
by the linearised Navier-Stokes equations. Del Alamo & Jimenez (2006) predicted the
typical widths of the near-wall streaks corresponding to two transient growth peaks:
λ+

y = 100 in inner units and λy/h = 3 in outer units, by using the Orr-Sommerfeld &
Squire operator with the eddy-viscosity model of Cess (1958). The two peaks separate
well when the Reynolds number is large. Later, Pujals et al. (2009) used the same model
and found that the optimal streaks associated with the primary peak have an optimal spac-
ing of λy = 4h in outer units and the peak increases as the Reynolds number increases. It
should be noted that both studies form the linearised operators around the turbulent mean
velocity profile.

Input-output model
Apart from the transient energy growth analyses, the linearised Navier-Stokes operator
could be understood as a transfer function mapping an input to an output and revealing
the receptivity of a flow system. The input could include contributions from free-stream
turbulence, wall roughness, body forces and the neglected nonlinear forcing. The out-
put is usually set to be the velocity field, though other outputs (for example turbulent
production) have been investigated (Gong, 2021).

In terms of the unknown input mentioned above, one way is to treat it as stochastic
forcing (Farrell & Ioannou, 1993, 1998; Bamieh & Dahleh, 2001; Jovanović & Bamieh,
2005; Hwang & Cossu, 2010b). The optimal modes can be obtained by solving the 2-
norm of the linear operator related to the Lyapunov equation (Zhou et al., 1996). A
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classic study by Jovanović & Bamieh (2005) looks at componentwise transfer functions,
as shown in figure 2.8. The amplification mechanisms of TS waves, oblique waves, and
streamwise streaks in subcritical transition could be explained by looking at the corre-
sponding wavenumber regions. The streamwise-elongated structures are most amplified,
followed by the oblique modes (with kx ̸= 0 and ky ̸= 0), followed by the TS waves. Jo-
vanović & Bamieh (2005) also found that wall-normal and spanwise forces have a much
stronger influence on the velocity field than streamwise force and that the impact of these
forces is most powerful on the streamwise velocity component.

Figure 2.8: The 2-norm of the transfer function maps the forcing to the velocities compo-
nentwise at Re = 2000. The inputs of the first, second and third columns are the stream-
wise, spanwise and wall-normal forcings, respectively. The outputs of the first, second
and third rows are the streamwise, spanwise and wall-normal velocities, respectively. This
figure is reproduced from Jovanović & Bamieh (2005).

Another way is to treat the unknown input as harmonic forcing at a specified frequency
(McKeon & Sharma, 2010; Hwang & Cossu, 2010b). The frequency could be chosen ac-
cording to the characteristic time-scale in a flow or the frequency corresponding to the
‘worst’ case by calculating the infinity-norm of the linear operator (Zhou et al., 1996).
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Interestingly, Hwang & Cossu (2010b) found that the optimal modes for channel flow
(Poiseuille flow) from the initial-value, the harmonic-forcing, and the stochastic-forcing
analyses are almost indistinguishable. The optimal input mode is composed of stream-
wise vortices and the optimal output mode is composed of streamwise streaks. It is worth
mentioning that this input-output methodology was nicely further explored by McKeon
& Sharma (2010) as discussed below.

Resolvent analysis1

The study by McKeon & Sharma (2010) uses the linearised Navier-Stokes equations of
fluctuation velocities ui around the turbulent mean velocity profile Ui and treats the non-
linear forcing terms (involving the Reynolds stress) as an input without assuming small
perturbations:

∂ui

∂ t
=−U j

∂ui

∂x j
−u j

∂Ui

∂x j
− ∂ p

∂xi
+

1
Reτ

∂ 2ui

∂x2
j︸ ︷︷ ︸

linear part

−u j
∂ui

∂x j
+u j

∂ui

∂x j︸ ︷︷ ︸
nonlinear part

(2.8)

The essence of resolvent analysis is shown in figure 2.9(a). The linear part in equation
(2.8) maps the nonlinear forcing to the fluctuation velocities, involving energy amplifi-
cation mechanisms. The nonlinear part in equation (2.8) maps the fluctuation velocities
back to the nonlinear forcing, involving energy redistribution mechanisms. This feedback
loop resembles the self-sustaining mechanisms in wall turbulence.

For channel flows, the time variable or the spatial variable(s) could be transformed
into Fourier space:

ûuu(z) = H(z;kx,ky,ω) f̂ff (z) (2.9)

where H is the resolvent operator casting the nonlinear forcing f̂ff to the velocity ûuu.
Fluid systems usually present low-rank features. For example, streamwise vortices

generating streamwise streaks in wall-bounded flows and vortex shedding patterns in
wake flows. Singular value decomposition (SVD) (Eckart & Young, 1936; Strang, 1988)
is applied to the resolvent operator to extract the optimal modes:

H =
∞

∑
i=1

σiφ
∗
i ψi (2.10)

where σ is the singular value, φ is the right singular vector corresponding to the input
mode and ψ is the left singular vector corresponding to the output mode. If there is a

1In the fluid mechanics’ community nowadays, resolvent analysis mostly refers to the study by McKeon
& Sharma (2010). However, ‘resolvent’ is originally a term in mathematics and has been used for a long
history (Schmid & Henningson, 2001).
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great separation between the first singular value (or the first few singular values) and the
rest, plus the nonlinear forcing does not present any preferential direction toward one of
the suboptimal input modes, the velocities could be approximated using the leading mode
from the singular value decomposition (Beneddine et al., 2016):

ûuu ≈ σ1χ1ψ1, σ1 ≫ σ2,σ3... (2.11)

where χ1 = ⟨ f̂ff ,φ1⟩ is the coefficient of projection of the actual forcing onto the optimal
input mode. Such condition is usually met at the critical layer for wall-bounded flows
(McKeon & Sharma, 2010; Moarref et al., 2013) and at vortex shedding frequency for
wake flows (Jeun et al., 2016).

Figure 2.9: (a) The essence of resolvent analysis. LLL represents the linear part and NNN
represents the nonlinear part as shown in equation (2.8). (b) Singular values for pipe flow
at (k,n) = (1,10) (k is the streamwise wavenumber and n is the azimuthal wavenumber)
and Re = 75× 103. This figure is taken from McKeon & Sharma (2010). (c) A sketch
for the output modes of the streamwise velocity observed with increasing c (wavespeed)
for fixed (kx,ky) values. Three scales with decreasing streamwise wavenumber kx are
identified by blue, grey and red shading. The horizontal dashed lines mark the z-location
of the critical layer for a given ω/kx. This figure is taken from McKeon (2017).
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Figure 2.9(b) shows an example of pipe flow resolvent. We can see that the first
singular value is substantially greater than the rest as there is a great separation between
the upper black solid line and the other lines. In this case, the first response mode (2.11)
would approximate the real flow well (McKeon & Sharma, 2010).

Because of the low-rank characteristics in flows, resolvent analysis can predict the
Reynolds number scaling statistics (McKeon & Sharma, 2010; Moarref et al., 2013) and
relevant coherent structures, such as streaks and hairpin vortices (Sharma & McKeon,
2013). Figure 2.9(c) shows the attached modes and detached modes for the streamwise
velocity predicted from resolvent analysis (McKeon, 2017).

However, for flow conditions where there is no significant separation of the leading
singular values from the rest (linear mechanisms do not dominate), knowledge of the
nonlinear forcing is required. The nonlinear forcing is structured (Zare et al., 2017; Morra
et al., 2021; Nogueira et al., 2021) and has non-negligible projection onto the suboptimal
input modes under some conditions (Symon et al., 2018; Rosenberg et al., 2019). As
indicated in figure 2.9(a), the nonlinear part is essential for closing the loop for resolvent
analysis. One way to achieve that is to model the nonlinear forcing (Farrell et al., 2017;
Liu & Gayme, 2021; Hernández et al., 2022a,b). Another way is to link resolvent analysis
with self-sustaining solutions (Park & Graham, 2015).

2.2.3 Flow estimation and control

Flow estimation

Method Flow type Study
stochastic estimation boundary layer Guezennec (1989)
extended Kalman filter channel Chevalier et al. (2006)
ensemble Kalman filter channel Colburn et al. (2011)
stochastic estimation + Kalman filter flat plate Tu et al. (2013)
stochastic estimation boundary layer Baars et al. (2016)
SINDy cylinder Loiseau et al. (2018)
Kalman filter channel Illingworth et al. (2018)
stochastic estimation channel Madhusudanan et al. (2019)
Kalman filter cylinder Gong et al. (2020)
resolvent+SPOD channel Towne et al. (2020)
adjoint-variational channel Wang et al. (2022)

Table 2.3: A brief summary of flow estimation. SINDy represents sparse identification of
nonlinear dynamics. SPOD represents spectral proper orthogonal decomposition.
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Flow estimation involves predicting the temporal and spatial evolution of a fluid sys-
tem using noisy observations and mathematical models, as real-time measurements are
limited in terms of spatial-temporal resolution. Generally speaking, there are three classes
of state estimation methods: linear stochastic estimation (LSE), filtering and smoothing.
Table 2.3 gives a few examples of flow estimation.

Linear stochastic estimation (LSE) uses the velocity at one location as input to predict
velocity at other locations as output with prior knowledge of the two-point correlation
between these two locations (Adrian & Moin, 1988). The two-point correlation could
also be understood as a joint probability distribution. Spectral linear stochastic estimation
is an extension in which estimation is implemented in Fourier space (Baars et al., 2016;
Madhusudanan et al., 2019).

Filtering refers to using current states and measurements to predict future states us-
ing time marching. Kalman filter (Kalman, 1960) is a classic filter and was applied in
laminar channel flow first by Hœpffner et al. (2005). Later, Chevalier et al. (2006) used
the Kalman filter in turbulent channel flow at Reτ = 100 and treated the nonlinear forc-
ing terms as disturbance in the Kalman filter set-up. They also showed that the extended
Kalman filter outperforms the standard Kalman filter. An excellent state estimation of
Reτ = 100 turbulent flow using wall information only was achieved by Colburn et al.
(2011) using ensemble Kalman filter targeted for high-dimensional systems.

Smoothing (adjoint-variational approach) refers to minimising the cost function which
is proportional to the difference between prediction and observation involving finding an
optimal initial condition (Le Dimet & Talagrand, 1986; Wang et al., 2022). Unlike linear
stochastic estimation and Kalman filtering, smoothing satisfies the government equations
which are the Navier-Stokes equations for fluid systems.

Including the nonlinearity improves estimator performance since the Navier-Stokes
equations are nonlinear. The nonlinearity could be incorporated into the linear models by
calculating the covariance of the nonlinear forcing (Chevalier et al., 2006), calculating the
cross-spectral density (CSD) tensors of the nonlinear forcing (Towne et al., 2020), using
an eddy-viscosity model (Illingworth et al., 2018; Madhusudanan et al., 2019), to name
a few. Figure 2.10 gives an example of channel flow estimation where the linear model
is augmented with an eddy viscosity model (Cess, 1958). This estimator outperforms the
pure linear model (Madhusudanan et al., 2019).

Incorporating physics into mathematical models is another way to improve estimation
performance. For example, Baars et al. (2016) added a predictive model illustrating the
relationship between inner and outer layers (Marusic et al., 2010) into the spectral linear
stochastic estimation model and gave good estimation over a three-decade span of high
Reynolds numbers.
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Figure 2.10: (a,c,e) The estimated instantaneous streamwise velocity field and (b,d,f) the
corresponding 2-D energy spectrum obtained using (a,b) the DNS dataset, (c,d) linear
Navier-Stokes equation model (LNS) and (e,f) linear Navier-Stokes equation model aug-
mented with eddy viscosity (eLNS). The estimate is obtained at z+1 ≈ 100 based on a
measurement at z+2 ≈ 300. The figure is taken from Madhusudanan et al. (2019).

Flow control

Method Flow type Study
polymer additives (experiment) boundary layer Lumley (1973)
blowing/suction (experiment) boundary layer Tardu (2001)
blowing/suction (DNS) channel Bewley et al. (2001)
LQG channel Lim (2003)
resolvent channel Luhar et al. (2015)
PID channel Kim & Choi (2017)
SINDy + MPC F8 aircraft Kaiser et al. (2018)
linearised NS equations channel with riblets Ran et al. (2021)
resolvent + POD cylinder Jin et al. (2022)

Table 2.4: A brief summary of flow control. LQG represents linear quadratic regulator.
PID represents proportional–integral–derivative. MPC represents model predictive con-
trol.

Flow control involves manipulating flow into a desired behaviour, such as enhancing
the mixing of oxygen and fuel in a combustion chamber, delaying the transition to turbu-
lent flow, or reducing the drag of a boundary layer. Generally speaking, control strategies
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could be categorised into two major groups: passive control and active control (Gad-el
Hak, 1996; Kim & Bewley, 2007; Tardu, 2017). Active control could be further divided
into open-loop control and closed-loop control (feedback control) (Brunton & Noack,
2015). Table 2.4 gives a few examples of flow control.

Passive control does not require energy input for flow manipulation. A typical way
to achieve wall turbulence control is to change the surface condition of the wall, such as
adding polymer additives (Lumley, 1973), using complaint surfaces (Luhar et al., 2015),
or designing riblets (Ran et al., 2021).

Active control requires energy input for flow manipulation. Periodic blowing and
suction in boundary layers is an example of open-loop control (Tardu, 2001). Closed-
loop control considers the feedback from the output and is more robust in off-design
situations. A classic example of closed-loop control is the proportional-integral-derivative
(PID) controller in channel flows (Kim & Choi, 2017). With the increased computational
power, closed-loop control of wall turbulence has been implemented in DNS (Bewley et
al., 2001) or using machine learning methods (Kaiser et al., 2018).

Incorporating the wall turbulence physics into controller design is insightful. It has
been shown that skin friction in turbulent boundary layers is mainly contributed by near-
wall streamwise vortices which are key components in the self-sustaining process. So,
cutting any phase in the self-sustaining process off leads to weakening the formation
of near-wall structures (Kim, 2011). Lim (2003) designed a linear quadratic regulator
(LQR) to minimise the linear coupling between the wall-normal velocity and wall-normal
vorticity and 20% of drag reduction was achieved. Figure 2.11 shows an example of the
drag reduction on the bottom wall owing to the reduced vorticity.

Figure 2.11: Contours of streamwise vorticity in the xz plane. A LQR controller is imple-
mented on the bottom wall. The figure is taken from Kim (2011).
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Chapter 3

Direct numerical simulation datasets

3.1 Channel flow geometry

The channel flow geometry used in the following chapters is shown in figure 3.1. The
streamwise, spanwise and wall-normal directions are denoted by x, y and z, respectively.
The instantaneous streamwise, spanwise and wall-normal velocities are denoted by U ,
V and W , respectively. The instantaneous pressure is denoted by P . The dimensions
of the channel are 2πh×πh×2h, which is sufficiently large to obtain correct turbulence
statistics (Lozano-Durán & Jiménez, 2014).

Figure 3.1: Channel flow geometry (Poiseuille flow).

We perform a Reynolds decomposition in which we decompose the instantaneous
variables into time-averaged variables and fluctuation variables: Ui =Ui+ui, P =P+ p.
U , U and u represent the instantaneous velocity, time-averaged velocity and fluctuation
velocity, respectively. Index i (i = 1,2,3) denotes the streamwise x, spanwise y and wall-
normal z direction, respectively. Most discussions in this thesis are for the fluctuation
velocities.

As for the normalisation, length scales are non-dimensionalised using the channel
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half-height h, and time scales are non-dimensionalised using uτ/h, where uτ =
√

τw/ρ ,
ρ is the density, τw is the mean wall shear stress and uτ is the friction velocity. Then,
the friction Reynolds number, Reτ = huτ/ν , is defined using h, uτ and the kinematic
viscosity, ν .

For incompressible Poiseuille flow (pressure-driven flow), the external input to the
flow is a mean pressure gradient in the streamwise direction dP

dx < 0. The laminar analytic
solution is a parabolic profile for the streamwise velocity and zero spanwise and wall-
normal velocities: Ui = (1− z2,0,0).

3.2 DNS datasets

Direct numerical simulations of incompressible channel flows are performed using a
staggered-grid fourth-order finite-difference solver (Chung et al., 2014). The staggered-
grid fourth-order finite difference method has been chosen because it provides accurate
turbulence statistics without being computationally demanding at low Reτ . There are
two main advantages of using a staggered grid (Ferziger et al., 2019). First, it enhances
numerical stability by preventing oscillatory pressure fields. Second, it improves mass
and momentum conservation accuracy as the arrangement of velocity components on cell
faces and pressure at cell centres facilitates more precise flux calculations. The fourth-
order finite difference method also offers significant benefits (Lele, 1992; Morinishi et al.,
1998). First, it has a lower truncation error compared to lower-order methods. Second,
it enables a faster convergence rate, particularly for DNS where high solution resolution
is necessary. One drawback of both the staggered-grid and fourth-order methods is the
increased computational time and resources required, especially at high Reτ . However,
given the low Reτ considered in our study, DNS simulations could be efficiently executed
on modern supercomputers.

Table 3.1 summarises the simulation parameters. For Reτ = 180, the minimum wavenum-
bers are kx = ±1, ky = ±2 and the maximum wavenumbers are kx = ±55, ky = ±110.
For Reτ = 590, the minimum wavenumbers are kx = ±1, ky = ±2 and the maximum
wavenumbers are kx =±191, ky =±382.

Reτ Lx Ly nx ×ny ×nz ∆x+ ∆y+ ∆z+max ∆z+min ∆t+

180 2π π 112×112×150 10.01 5.05 3.77 0.04 0.36
590 2π π 384×384×500 9.65 4.83 3.71 0.01 0.118

Table 3.1: Parameters for the DNS. L, domain length; n, number of grid points; ∆+, grid-
spacing in viscous units; ∆t is the simulation time step.

Figure 3.2 shows the staggered grid. To calculate the values (nonlinear terms and
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turbulent kinetic energy budget in this thesis) that require velocities in the three direc-
tions (u,v,w), we first linearly interpolate the velocities from the staggered grid onto a
collocated grid where velocities and pressure are at the same locations. Then, we use
the interpolated velocities on the collocated grid to calculate the values. The grids are
evenly distributed in the streamwise and spanwise directions. In the wall-normal direc-
tion, the grid follows a Chebyshev distribution. The grid coordinate in the z direction is
z = cos( n

Nπ
), z ∈ [−1,1], where n is an integer from 0 to N and N is the total number

of grid point in the z direction. N = 129 for the Reτ = 180 dataset and N = 501 for the
Reτ = 590 dataset.

Figure 3.2: Staggered grid illustration.

Figure 3.3: Comparison between the DNS datasets represented by solid lines and the
standard DNS datasets (Moser et al., 1999) represented by discrete markers. (a) Mean
streamwise velocity. (b) Reynolds stresses.
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For Reτ = 180, the total simulation time is 20h/uτ with a time step of 0.002h/uτ ;
for Reτ = 590, the total simulation time is 10h/uτ with a time step of 0.0002h/uτ . h/uτ

is used as the time unit for non-dimensionalisation. The time-averaged first-order and
second-order statistics of the present DNS datasets show good agreement with the Moser
et al. (1999), as shown in figure 3.3.

The turbulent kinetic energy (TKE) equation with each term as a third-order statistics
on the right-hand side is (Pope, 2000):
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∂

∂ t +U j
∂

∂x j
is the material derivative operator. The Einstein summation conven-

tion applies to the repeated indices i and j. For a statistically stationary flow, the left-hand
side of equation (3.1) is zero.

The time-averaged third-order statistics of the present DNS datasets show good agree-
ment with the Moser et al. (1999), as shown in figures 3.4 and 3.5.

Figure 3.4: Turbulent kinetic energy budget at Reτ = 180. Solid lines are for the calculated
DNS dataset and markers are for the standard DNS dataset (Moser et al., 1999).
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Figure 3.5: Turbulent kinetic energy budget at Reτ = 590. Solid lines are for the calculated
DNS dataset and markers are for the standard DNS dataset (Moser et al., 1999).

Deviations between the current DNS data and the results of Moser et al. (1999) orig-
inate from two factors. First, the methods used to solve partial differential equations are
different: Moser et al. (1999) uses spectral method (Fourier expansion in the stramwise
and spanwise direction, Chebyshev-tau expansion in the wall-normal direction) and this
study uses fourth-order finite difference method. Second, the domain sizes of the sim-
ulated flow are different: 4πh× 4πh/3× h in Moser et al. (1999) and 2πh× πh× h in
this study. Nevertheless, the deviations are within tolerance, and both datasets provide
accurate turbulence statistics.
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Chapter 4

Mode-to-mode nonlinear energy
transfer in channel flows

We investigate nonlinear energy transfer for channel flows at friction Reynolds
numbers of Reτ = 180 and 590. The key feature of the analysis is that we in-
troduce a new variable, which quantifies the energy transferred from a source
mode to a recipient mode through explicit examination of nonlinear triadic
interactions in streamwise-spanwise wavenumber space. First, we use this
variable to quantify the nonlinear energy transfer gain and loss for individ-
ual Fourier modes. The nonlinear energy transfer gain and loss cannot be
directly obtained from the turbulent kinetic energy (TKE) equation. Second,
we quantify the nonlinear energy transfer budgets for three types of struc-
tures: streamwise streaks, oblique waves and Tollmien-Schlichting waves.
We found that a transverse cascade from streamwise-elongated modes to
spanwise-elongated modes exists in all three structures. Third, we quantify
the forward and inverse cascades between resolved scales and subgrid scales
in the spirit of large-eddy simulation. For the cutoff wavelength range we
consider, the forward and inverse cascades between the resolved scales and
subgrid scales result in a net forward cascade from the resolved scales to
the subgrid scales. The shape of the net forward cascade curve with respect
to the cutoff wavelength resembles the net forward cascade predicted by the
Smagorinsky eddy viscosity.
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4.1 Introduction

Turbulence involves energy transfer across a wide range of scales and is important for
many applications, such as combustion (Ertesvåg & Magnussen, 2000), ocean engineer-
ing (Hasselmann et al., 1963) and the earth’s climate (Richardson, 1922). It is gener-
ally understood that energy is transferred from large scales to small scales, known as
the forward cascade (Richardson, 1922; Kolmogorov, 1941). But an inverse cascade in
which energy is transferred from small scales to large scales also occurs (Domaradzki
et al., 1994; Dunn & Morrison, 2003; Cimarelli et al., 2013, 2016). Both forward and
inverse cascades are involved in vortex regeneration in the self-sustaining process for
wall-turbulence (Hamilton et al., 1995; Waleffe, 1997), as discussed in chapter 2. In
large-eddy simulation (LES), the failure to account for backscatter has been proposed
as a cause of inaccurate results (Piomelli et al., 1991; Härtel et al., 1994; Cimarelli &
De Angelis, 2014). The above considerations are all dictated by the physics of the energy
cascade across scales in wall-bounded turbulent flows.

This energy cascade can be viewed in either physical space or Fourier space. In
physical space, the energy cascade is characterised by high spatio-temporal intermittency
(Meneveau & Sreenivasan, 1991). In Fourier space, for flow geometries (such as chan-
nels, pipes, boundary layers) with at least one homogeneous spatial dimension, the en-
ergy cascade can be interpreted as energy redistributed among different Fourier modes,
described by the nonlinear energy transfer term in the spectral turbulent kinetic energy
(sTKE) equation (Tennekes & Lumley, 1972; Pope, 2000). Here, a mode refers to scales
with a particular wavelength in the homogeneous direction. The nonlinear energy transfer
term in the spectral energy budget represents the net energy received by a particular mode
from all other modes through nonlinear interactions since the term is a convolution of
all wavenumber-compatible triadic interactions. Triadic interaction refers to the energy
transfer among three modes whose wavenumbers satisfy kkk+ ppp+ qqq = 000 (Domaradzki &
Rogallo, 1990; Domaradzki, 1992; Waleffe, 1992; Domaradzki et al., 1994). However,
we merely know the net energy transfer for each Fourier mode but not the detailed contri-
butions to this net value from the nonlinear energy transfer term, because the convolution
hides the individual triadic interactions.

Compared to homogeneous isotropic turbulence, only a few studies have explored
the triadic interactions of nonlinear energy transfer for channel flows (Domaradzki et al.,
1994; Webber et al., 2002; Cho et al., 2018; Karban et al., 2023). A single wavenumber
triad could be interpreted as energy transfer from a source mode to a recipient mode via
an advective mode (Domaradzki & Rogallo, 1990; Smyth, 1992; Webber et al., 2002;
Alexakis et al., 2005; Jin et al., 2021). To gain more insight into the energy cascade
in channel flows, we expand the convolution of the nonlinear energy transfer term in
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streamwise-spanwise wavenumber space. Following this, we formulate a new variable
M̂(sx,sy)(kx,ky) (defined in §4.2.2) that represents mode-to-mode nonlinear energy transfer
in streamwise-spanwise wavenumber space. Compared to the convolution term which
only gives us the net energy transfer for a specific Fourier mode, with this variable, we
are able to quantify the energy transfer between any two Fourier modes.

We use this four-dimensional variable M̂(sx,sy)(kx,ky) (one source mode and one re-
cipient mode with each mode consisting of a streamwise wavenumber and a spanwise
wavenumber) to explore three things using direct numerical simulation (DNS) datasets at
Reτ = 180 and 590. First, since the nonlinear energy transfer term in the sTKE equations
could only give us one value representing the net energy transfer for each mode previ-
ously, we use this new variable M̂(sx,sy)(kx,ky) to obtain two additional values quantifying
the net energy transfer gain and loss due to nonlinear interactions for each mode. Second,
we investigate the nonlinear energy transfer budgets for three types of structures: stream-
wise streaks, oblique waves and Tollmien–Schlichting (TS) waves which are important
in sustaining turbulence in wall-bounded flows. Third, similar to a large-eddy simulation
set-up, we quantify the forward cascade and inverse cascade between resolved and sub-
grid scales. We further compare the forward cascade calculated using M̂ with the forward
cascade calculated using the Smagorinsky eddy viscosity. The similarities and differences
between Reτ = 180 and 590 are discussed.

This chapter is organised as follows. In §4.2, the equations for spectral turbulent
kinetic energy (sTKE) budget and the new variable M̂(sx,sy)(kx,ky) representing mode-to-
mode nonlinear energy transfer are derived. §4.3 presents the results. Specifically, §4.3.1
revisits the previous study from Symon et al. (2021) about the wall-normal integrated
spectral energy transfer budget; §4.3.2 uses two examples to interpret the new variable and
to illustrate energy transfer pathways; §4.3.3 presents the positive and negative nonlinear
energy transfer spectra; §4.3.4 investigates the nonlinear energy transfer of streamwise
streaks, oblique waves and TS waves; §4.3.5 quantifies the forward cascade and inverse
cascade between resolved scales and subgrid scales in the spirit of LES. Conclusions are
drawn in §4.4.

4.2 Methods

An introduction to the spectral turbulent kinetic energy equation integrated across the
channel height is presented in §4.2.1. In §4.2.2, we introduce a four-dimensional variable
quantifying mode-to-mode nonlinear energy transfer and the pertinent properties.
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4.2.1 Spectral energy transfer budget

The non-dimensional incompressible Navier-Stokes equations for the fluctuation veloci-
ties are:

∂ui

∂xi
= 0

∂ui

∂ t
+u j

∂Ui

∂x j
+U j

∂ui

∂x j
+

∂

∂x j
(uiu j −uiu j) =− ∂ p

∂xi
+

1
Reτ

∂ 2ui

∂x j∂x j

(4.1)

Owing to the periodic assumption in the streamwise and spanwise directions, we inves-
tigate energy transfer in two-dimensional streamwise-spanwise wavenumber space. We

define the inner product ⟨c1,c2⟩I =
1
2

1∫
−1

c∗1c2 dz, where c1 and c2 are two complex vec-

tors, ∗ denotes the complex conjugate. We use this inner product definition to represent
the wall-normal integrated kinetic energy at mode (kx,ky) (Reddy & Henningson, 1993;
Domaradzki et al., 1994):

Ê(kx,ky) =
1
2
⟨û(kx,ky), û(kx,ky)⟩I +

1
2
⟨v̂(kx,ky), v̂(kx,ky)⟩I +

1
2
⟨ŵ(kx,ky), ŵ(kx,ky)⟩I (4.2)

where kx is the streamwise wavenumber and ky is the spanwise wavenumber. The su-
perscript refers to the individual Fourier mode under consideration: û(kx,ky) is the Fourier
coefficient of ui at wavenumber (kx,ky). More explanations of energy transfer in Fourier
space are in Appendix A.1.

The spectral energy transfer budget can be obtained by first taking Fourier transforms
of equation (4.1) in the x and y directions, and then multiplying by the conjugate mode
(û(kx,ky)

i )∗ = û(−kx,−ky)
i . Then, we integrate the energy transfer budget in the wall-normal

direction and obtain (Symon et al., 2021):

∂ Ê(kx,ky)

∂ t
=−⟨û, dU

dz
ŵ⟩I︸ ︷︷ ︸

P̂(kx,ky)

− 1
Reτ

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩I︸ ︷︷ ︸

D̂(kx,ky)

−⟨ûi,
∂̂uiu j

∂x j
⟩I︸ ︷︷ ︸

N̂(kx,ky)

(4.3a)

P̂(kx,ky)− D̂(kx,ky)+ N̂(kx,ky) = 0 (4.3b)

with summation implied in the coordinate directions over the repeating index i or j.
Equation (4.3a) describes the wall-normal integrated energy transfer balance for a sin-
gle Fourier mode. The left-hand side is the time derivative of the turbulent kinetic energy
for a single Fourier mode. P̂ represents production; −D̂ represents (pseudo) dissipation
(Pope, 2000); and N̂ represents the net nonlinear energy transfer (the net energy that mode
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(kx,ky) receives through nonlinear interactions with all other modes). The size of an eddy
corresponding to a given Fourier mode can be defined using the isotropic wall-parallel
wavelength: λI = 2π/kI , where k2

I = k2
x + k2

y (Jiménez, 2018; Lee & Moser, 2019). How-
ever, this definition neglects the anisotropy in channel flows. For a statistically stationary
flow, the left-hand side of equation (4.3a) is zero, meaning that the wall-normal integrated
production, dissipation and net nonlinear energy transfer reach a balance for each mode,
as shown in equation (4.3b). According to the normalisation described in §3, the energy
transfer terms (P̂, D̂ and N̂ in (4.3a)) are non-dimensionalised by u3

τ/h. Strictly speak-
ing, production, dissipation and nonlinear energy transfer in equation (4.3a) are energy
transfer rates because it is the kinetic energy variation rate on the left-hand side of (4.3a).

We use non-negative wavenumbers to describe a mode (kx,ky), where kx ≥ 0 and
ky ≥ 0. The energy transfer at mode (kx,ky) with kx > 0 and ky > 0 contains the con-
tributions from the wavenumber pairs (kx,ky), (−kx,−ky), (−kx,ky) and (kx,−ky). For
example, production at mode (kx,ky) is equal to P̂(kx,ky)+ P̂(−kx,ky)+ c.c., where c.c.
represents complex conjugate. The energy transfer at mode (kx,0) with kx > 0 contains
the contributions from the wavenumber pairs (kx,0) and (−kx,0). For example, produc-
tion at mode (kx,0) is equal to P̂(kx,0)+ c.c.. The energy transfer at mode (0,ky) with
ky > 0 contains the contributions from the wavenumber pairs (0,ky) and (0,−ky). For
example, production at mode (0,ky) is equal to P̂(0,ky)+ c.c.. Following this, the energy
transfer P̂, D̂, N̂ at one mode (kx,ky) with kx ≥ 0,ky ≥ 0 is a real number. The derivation
of equation (4.3a) is in Appendix A.2.

N̂(kx,ky) in (4.3a) is conservative:∫
∞

0

∫
∞

0
N̂(kx,ky) dkxdky = 0 (4.4)

Equation (4.4) states that the sum of the net nonlinear energy transfer across all Fourier
modes is zero. This implies that nonlinear energy transfer redistributes energy across
scales without adding or removing energy overall. This can also be seen from the Reynolds-
Orr equation: the only energy source for turbulence is production and the only energy sink
for turbulence is dissipation (Schmid & Henningson, 2001).

4.2.2 Mode-to-mode nonlinear energy transfer M̂(sx,sy)(kx,ky)

N̂(kx,ky) on the right-hand side of equation (4.3a) represents the net energy received by
mode (kx,ky) from nonlinear interactions between mode (kx,ky) and all other modes, with-
out giving information about the individual contributions to this net value. To illustrate,
mode (kx,ky) could potentially gain energy from mode (sx1,sy1), lose energy to mode
(sx2,sy2), gain energy from mode (sx3,sy3), lose energy to mode (sx4,sy4), and so on. But
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those mode-to-mode nonlinear energy transfer is hidden because N̂ represents a sum over
all modes.

N̂(kx,ky) in equation (4.3a) can be expressed as a convolution composed of all wavenumber-
compatible triadic interactions:

N̂(kx,ky) =
∫

∞

0

∫
∞

0
M̂(sx,sy)(kx,ky)dsxdsy (4.5)

where

M̂(sx,sy)(kx,ky) =−û(−kx,−ky)
i û(kx−sx,ky−sy)

j
∂̂ui

∂x j

(sx,sy)

(4.6)

A single set of triadic interaction involving three distinct modes can be understood as
the energy transferred nonlinearly from mode (sx,sy) to mode (kx,ky) with the help of
mode (kx − sx,ky − sy) (Domaradzki & Rogallo, 1990; Smyth, 1992; Webber et al., 2002;
Alexakis et al., 2005; Jin et al., 2021). sx is the streamwise wavenumber and sy is the
spanwise wavenumber for another mode (sx,sy) different from mode (kx,ky). Thus, the
four-dimensional variable M̂(sx,sy)(kx,ky) describes the energy transferred nonlinearly from
one Fourier mode (sx,sy) to another Fourier mode (kx,ky). As mentioned before, we
discuss modes composed of non-negative wavenumbers. The expressions for M̂(sx,sy)(kx,ky)

with sx,sy,kx,ky ≥ 0 are discussed in detail in Appendix A.3. Most result discussions in
this chapter centre on the mode-to-mode nonlinear energy transfer M̂ (4.6). For the ease of
reading, we sometimes omit the word ‘nonlinear’. Apart from production and dissipation,
energy transfer, gaining energy and losing energy in the following discussions refer to M̂

(4.6) due to nonlinear interactions.
Furthermore, M̂ which represents wall-normal integrated energy transfer satisfies the

following identities:
M̂(sx,sy)(kx,ky) =−M̂(kx,ky)(sx,sy) (4.7)

M̂(kx,ky)(kx,ky) = 0 (4.8)

Equation (4.7) states that the nonlinear energy transfer from mode (sx,sy) to mode (kx,ky)

is equal and opposite to the nonlinear energy transfer from mode (kx,ky) to mode (sx,sy).
Equation (4.8) states that each mode transfers zero energy nonlinearly to itself. Equation
(4.7) and equation (4.8) arise from the continuity equation and the boundary conditions at
the walls (the proof can be found in Appendix A.4). Appendix A.5 discusses the number
of independent M̂ for a chosen scenario.

Energy transfer M̂ is typically presented in its premultiplied form kxkyM̂ on a loga-
rithmic axis, as is the case for P̂, D̂ and N̂. However, the premultiplied energy transfer
becomes zero if the investigated mode contains a zero wavenumber. Therefore, we plot
the non-premultiplied energy transfer on a linear axis when discussing modes containing
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a zero wavenumber.

4.3 Results

4.3.1 Energy transfer distributions

Figure 4.1: (a,d) Premultiplied production spectra kxkyP̂; (b,e) premultiplied (negative)
dissipation spectra kxkyD̂; (c,f) premultiplied nonlinear energy transfer spectra kxkyN̂.
(a,b,c), Reτ = 180; (d,e,f), Reτ = 590.

This section revisits the wall-normal integrated energy transfer for a single mode, as stated
in equation (4.3a) (Symon et al., 2021). Different from Symon et al. (2021), we use two
full channel datasets, and visualise the premultiplied energy transfer spectra, as shown in
figure 4.1. The relationship between wavenumber and wavelength is λ = 2π/k, where
λ refers to wavelength and k refers to wavenumber. As for the production spectra P̂

and dissipation spectra D̂ (figures 4.1(a,b,d,e)), we see that the wall-normal integrated
energy transfer spectra show relatively Reτ -independent features at these two Reynolds
numbers: their peaks are nearly aligned. The locations of the peaks are in line with
the previous study that the production peak occurs at λ+

x ≈ 600, λ+
y ≈ 100 (at z+ ≈

15) and the peak for dissipation caused by streamwise velocities occurs at λ+
x ≈ 200,

λ+
y ≈ 70 (at z+ ≈ 70) (Lee & Moser, 2019). The Reynolds-Orr equation states that the

energy source for turbulence is production and the energy sink is dissipation (Schmid &
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Henningson, 2001). However, the energy source and sink are characterised by different
structures, because the production and dissipation spectra are not identical as seen from
figures 4.1(a,b,d,e). When viewed in terms of individual Fourier modes, equation (4.3a)
states that the gap between production and dissipation is bridged by nonlinear energy
transfer which is conservative as shown in equation (4.4). As for the nonlinear energy
transfer spectra N̂ (figures 4.1(c,f)), we see the same streamwise forward cascade in which
energy is transferred from large streamwise scales to small streamwise scales at Reτ = 180
and 590.

Recall that N̂ represents the net energy one mode receives from all other modes
through nonlinear interactions. Observing figures 4.1(c,f), we see that there is a band of
modes near λ+

x ≈ 300 with near-zero net energy transfer N̂(kx,ky) ≈ 0. However, N̂ = 0
alone cannot distinguish these two possible cases: first, these modes do not participate in
nonlinear interactions; second, these modes gain and lose approximately the same amount
of energy resulting in a near-zero energy transfer. Similarly, for modes for which N̂ ̸= 0,
N̂ only provides the net energy transfer for one mode without giving the detailed budget.
We see the same streamwise forward cascade at Reτ = 180 and 590 (figures 4.1(c,f)) by
examining N̂. However, it is not the only piece of information we can obtain from the
nonlinear interactions. In order to explore nonlinear interactions in more detail, we inves-
tigate the mode-to-mode nonlinear energy transfer using the variable M̂(sx,sy)(kx,ky) defined
in equation (4.6).

4.3.2 Energy transfer pathways

We first use two examples to interpret the introduced four-dimensional variable M̂(sx,sy)(kx,ky)

which represents energy transferred nonlinearly from mode (sx,sy) to mode (kx,ky), as
shown in equation (4.6) and Appendix A.3. For each example, we first choose a stream-
wise wavenumber and a spanwise wavenumber for mode (kx,ky), which remains fixed.
Then, we vary the streamwise and spanwise wavenumbers for mode (sx,sy). Both ex-
amples use the Reτ = 180 dataset. First, M̂ is visualised with linear axes because modes
containing zero wavenumbers cannot be shown on a premultiplied energy spectrum. Sec-
ond, the premultiplied spectrum sxsyM̂ is shown.
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Figure 4.2: (a) M̂(sx,sy)(0,6), the black cross marks the fixed mode (0,6); (b) M̂(sx,sy)(1,6),
the black cross marks the fixed mode (1,6). Modes marked in orange boxes are used to
illustrate the property stated in equation (4.7). The data is calculated for the Reτ = 180
case.

Figure 4.3: (a) The premultiplied spectrum sxsyM̂(sx,sy)(0,6), the black cross marks the
fixed mode (0,6) corresponding to (λ+

x ,λ+
y ) = (∞,188). (b) The premultiplied spectrum

sxsyM̂(sx,sy)(1,6), the black cross marks the fixed mode (1,6) corresponding to (λ+
x ,λ+

y ) =
(1130,188). The arrow in each figure marks the dominant energy transfer direction.

For the first example, we choose to fix mode (0,6) corresponding to (λ+
x = ∞,λ+

y =

188). This mode has significant production at Reτ = 180 which means that this mode
gains significant energy from the mean flow. We would like to understand how this
streamwise-constant mode redistributes energy to other modes. Figure 4.2(a) shows M̂(sx,sy)(0,6)

which quantifies the energy that mode (0,6) marked by the black cross gains from modes
in pink and loses to modes in green. We see that apart from gaining energy from the wider
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mode (0,4) (wider in the spanwise direction), it loses energy to all other modes, includ-
ing the even wider mode (0,2). The colour intensity tells us that local nonlinear energy
transfer between mode (0,6) and its neighbouring modes in Fourier space is strong (Do-
maradzki et al., 1994; Brasseur & Wei, 1994; Cho et al., 2018). In particular, mode (0,6)
loses the most energy to the next smallest streamwise scales with sx = 1 outlined in or-
ange, representing a forward energy cascade. This forward cascade can also be observed
from the arrow in the premultiplied spectrum in figure 4.3(a).

For the second example, we choose to fix mode (1,6) corresponding to (λ+
x = 1130,λ+

y =

188). Figure 4.2(b) shows M̂(sx,sy)(1,6). From the first example, we see that mode (0,6)
loses the most energy to this mode (1,6). The two modes highlighted in orange boxes
in figures 4.2(a,b) have the same magnitude but opposite signs, respecting equation (4.7).
We see the similar forward energy cascade in which mode (1,6) gains energy from the
next largest streamwise scale with sx = 0 and loses energy to the next smallest streamwise
scale with sx = 2 but larger spanwise scale with sy = 4. In general, inspecting the spanwise
wavenumbers, we observe that mode (1,6) loses a significant amount of energy to scales
with larger spanwise wavelengths (sy < 6). This corresponds to a spanwise inverse en-
ergy cascade in which energy is transferred from small spanwise scales to large spanwise
scales (Cimarelli et al., 2013, 2016; Cho et al., 2018), though this inverse spanwise energy
cascade is not obvious from the arrow in the premultiplied spectrum in figure 4.3(b).

Figure 4.4: Dominant energy transfer pathways. (a) Reτ = 180; (b) Reτ = 590.

For each example, we obtain one dominant energy transfer pathway from the fixed
mode (kx,ky) to the mode to which the fixed mode (kx,ky) loses the most energy (as
shown by the arrows in figure 4.3). We can further change the fixed mode (kx,ky) to
obtain more dominant energy transfer pathways in order to better visualise the nonlinear
energy transfer in streamwise-spanwise wavenumber space, as shown in figure 4.4. For
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both Reτ = 180 and 590, we see that there are large left-pointing arrows corresponding to
the forward streamwise energy cascade and large bottom-pointing arrows corresponding
to the forward spanwise energy cascade. It should be noted that each arrow in figure 4.4
only illustrates the dominant energy transfer pathway for each fixed (kx,ky) case without
showing other less dominant energy transfer pathways. In addition, the energy transfer
pathways describe only the statistical properties because the variable M̂ is a time-averaged
quantity (4.6).

The two examples (figure 4.2) illustrate the quantification of mode-to-mode nonlinear
energy transfer in streamwise-spanwise wavenumber space. For mode (0,6), we can
further calculate how much energy mode (0,6) gains in total due to nonlinear interactions
by summing all the modes in pink in figure 4.2(a). Similarly, we can calculate how much
energy mode (0,6) loses in total due to nonlinear interactions by summing all the modes
in green in figure 4.2(a). The next section aims to calculate the net energy transfer gain
and loss due to nonlinear interactions for each mode in streamwise-spanwise wavenumber
space.

4.3.3 Decomposition of net nonlinear energy transfer N̂

With the introduced variable M̂ (4.5), we can decompose N̂ for a given mode (kx,ky) into
positive and negative contributions:

N̂+(kx,ky) =
∫

∞

0

∫
∞

0
M̂(sx,sy)(kx,ky){M̂ > 0} dsxdsy (4.9a)

N̂−(kx,ky) =
∫

∞

0

∫
∞

0
M̂(sx,sy)(kx,ky){M̂ < 0} dsxdsy (4.9b)

where { } is an indicator. An indicator is equal to 1 when the argument is true and 0
when the argument is false. The positive energy transfer N̂+ quantifies the total energy
mode (kx,ky) gains from other modes. The negative energy transfer N̂− quantifies the
total energy mode (kx,ky) loses to other modes. According to equation (4.5), these two
variables are linked to the net energy transfer N̂ by

N̂(kx,ky) = N̂+(kx,ky)+ N̂−(kx,ky) (4.10)

Although seeming straightforward, this decomposition cannot be attained without formu-
lating the mode-to-mode nonlinear energy transfer M̂(sx,sy)(kx,ky).

Figures 4.5(a)(b) quantify the energy transfer gain and loss for each mode at Reτ =

180. We see the dual characteristic of nonlinear energy transfer that each mode acts as
an energy source and energy recipient. The difference between the energy transfer gain
and loss for each mode results in the net nonlinear energy transfer spectrum N̂, as shown
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in figure 4.5(c) and respecting equation (4.10). Figure 4.5(c) is the same as figure 4.1(c).
Here, we address one consideration raised at the end of §4.3.1. We see that the mode
marked by the black cross where N̂ ≈ 0 in figure 4.5(c) has non-negligible net energy loss
and net energy gain as observed in the corresponding locations in figures 4.5(a)(b). This
indicates that this mode gains and loses approximately equal amount of energy, resulting
in near-zero net nonlinear energy transfer. It would be incorrect to infer that this mode
does not participate in nonlinear interactions purely judging from the net nonlinear energy
transfer spectrum N̂.

Figure 4.5: Decomposition of net nonlinear energy transfer: N̂−+ N̂+ = N̂. (a,d) Pre-
multiplied negative nonlinear energy transfer spectra kxkyN̂−, dashed lines mark the
peak; (b,e) Premultiplied positive nonlinear energy transfer spectra kxkyN̂+, dashed lines
mark the peak; (c,f) Premultiplied net nonlinear energy transfer spectra kxkyN̂. (a,b,c),
Reτ = 180; (d,e,f), Reτ = 590. The black crosses in (a,b,c) mark a mode with N̂ ≈ 0 for
explanation purposes.

Now we answer the other question raised at the end of §4.3.1. As mentioned pre-
viously, the net energy transfer spectra N̂ reveal the same streamwise forward cascade
at Reτ = 180 and 590 (figures 4.5(c,f)). At Reτ = 180, we see that the negative energy
transfer spectrum N̂− peak is at λ+

x ≈ 600, λ+
y ≈ 100 and the positive energy transfer

spectrum N̂+ peak is at λ+
x ≈ 150, λ+

y ≈ 70 indicated by the white dashed lines in fig-
ures 4.5(a,b). This indicates that large streamwise scales lose the most energy and small
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streamwise scales gain the most energy. Thus, figures 4.5(a,b) illustrate the streamwise
forward cascade, which aligns with the net energy transfer spectrum (figure 4.5(c)).

At Reτ = 590, we see that the negative energy transfer spectrum N̂− peak is at λ+
x ≈

200, λ+
y ≈ 90 and the positive energy transfer spectrum N̂+ peak is at λ+

x ≈ 150, λ+
y ≈ 80

indicated by the white dashed lines in figures 4.5(d,e). From Reτ = 180 to 590, there is
a significant negative energy transfer spectrum peak shift to a much smaller λ+

x . Figures
4.5(d,e) reveal that modes losing the most energy and modes gaining the most energy are
of similar sizes, as the two peaks are near to each other. This is a new piece of information
obtained from N̂+ and N̂− as this wavenumber area responsible for the significant energy
gain and loss cannot be seen from the net energy transfer spectrum (figure 4.5(f)). Note
that the above discussions are for the whole channel since M̂ is wall-normal integrated
nonlinear energy transfer which hides the nonlinear energy transfer in the wall-normal
direction.

4.3.4 Nonlinear energy transfer of three structures

Linear analysis explains the energy amplification mechanisms of different structures (Schmid
& Henningson, 2001; Jovanović & Bamieh, 2005), leaving the nonlinear part relatively
unexplored. Since nonlinear energy transfer is conservative, the nonlinear energy transfer
among different structures should be interpreted as energy redistribution. In this section,
we use M̂ to investigate the energy redistribution of three different structures: streamwise
streaks, oblique waves and Tollmien–Schlichting (TS) waves. Since streamwise streaks
and TS waves are characterised by zero wavenumbers which cannot be shown on pre-
multiplied energy transfer spectra using logarithmic axes, we first present the nonlinear
energy transfer using M̂ on linear axes. It should be noted that the original definition of TS
waves refers to the velocity fluctuations based on the laminar profile. Here, the velocity
fluctuations are based on the turbulent mean profile.

Following Jovanović & Bamieh (2005), streamwise streaks are characterised by kx ≈
0,ky ≈ O(1). Therefore, we define streamwise streaks as modes with kx = 0 (λ+

x = ∞).
We define the nonlinear energy transfer of streamwise streaks as:

M̂(sx,sy)→streaks, kx(streaks) = 0 (λ+
x(streaks) = ∞) (4.11)

Oblique waves are characterised by kx ≈ O(1),ky ≈ O(1). Considering the geometry of
the channel box used in this study, we define oblique waves as modes satisfying ky = 2kx

(λ+
x = 2λ+

y ). We define the nonlinear energy transfer of oblique waves as:

M̂(sx,sy)→obwaves, ky(obwaves) = 2kx(obwaves) (λ
+
x(obwaves) = 2λ

+
y(obwaves)) (4.12)
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TS waves are characterised by kx ≈O(1),ky ≈ 0. Therefore, we define TS waves as modes
with ky = 0 (λ+

y = ∞). We define the nonlinear energy transfer of TS waves as:

M̂(sx,sy)→T Swaves, ky(T Swaves) = 0 (λ+
y(T Swaves) = ∞) (4.13)

Note that the purpose of this section is to discuss the above three distinct structures rather
than discuss all modes in streamwise-spanwise wavenumber space.

Figure 4.6: (a,d) M̂(sx,sy)→streaks; (b,e) M̂(sx,sy)→obwaves; (c,f) M̂(sx,sy)→T Swaves visualised
using discrete modes. (a,b,c), Reτ = 180; (d,e,f), Reτ = 590. Black crosses mark the
modes of the investigated structures.

Figure 4.6 shows the nonlinear energy transfer of the three different structures at Reτ =

180 and 590. As for the interpretation of each subplot, the specific structure (indicated
by the black crosses) gains energy from modes in pink and loses energy to modes in
green. We see that streamwise streaks (figures 4.6(a,d)) lose energy to smaller streamwise
scales (sx > 0), exhibiting a streamwise forward cascade. This could be linked to streak
breakdown which is one phase of the self-sustaining process (SSP). Due to the instability
of long streamwise streaks, they break down into smaller streamwise streaks (Hamilton
et al., 1995). For oblique waves (figures 4.6(b,e)), we see that they generally gain energy
from scales with larger aspect ratios sy/sx (which is equivalent to ky/kx) (Symon et al.,
2021) and lose energy to scales with smaller aspect ratios, exhibiting a transverse cascade
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(Lee & Moser, 2019; Symon et al., 2021). For TS waves (figures 4.6(c,f)), we see that they
mainly gain energy from smaller spanwise scales, exhibiting a spanwise inverse cascade
(Cimarelli et al., 2013, 2016; Cho et al., 2018). If we think of streamwise streaks with
infinite aspect ratio sy/sx → ∞ and TS waves with zero aspect ratio sy/sx → 0, then we
could conclude that there exists energy transfer from scales with large aspect ratio to
scales with small aspect ratio. In terms of the shapes of scales, this transverse cascade
refers to energy transfer from streamwise-elongated scales to spanwise-elongated scales.
It is also worth noting that the transverse cascade of the three structures is not substantially
influenced by the Reynolds number for this range.

Figure 4.7: Log-polar premultipled energy spectra (a,d)
s2

x+s2
y

ξ
M̂(sx,sy)→streaks; (b,e)

s2
x+s2

y
ξ

M̂(sx,sy)→obwaves; (c,f)
s2

x+s2
y

ξ
M̂(sx,sy)→T Swaves. (a,b,c), Reτ = 180; (d,e,f), Reτ = 590.

Black crosses mark the modes of the investigated structures.

The above discussion tells us that the transverse energy cascade is related to sy/sx

(which is equivalent to ky/kx). We can also visualise the nonlinear energy transfer spec-
trum on a log-polar coordinate in which sy/sx corresponds to a certain slope (Lee &
Moser, 2019), as shown in figure 4.7. Following Lee & Moser (2019), s#

x = ξ sx/
√

s2
x + s2

y ,

s#
y = ξ sy/

√
s2

x + s2
y and ξ = log(

√
s2

x + s2
y/kre f ) with kre f = 50000. From figure 4.7(a,d),

the streamwise streaks located on the a# = 0 axis lose energy to other modes, correspond-
ing to the finding that modes located on the s#

x = 0 axis have significant net negative
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nonlinear energy transfer (Lee & Moser, 2019). From figures 4.7(b,e), the oblique waves
located on the s#

y = 2s#
x gain energy from modes satisfying s#

y > 2s#
x and lose energy to

modes satisfying s#
y < 2s#

x , corresponding to the transverse cascade mentioned previously.
From figures 4.7(c,f), the TS waves located on the s#

y = 0 axis mainly gain energy but
also lose a small amount of energy. We see that one advantage of using log-polar premul-
tiplied spectra over the traditional premultiplied spectra is that we can visualise modes
which contain one zero wavenumber (either sx = 0 or sy = 0).

Note that the above discussion only concerns the nonlinear energy transfer as one
component in the energy transfer balance (4.3a). One should not interpret that energy
merely originates from streamwise streaks, goes through oblique waves and finally dis-
sipates at TS waves. Equation (4.3a) gives the energy transfer budget for each mode.
To evaluate the overall energy transfer balance comprehensively, we need to consider the
production and dissipation as well. Motivated by §4.3.3, we decompose the net nonlin-
ear energy transfer of each structure into its positive and negative parts. According to
equations (4.3a) and (4.10), for each structure, the energy transfer budget is

P̂+ D̂+ N̂++ N̂− = 0 (4.14)

Figure 4.8: Energy budgets for the streamwise streaks, oblique waves and TS waves. (a)
Reτ = 180; (b) Reτ = 590.

The energy budgets (4.3a) for the three structures are shown in figure 4.8. For the
streamwise streaks, they receive a large amount of energy from the mean flow through
production as seen from the blue bars and they lose a large amount of energy nonlinearly
to other modes as seen from the purple bars. For the oblique waves, apart from gaining
energy from the mean flow and dissipating energy, they gain and lose energy nonlinearly
through interacting with other modes as seen from the purple and yellow bars. For the TS
waves, the only energy gain is through nonlinear energy transfer as seen from the yellow
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bars. The negative production in the TS waves reported in figure 4.8 is consistent with the
negative production observed by Lee & Moser (2019). TS waves are characterised by zero
spanwise wavenumbers, and as seen in figure 6 of Lee & Moser (2019), the region with
zero spanwise wavenumber shows negative production values, particularly near the wall
(z+ = 15 and 30). Streamwise streaks and oblique waves gain energy from the mean flow
(positive production), while TS waves lose energy to the mean flow (negative production).
Dissipation occurs for all three structures as seen from the red bars. Although the values
are different at the two Reynolds numbers, different types of energy transfer show similar
trends in the three structures.

4.3.5 Forward cascade and inverse cascade

In this section, we use M̂ to quantify the forward and inverse cascades between the large
scales and small scales in the spirit of large-eddy simulation (LES). For channel flows,
resolved scales could be set by modes belonging to a rectangular region determined by
the conditions of kx ≤ kxC and ky ≤ kyC, where kxC and kyC are cutoff wavenumbers. These
cutoff wavenumbers are determined by the choice of a single variable nC (Germano et al.,
1991; Härtel et al., 1994; Domaradzki et al., 1994):

kxC =
2πnC

Lx
, kyC =

2πnC

Ly
(4.15a,b)

Figure 4.9: A sketch illustrating the forward cascade and inverse cascade between the
resolved-scale region R marked in dark grey and the subgrid-scale region S marked in
light grey. Region R contains the resolved scales and region S contains the subgrid scales.
kxC and kyC are the cutoff wavenumbers. kxDNS and kyDNS are the maximum wavenumbers
resolved by DNS.
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One issue of subgrid scale energy transfer modelling with eddy viscosity is that it assumes
the subgrid scales only dissipate energy and neglects the energy transferred from the sub-
grid scales to the resolved scales, also known as ‘backscatter’ (Piomelli et al., 1991). It is
worth to note that both inverse energy cascade and backscatter are used to describe energy
transfer from small scales to large scales. Backscatter is specific to LES and is used when
energy transfer is discussed in Fourier space after selecting cutoff wavenumbers that sepa-
rate resolved scales (large scales) from subgrid scales (small scales). Figure 4.9 illustrates
the two-way energy transfer between the resolved scales and subgrid scales. We aim to
quantify the forward cascade and inverse cascade using mode-to-mode nonlinear energy
transfer M̂.

Recall that M̂(sx,sy)(kx,ky) represents energy transfer from mode (sx,sy) to mode (kx,ky).
For the forward cascade, energy is transferred from the resolved scales in region R to
the subgrid scales in region S, as indicated by the solid arrow in figure 4.9. Similar to
equations (4.9a) and (4.9b), for this forward cascade, we can calculate the energy lost by
each mode (4.16b) in the resolved-scale region R and the energy gained by each mode
(4.16a) in the subgrid-scale region S:

N̂+
F (kx,ky,nC) =

∫∫
M̂(sx,sy)(kx,ky){M̂ > 0,(sx,sy) ∈ R,(kx,ky) ∈ S} dsxdsy (4.16a)

N̂−
F (kx,ky,nC) =

∫∫
M̂(sx,sy)(kx,ky){M̂ < 0,(sx,sy) ∈ S,(kx,ky) ∈ R} dsxdsy (4.16b)

Figure 4.10: An example of the forward cascade, where nC = 5 corresponding to (λ+
x =

226,λ+
y = 113) at Reτ = 180. (a) N̂−

F (kx,ky,5) shows the energy lost by resolved scales in
region R; (b) N̂+

F (kx,ky,5) shows the energy gained by subgrid scales in region S. Dashed
lines mark the boundary between the resolved-scale region R and the subgrid-scale region
S. Note that the maximum wavenumbers in this figure are not the maximum wavenumbers
resolved in the DNS.
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Figure 4.10 shows an example of the forward cascade from the resolved scales to the
subgrid scales at Reτ = 180. The choice of cutoff wavenumber nC = 5 corresponds to the
filtering width ∆i satisfying ∆i ≈ 5∆xi (i = 1,2) at Reτ = 180. Figure 4.10(a) shows that
streamwise elongated modes with large ky/kx in region R lose the most energy. Figure
4.10(b) shows that modes gaining energy in region S do not show significant preference
with respect to ky/kx.

Figure 4.11: Inverse cascade example: nC = 5(λ+
x = 226,λ+

y = 113) at Reτ = 180. (a)
N̂−

I (kx,ky,5) shows how subgrid scales in region S lose energy; (b) N̂+
I (kx,ky,5) shows

how resolved scales in region R gain energy.

Figure 4.11 shows an example of the inverse cascade from the subgrid scales to the
resolved scales at Reτ = 180. Figure 4.11(a) shows the asymmetry of modes losing energy
in region S: only streamwise elongated modes with large ky/kx lose energy. Figure 4.11(b)
shows that modes gaining energy in region R do not show significant preference with
respect to ky/kx.

We further quantify the forward cascade and inverse cascade between the resolved
scales and subgrid scales determined by nC:

NF(nC) =
∫∫

S
N̂+

F dkxdky
(4.7)
= −

∫∫
R

N̂−
F dkxdky (4.17)

NI(nC) =
∫∫

R
N̂+

I dkxdky
(4.7)
= −

∫∫
S

N̂−
I dkxdky (4.18)

The forward cascade and inverse cascade calculated using equations (4.17) and (4.18)
for Reτ = 180 and 590 are shown in figures 4.12. A general criterion for LES is to
resolve a sufficient amount of large scales which should contain 80% of the total kinetic
energy (Pope, 2000). By checking the DNS datasets, we know that scales with λ+

x =

2λ+
y > 162 need to be resolved at Reτ = 180 and scales with λ+

x = 2λ+
y > 232 need to

be resolved at Reτ = 590. Therefore, we need to consider the energy transfer when the
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cut-off wavelengths satisfying λ
+
xC = 2λ

+
yC < 162 at Reτ = 180 and λ

+
xC = 2λ

+
yC < 232 at

Reτ = 590. We see that the forward cascade is at least four times larger than the inverse
cascade when λ

+
xC < 250, indicating that the net energy transfer is from the resolved scales

to the subgrid scales and shown by the solid lines. This justifies why eddy viscosity
considering only the forward cascade is used in LES (Pope, 2000). However, the inverse
cascade is not negligible when λ

+
xC > 100, so the negligence of it has been proposed as a

source of inaccuracy in LES (Anderson & Domaradzki, 2012; Cimarelli & De Angelis,
2014).

Figure 4.12: (a) Quantification of the energy transfer between the resolved scales and
subgrid scales in inner units; (b) in outer units. Dashed lines, forward cascade NF ; dotted
lines, inverse cascade NI; solid lines, net energy cascade NF −NI . Grey colour, Reτ = 180;
black colour, Reτ = 590.

When interpreting figure 4.12, two things should be noted. First, the results would
be different if the aspect ratio between the streamwise and spanwise cutoff wavenumbers
kxC/kyC = 1

2 were changed. With the introduction of M̂, experimenting with different
aspect ratios of kxC/kyC could help identify an optimal value that minimises backscatter
from subgrid scales to resolved scales. Second, the above results only represent the wall-
normal integrated forward and inverse cascades. Due to the inhomogeneity in the wall-
normal direction of wall-bounded flows, the forward cascade and inverse cascade would
vary with wall-normal height.

Now, we compare the energy cascade calculated using M̂ with the eddy viscosity
method. The forward cascade from the resolved scales to the subgrid scales Nν can be
calculated using the linear eddy viscosity model (Pope, 2000):

Nν = ν S̃2 (4.19)
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where ν is the eddy viscosity. S̃ is the characteristic filtered rate of strain: S̃ = (2S̃i jS̃i j)
1
2 .

S̃i j is the filtered rate-of-strain tensor: S̃i j =
1
2(

∂ ũi
∂x j

+
∂ ũ j
∂xi

). ũi is the filtered velocity of the
resolved scales.

We can use the Smagorinsky eddy viscosity (Smagorinsky, 1963):

ν = (CsDz∆)
2S̃ (4.20)

Cs is the Smagorinsky coefficient and is set to be Cs = 0.067 (Moin & Kim, 1982). Dz

is the damping function which accounts for low-Reynolds-number subgrid scale stress
(SGS) near the wall and is set to be Dz = 1− exp(−z+/25) (Moin & Kim, 1982). Since
we do not apply filtering in the wall-normal direction, the characteristic length scale of
the largest subgrid scale eddies ∆ is set to be ∆ = (∆1∆2)

1
2 . After we have obtained

the filtered velocity fields ũi using the cutoff wavenumbers (4.15) in Fourier space, we
calculate the forward cascade Nν (4.19) and the Smagorinsky eddy viscosity ν (4.20)
directly in physical space.

Figure 4.13: (a) Forward cascade Nν predicted by the eddy viscosity (4.20) in inner units;
(b) in outer units. Reτ = 180: grey colour, left axis; Reτ = 590: black colour, right axis.

Figure 4.13 shows the forward cascades from the resolved scales to subgrid scales pre-
dicted by the eddy viscosity (4.20) at Reτ = 180 and 590. We see that the forward cascade
at Reτ = 590 is approximately 20 times higher than the forward cascade at Reτ = 180.
The forward cascade predicted by the eddy viscosity (4.20) first increases as the cutoff
wavelengths (λxC and λyC) decrease and then decreases to zero as the cutoff wavelengths
approach the DNS grid sizes, aligning with the trends in figure 4.12. However, the values
of the forward cascade predicted by the eddy viscosity (4.20) do not match that calculated
using M̂ (the solid lines in figure 4.12). Since M̂ represents the wall-normal integrated
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energy transfer and is a time-averaged variable, statistics of energy transfer has been av-
eraged out in the wall-normal direction and the time domain. That is the main reason why
NF −NI in figure 4.12 is substantially smaller than Nν in figure 4.13. Nevertheless, M̂

could be extended to include the wall-normal coordinate and NF −NI can be calculated at
each wall-normal height before being time and wall-normal averaged.

4.4 Conclusions

Nonlinear energy transfer in turbulent channel flow has been investigated in Fourier space
at Reτ = 180 and 590. We introduce a four-dimensional variable M̂(sx,sy)(kx,ky) which
describes the nonlinear energy transfer between any two modes in streamwise-spanwise
wavenumber space, by analysing the individual triadic interactions of the nonlinear energy
transfer term in the spectral turbulent kinetic energy (sTKE) equation.

We use this variable to explore three things. First, we decompose the net nonlinear
energy transfer N̂ into its positive and negative contributions: N̂+ and N̂−. This allows us
to separately quantify the total energy gained and total energy lost by each mode. Second,
we investigate the nonlinear energy transfer of streamwise streaks, oblique waves and TS
waves. We observe that there exists energy transfer from streamwise-elongated struc-
tures to spanwise-elongated structures and that this transverse cascade is characterised
by the aspect ratio ky/kx. Third, we quantify the forward cascade and inverse cascade
between the resolved scales and subgrid scales in the spirit of LES. For both Reynolds
numbers considered, the forward cascade is significantly larger than the inverse cascade
when λ

+
xC < 250, justifying why eddy viscosity only considers the forward cascade is used

in LES. However, the inverse cascade is not negligible when λ
+
xC > 100. We also compare

the energy cascade calculated using M̂ with the Smagorinsky eddy viscosity.
The pathways illustrated by M̂ represent a nonlinear energy transfer network in two-

dimensional Fourier space (Gürcan et al., 2020). A promising area for future work would
be to extend mode-to-mode nonlinear energy transfer M̂(sx,sy)(kx,ky) to include another di-
mension which is wall-normal coordinate to investigate the details of mode-to-mode non-
linear energy transfer at any wall-normal height.
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Chapter 5

Coherent structures related to turbulent
convection in channel flows

We study the coherent structures related to the turbulent convection term in
the turbulent kinetic energy equation using conditional averaging in channel
flows at friction Reynolds numbers Reτ = 180 and 590. Two types of condi-
tional events are investigated: one is characterised by significant energy gain
due to turbulent convection and the other is characterised by significant en-
ergy loss due to turbulent convection. Both types of events are associated
with patterns composed of positive and negative turbulent convection areas
aligned in the streamwise direction. The main difference between the two
types of events is that positive and negative turbulent convection occur at dif-
ferent locations around quasi-streamwise vortices and hairpin vortices.

5.1 Introduction

Coherent structures exist in chaotic turbulence systems (Cantwell, 1981; Robinson, 1991;
Jiménez, 2018). Developments in experimental techniques have enabled observations
of coherent structures in wall-bounded flows, such as streamwise streaks (Kline et al.,
1967) and hairpin vortices (Head & Bandyopadhyay, 1981; Zhou et al., 1999; Dennis &
Nickels, 2011). Dynamic processes such as bursts have also been observed (Blackwelder
& Kaplan, 1976). At the same time, advances in computational power have validated
the observations of the coherent structures seen in experiments and provide more detailed
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statistics and three-dimensional visualisations (Moin & Kim, 1985; Kim & Moin, 1986;
Zhou et al., 1999; Adrian et al., 2000; Wu & Moin, 2009).

Coherent structures also play an important role in turbulent energy transfer. For wall-
bounded flows, bursts composed of series of ejections and sweeps contribute significantly
to turbulent production, though their time scales are relatively short (Wallace et al., 1972;
Lu & Willmarth, 1973); the formation and breakdown of streamwise streaks are impor-
tant to the self-sustaining process (SSP) in the near-wall region (Hamilton et al., 1995;
Waleffe, 1997). Accordingly, manipulating coherent structures can change the dynamics
of wall turbulence in order to suppress turbulence (Bae et al., 2021; Oehler & Illingworth,
2021) or reduce drag (Lim, 2003; Stone et al., 2004).

The well-known quadrant analysis (Wallace et al., 1972; Wallace, 2016) investigates
the conditional events of the product of the streamwise fluctuation velocity u and wall-
normal fluctuation velocity w, which is directly related to turbulent production, as shown
in the turbulent kinetic energy (TKE) equation (Pope, 2000):

D
Dt

(
1
2

uiui

)
=

production︷ ︸︸ ︷
−uw

dU
dz

− 1
Reτ

∂ui

∂x j

∂ui

∂x j︸ ︷︷ ︸
dissipation

turbulent
convection︷ ︸︸ ︷

−u j
∂
(1

2uiui
)

∂x j
−ui

∂ p
∂xi︸ ︷︷ ︸

pressure
diffusion

viscous
diffusion︷ ︸︸ ︷

+
1

Reτ

∂ 2 (1
2uiui

)
∂x j∂x j

(5.1)

When viewed in Fourier space, turbulent convection, which is often called nonlinear en-
ergy transfer is responsible for an energy cascade from large scales to small scales and a
momentum cascade in the wall-normal direction (Lee & Moser, 2019). However, there
has been no study focusing on the conditional events of the turbulent convection term in
physical space:

N =−u j
∂
(1

2uiui
)

∂x j
=−uiu j

∂ui

∂x j
(5.2)

where the final identity follows from the continuity equation for an incompressible flow.
This study investigates the conditional events of the turbulent convection term. At a par-
ticular instant in time, a point with a positive turbulent convection value implies that tur-
bulent fluctuations gain energy due to turbulent convection at this point; and a point with
a negative turbulent convection value implies that turbulent fluctuations lose energy due
to turbulent convection at this point. Similar studies investigating the conditional events
of the forward cascade and inverse cascade between resolved scales and subgrid scales
in the spirit of large-eddy simulation (LES) have found that the energy transfer is associ-
ated with ejections, sweeps (Piomelli et al., 1996) and hairpin vortex packets (Carper &
Porté-Agel, 2004; Natrajan & Christensen, 2006). This study aims to look at the coher-
ent structures present in the conditional events related to turbulent convection in turbulent
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channel flows at Reτ = 180 and 590. To account for the inhomogeneity in the wall-normal
direction of wall turbulence, we investigate the conditional events at different wall-normal
heights covering the near-wall, logarithmic and outer layer regions.

This chapter is organised as follows. §5.2 presents the conditional averaging method,
swirling strength calculation method and investigated wall-normal heights. §5.3 presents
the results of the velocity fields, turbulent convection fields and vorticity fields of the
conditional events. §5.4 draws the conclusions.

5.2 Methods

5.2.1 Conditional averaging

At one specific wall-normal height z, we choose a point in the xy plane and record the
time series of the turbulent convection values. We aim to select events with large absolute
values of turbulent convection N (5.2). Then, we categorise these conditional events into
positive turbulent convection events Ñ|+ and negative turbulent convection events Ñ|−:

Ñ(z)|+ = {N(z; t) | |N(z; t)|> kNRMS(z) ∩ N(z; t)> 0} (5.3a)

Ñ(z)|− = {N(z; t) | |N(z; t)|> kNRMS(z) ∩ N(z; t)< 0} (5.3b)

Ñ(z)|+ represents an individual positive turbulent convection event and Ñ(z)|− represents
an individual negative turbulent convection event at the wall-normal height z. NRMS(z)

is the root mean square (RMS) of the turbulent convection at the wall-normal height z.
k represents a non-dimensional threshold value. If k is too small, then the selected flow
snapshots do not capture strong turbulent convection events. Conversely, if k is too large,
then the number of selected flow snapshots becomes insufficient and convergence cannot
be achieved. Through a trial-and-error process, we set k = 3. According to the percolation
analysis, k = 3 meets the criterion of 1 ≲ k ≲ 3 suggested in Lozano-Durán et al. (2012).

Figure 5.1 shows an example of conditional events detection at Reτ = 180 at a wall-
normal height of z+ = 15. The significant positive and negative turbulent convection
events are indicated by red and blue arrows, respectively.

After having gathered the conditional events, we take the ensemble average of the
velocity fields of those conditional events to obtain the conditionally averaged velocity
field ũi (Antonia, 1981):

ũi =
Σui|Ñ

the number of conditional events
(5.4)
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Figure 5.1: Conditional events detection at Reτ = 180. Nz+=15 represents the turbulent
convection N varying with respect to time at one point in the xy plane at z+ = 15.44. Red
arrows mark the selected positive turbulent convection events Ñ|+ and blue arrows mark
the selected negative turbulent convection events Ñ|−.

5.2.2 Swirling strength calculation

Based on the conditionally averaged velocity field ũi, we can further investigate the vor-
tical structures. We use the swirling strength λci method, as it effectively captures local
swirling motions and is insensitive to shear and strain (Chong et al., 1990; Zhou et al.,
1999). Other vortex identification criteria, such as the Q criterion, could also be used,
since both methods give similar vortical structures Zhou et al. (1999). For one point in
the flow field, we first calculate its velocity tensor:

[
∂ui

∂x j

]
=


∂u
∂x

∂u
∂y

∂u
∂ z

∂v
∂x

∂v
∂y

∂v
∂ z

∂w
∂x

∂w
∂y

∂w
∂ z

 (5.5)

Then, we calculate the eigenvalues of this velocity tensor:

λcr ± iλci = eig
[

∂ui

∂x j

]
(5.6)

The imaginary part of this eigenvalue λci is the swirling strength at this point. Note that
if λci = 0, then this point has zero local vorticity. After the swirling strength of every
point in the flow field has been calculated, we plot the iso-surfaces of |λci| to visualise the
vortical structures.

5.2.3 Wall-normal heights considered

The wall-normal heights in which conditional events are considered for the two datasets
are summarised in table 5.1. Note that four additional wall-normal heights are investigated
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at Reτ = 590 due to the longer outer layer when measured in viscous units.

z+Reτ=180 5 10 15 20 25 50 100 150
- - - -

z+Reτ=590 200 300 400 500

Table 5.1: The wall-normal locations z+ of the conditional events for the two datasets.

5.3 Results

By applying the conditional averaging criteria (5.3a) and (5.3b), we extract the conditional
events from the DNS datasets. The numbers of conditional events for all cases are listed
in table 5.2.

z+ 5 10 15 20 25 50 100 150 200 300 400 500

Reτ = 180
Ñ|+ 4146 2464 1891 2198 2735 3416 3205 3192 − − − −

Ñ|− 648 2738 2992 2577 2170 1701 1406 1027 − − − −

Reτ = 590
Ñ|+ 2029 1038 958 1140 1320 1577 1530 1494 1504 1532 1615 1651

Ñ|− 625 1687 1719 1462 1224 1071 1069 1109 1097 1057 1002 926

Table 5.2: The numbers of conditional events at each wall-normal height.

5.3.1 Conditionally averaged velocity fields

This section shows the conditionally averaged velocity fields at Reτ = 180 and 590. Fig-
ures 5.2 and 5.3 show the conditionally averaged streamwise ũ and wall-normal w̃ ve-
locity fields at Reτ = 180, respectively. First, we detail the layout of each subfigure in
figure 5.2. Figure 5.2(a) shows the conditionally averaged streamwise velocity fields in
the streamwise-wall-normal plane (the xz plane). Each subfigure consists of two verti-
cally stacked panels: the upper panel shows results from the positive turbulent convection
event, while the lower panel shows results from the negative turbulent convection event.
Labels for z+ are displayed for the lower panel: from z+ = 0 to z+ = 50. The upper panel
is also from z+ = 0 to z+ = 50. This layout applies to to all subfigures in figures 5.2, 5.3,
5.4, 5.5, 5.6, 5.7, 5.8 and 5.9. The magnitudes of the conditionally averaged spanwise
velocity fields ṽ are negligible compared to ũ and w̃. Theoretically, the conditionally av-
eraged spanwise velocity ṽ should be zero from (5.3a) and (5.3b) because those turbulent
convection events are statistically spanwise symmetrical, and this is borne out in the data.
Therefore, ṽ is not shown.
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Figure 5.2: Conditionally averaged streamwise velocity fields ũ at Reτ = 180. Subfigures
(a) to (h) correspond to the conditional events at the wall-normal heights from z+ = 5 to
150 as listed in table 5.1. The intersections of dashed lines mark the detection locations
x+ = 0. For each subfigure, the upper panel shows the result from the positive turbulent
convection event Ñ|+ and the lower panel shows the result from the negative turbulent
convection event Ñ|−. Labels for z+ are displayed only on the lower panel.

Figure 5.3: Conditionally averaged wall-normal velocity fields w̃ at Reτ = 180.

For each subplot corresponding to the conditional averaging at a specific wall-normal
height, we see a similar pattern for both positive and negative turbulent convection events.
In the near-wall region (z+ < 20), positive streamwise fluctuation velocities are detected
as shown in figures 5.2(a,b,c) and negative wall-normal fluctuation velocities are detected
as shown in figures 5.3(a,b,c). The product ũw̃ in this region (ũ > 0, w̃ < 0) corresponds
to sweeps or Q4 events (Wallace et al., 1972). Farther away from the wall (z+ > 20), neg-
ative streamwise fluctuation velocities are detected as shown in figures 5.2(e,f,g,h) and
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positive wall-normal fluctuation velocities are detected as shown in figures 5.3(e,f,g,h).
The product ũw̃ in this region (ũ < 0, w̃ > 0) corresponds to ejections or Q2 events (Wal-
lace et al., 1972). The transition from sweeps to ejections occurs at z+ ≈ 20. The results
could be related to the quadrant analysis that sweeps contribute most to the turbulent
shear stress in the near-wall region and that ejections contribute most to the turbulent
shear stress farther away from the wall (Wallace, 2016).

Figure 5.4: Conditionally averaged streamwise velocity fields ũ at Reτ = 590. Subfigures
(a) to (l) correspond to the conditional events detected at the wall-normal heights from
z+ = 5 to 500 as listed in table 5.1.

Figures 5.4 and 5.5 show ũ and w̃ at Reτ = 590, respectively. According to figures
5.4(a-h) and 5.5(a-h), the same conclusions could be drawn for Reτ = 590 from z+ =

58



5 to 150. We see that the shapes and magnitudes of the conditional velocity fields at
Reτ = 590 are similar to those at Reτ = 180, potentially related to the Re-independent
characteristics of the velocity profiles in the near-wall and log layers (Moser et al., 1999;
Lee & Moser, 2019). According to figures 5.4(i-l) and 5.5(i-l), we see that ejections are
related to turbulent convection events up to z+ = 500 at Reτ = 590.

Figure 5.5: Conditionally averaged wall-normal velocity fields w̃ at Reτ = 590.

However, the colours in figures 5.2-5.5 only show the conditionally averaged velocity
fields qualitatively. Therefore, we present the values of the corresponding velocity fields
quantitatively in figures 5.6 and 5.7. The transition from sweeps (Q4 events) to ejections
(Q2 events) occurs at z+ ≈ 20 for both positive and negative turbulent convection events.
Apart from this same trend, we see that there are small differences in terms of the ve-
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locity profile and magnitude between positive and negative turbulent convection events,
indicating that differences exist. The differences are further discussed in the following
sections.

Now we look at the values of the conditionally averaged velocity profiles as shown in
figures 5.6 and 5.7. In terms of the different Reynolds numbers, we see that the velocity
profiles at Reτ = 180 are nearly identical to that at Reτ = 590 in terms of the magnitudes
and shapes, giving quantitative support for the Re-independent characteristics of velocity
scaling in the near-wall and logarithmic regions (Moser et al., 1999; Lee & Moser, 2019).
Despite the high similarity, the conditionally averaged velocity profiles at Reτ = 180 and
590 do not collapse on each other completely because they are obtained from the con-
ditionally averaged events. The time-averaged velocity fields at Reτ = 180 and 590 will
collapse in the near-wall and logarithmic regions (Moser et al., 1999; Lee & Moser, 2019).
. In terms of the positive and negative turbulent convection events, the velocity profiles
from both events are highly similar. However, subtle differences between the curves from
the positive and negative events are still discernible. The differences can be further ob-
served in the turbulent convection and vortical fields discussed in the subsequent sections.

Figure 5.6: (a) Conditionally averaged streamwise velocity ũ; (b) wall-normal velocity w̃
at Reτ = 180. Solid lines show the velocity profiles at x+ = 0 in figures 5.2 and 5.3. Solid
lines with darker colours correspond to conditional averaged cases at lower wall-normal
heights. Dashed lines mark the wall-normal heights of conditional averaged cases in table
5.1. For each subplot, the upper part shows the velocity profiles for positive turbulent
convection events Ñ|+ and the lower part shows the velocity profiles for negative turbulent
convection events Ñ|−. Labels for the Y-axes are only displayed for the lower panels.
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Figure 5.7: (a) Conditionally averaged streamwise velocity ũ; (b) wall-normal velocity w̃
at Reτ = 590. The upper plots show the wall-normal region 0 < z+ < 180.

5.3.2 Conditionally averaged turbulent convection fields

Since the conditional averaging is based on the turbulent convection term, it is of interest
to also inspect the conditionally averaged turbulent convection fields. This section shows
the conditionally averaged turbulent convection fields Ñ at Reτ = 180 and 590. Ñ is cal-
culated from the conditionally averaged velocity fields ũi. For a fair comparison between
Reτ = 180 and 590, we normalise the absolute turbulent convection values by a charac-
teristic value. Production in equation (5.1) is the only energy source for turbulence and
we can calculate the time-averaged bulk production at a specific Reτ :

Pb(Reτ) =

∫∫∫
−uwdU

dz dx dy dz
LxLyLz

(5.7)

Pb represents the total energy provided to fluctuations at a specific Reτ and is therefore
insensitive to the size of the simulation box. Pb increases as Reτ increases. Therefore, we
divide the absolute values of turbulent convection by Pb to obtain the normalised turbulent
convection. The bulk production Pb has the same units as the turbulent convection N (5.2).
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If a given point has a value (normalised turbulent convection) of 10, it means that the
energy gained per unit volume at this point is 10 times the average production per unit
volume.

Figure 5.8: Normalised conditionally averaged turbulent convection fields Ñ at Reτ = 180.
Subfigures (a) to (h) correspond to the conditional events detected at the wall-normal
heights from z+ = 5 to 150 as listed in table 5.1. For each subplot, the upper part is
for positive turbulent convection event Ñ|+ and the lower part is for negative turbulent
convection event Ñ|−. The colourmap limit is from −40 to 40 in subfigures (a) to (f); the
colourmap limit is from −10 to 10 in subfigures (g,h).

Figure 5.8 shows the normalised turbulent convection Ñ at Reτ = 180. According
to the colour scale, we see that turbulent convection is intense in the near-wall region
(figures 5.8(a,b)) and fades away at z+ ≈ 20 (figures 5.8(c,d)). This could be related to
the finding that the conditionally averaged velocities ũi are near zero at z+ ≈ 20 where
the transition from sweeps to ejections occurs as shown in figure 5.6. The intensity of
turbulent convection grows again farther away from the wall (figures 5.8(e,f)) and de-
creases at z+ > 100 (figures 5.8(g,h)). For positive turbulent convection events (the upper
subplots in figures 5.8(a,b,e,f,g,h)), we see an expected region of positive turbulent con-
vection (pink region) at the detection location since the conditional averaging criterion
(5.3a) is based on positive turbulent convection. Interestingly, there is also a region of
negative turbulent convection (green region) which is not expected merely according to
the conditional averaging criterion (5.3a). For negative turbulent convection events (the
lower subplots in figures 5.8(a,b,e,f,g,h)), we see an expected region of negative turbulent
convection (green region) at the detection location since the conditional averaging crite-
rion (5.3b) is based on negative turbulent convection. In addition, there is also a region of
positive turbulent convection (pink region) which is not expected merely according to the
conditional averaging criterion (5.3b). This feature will be further discussed at the end of
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this section. In the near-wall region (z+ < 20) as shown in figures 5.8(a,b), the region of
negative turbulent convection occurs upstream of the region of positive turbulent convec-
tion in the streamwise direction. Farther away from the wall (z+ > 20) as shown in figures
5.8(e,f,g,h), the region of positive turbulent convection occurs upstream of the region of
negative turbulent convection in the streamwise direction. It is worth mentioning that
the same conclusions in this study could be drawn if the conditionally averaged turbulent
convection is directly extracted from the conditional events (rather than calculated from
the conditionally averaged velocities).

Figure 5.9: Normalised conditionally averaged turbulent convection fields Ñ at Reτ =
590. Subfigures (a) to (l) correspond to the conditional events detected at the wall-normal
heights from z+ = 5 to 500 as listed in Table 5.1. The colourmap limit is from −40 to 40
in subfigures (a) to (f); the colourmap limit is from −10 to 10 in subfigures (g) to (l).

63



Figure 5.9 shows the normalised Ñ at Reτ = 590. Except similar observations from
Reτ = 180, more intense turbulent convection events occur in the near-wall region at
Reτ = 590 compared to Reτ = 180 according to the colour scale (comparing figures
5.8(a,b) with figures 5.9(a,b)). The turbulent convection pattern can be observed up to
z+ = 500 (figures 5.9(i-l)) though they become substantially weaker, especially for the
negative turbulent convection events. This could be related to the number of conditional
events from table 5.2 that the number of positive turbulent convection events is signifi-
cantly higher than the number of negative turbulent convection events from z+ = 200 to
500.

Figures 5.10 and 5.11 further show the normalised conditionally averaged turbulent
convection values at Reτ = 180 and 590. Each dot shows the value at the detection lo-
cations (the intersection of the dashed lines in figure 5.8 or 5.9). Magenta dots show the
values for positive turbulent convection events (the upper part of each subfigure in figure
5.8 or 5.9) and green dots show the values for negative turbulent convection events (the
lower part of each subfigure in figure 5.8 or 5.9).

Figure 5.10: Normalised conditionally averaged turbulent convection values at the detec-
tion points indicated by the intersections of the dashed lines in figure 5.8 at Reτ = 180.
The magenta line in the upper part shows the values for the positive turbulent convection
events and the green line in the lower part shows the values for the negative turbulent
convection events.

Figures 5.10 and 5.11 quantitatively reveal that the conditionally averaged turbulent
convection at Reτ = 590 is more intense than that at Reτ = 180 in the near-wall region. In
addition, we see that the largest values are attained in the near-wall region. The value de-
creases to zero at z+ ≈ 20 corresponding to the transition from sweeps to ejections. The
value increases again and gradually decreases farther away from the wall at z+ > 100.
Apart from the similarities between the pink and green lines, differences also exist, cor-
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responding to the differences between positive and negative turbulent convection events.
Firstly, in the near-wall region at z+ < 20, the intensity of negative turbulent convection is
lower than that of positive turbulent convection, especially at Reτ = 590 as shown in figure
5.11. Secondly, farther away from the wall at z+ > 20, the intensity of negative turbulent
convection is lower than that of positive turbulent convection and nearly approaches zero,
as can also be observed in figures 5.9(i-l).

Figure 5.11: Normalised conditionally averaged turbulent convection values at the detec-
tion points indicated by the intersections of the dashed lines in figure 5.9 at Reτ = 590.
The upper plot shows the wall-normal region 0 < z+ < 180.

For both Reynolds numbers, we see similar turbulent convection patterns as illustrated
in figure 5.12. At a specific wall-normal height, a similar pattern is detected for both pos-
itive and negative turbulent convection events. This pattern is composed of a region of
positive turbulent convection and a region of negative turbulent convection. This indi-
cates that energy gain and energy loss due to turbulent convection occur in pairs (Piomelli
et al., 1996). In the near-wall region (z+< 20), the region of negative turbulent convection
occurs upstream of the region of positive turbulent convection in the streamwise direction
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and they present themselves as streamwise streak shapes with a small angle around 15◦

to the wall. The intensity is strong compared to the turbulent convection patterns farther
away from the wall. Farther away from the wall (z+ > 20), the region of positive tur-
bulent convection occurs upstream of the region of negative turbulent convection in the
streamwise direction, and the angle to the wall increases to around 30◦. The intensity
becomes slightly weaker. The intensity becomes significantly weaker in the outer-layer
region z+ > 100, and the patterns no longer present as streak shapes. The region of posi-
tive turbulent convection occurs upstream of the region of negative turbulent convection.

Note that the turbulent convection patterns described above apply to both positive
and negative turbulent convection events. The similar patterns detected from both types
of events suggest that positive and negative turbulent convection events are potentially
related to the same structures. This drives us to investigate other physical quantities which
may reveal the particular coherent structures.

Figure 5.12: Cartoon of turbulent convection patterns along the wall-normal direction.
Pink colour marks the regions of positive turbulent convection and green colour marks
the regions of negative turbulent convection. The colour scale indicates the intensity of
turbulent convection.

5.3.3 Conditionally averaged vorticity fields

As motivated by the previous section, we now seek to extract the coherent structures
that correlate with turbulent convection events. We choose to look at vorticity fields be-
cause quasi-streamwise vortices and hairpin vortices are basic elements in wall turbulence
(Theodorsen, 1952; Perry & Chong, 1982; Head & Bandyopadhyay, 1981; Wu & Moin,
2009) and they are important in the self-sustaining process (SSP) (Hamilton et al., 1995;
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Waleffe, 1997). This section shows the conditionally averaged vorticity fields represented
by swirling strength (Chong et al., 1990).

Dennis & Nickels (2011) nicely showed the 3-D vortical structures conditionally av-
eraged on significant 2-D vorticity events in a boundary layer in experiments using PIV.
Here, we follow their approach for visualising the vorticity fields and show the 3-D vor-
tical structures conditionally averaged on turbulent convection events in channels in the
DNS, as shown in figures 5.13 to 5.18. For each figure, the conditionally averaged vor-
ticity fields are shown at five different angles to better visualise the 3-D characteristics.
The vorticity iso-surfaces for the conditional averaged event at one wall-normal height
are shown using the same colour. The vorticity iso-surfaces for the conditional aver-
aged events at different wall-normal heights are displayed along the x+ axis. A Gaus-
sian smoothing method has been applied to the conditional averaged data to reduce the
coarseness of the plots. Note that the smoothing retains the main features of the vortical
structures and does not change the conclusions in this study.

Figures 5.13 and 5.14 show the swirling strength fields from positive and negative
turbulent convection events at Reτ = 180, respectively. We see that at a specific wall-
normal height, structures from the positive and negative turbulent convection events are
similar, satisfying the deduction from the previous section that both events are related to
the same structures. In the near-wall region (z+ < 20), a pair of quasi-streamwise vortices
exhibit a small angle around 15◦ to the wall. From the hairpin vortex diagram, the legs of
a hairpin vortex are composed of a pair of quasi-streamwise vortices (Adrian et al., 2000).
Farther from the wall (z+ > 20), a hairpin structure with a head and a pair of necks
exhibiting a larger angle around 45◦ to the wall and the structure becomes detached from
the wall for z+ > 100. The structures detected based on significant turbulent convection
events are similar to those reported in previous studies (Head & Bandyopadhyay, 1981;
Zhou et al., 1999; Adrian et al., 2000; Wu & Moin, 2009; Dennis & Nickels, 2011).
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Figure 5.13: Swirling strength fields from positive turbulent convection events Ñ|+ at
Reτ = 180. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in red, green,...,
black correspond to the conditional events from z+ = 5 to 150 listed in table 5.1. Tick
marks on the x+ axis are one unit apart.

Figure 5.14: Swirling strength fields from negative turbulent convection events Ñ|− at
Reτ = 180. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in red, green,...,
black correspond to the conditional events from z+ = 5 to 150 listed in table 5.1. Tick
marks on the x+ axis are one unit apart.
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Figure 5.15: Swirling strength fields from positive turbulent convection events Ñ|+ at
Reτ = 590. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in red, green,...,
black correspond to the conditional events from z+ = 5 to 150 listed in table 5.1. Tick
marks on the x+ axis are one unit apart.

Figure 5.16: Swirling strength fields from negative turbulent convection events Ñ|− at
Reτ = 590. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in red, green,...,
black correspond to the conditional events from z+ = 5 to 150 listed in table 5.1. Tick
marks on the x+ axis are one unit apart.
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Figure 5.17: Swirling strength fields from positive turbulent convection events Ñ|+ at
Reτ = 590. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in orange, pink,
blue and black correspond to the conditional events from z+ = 200 to 500 listed in table
5.1. Tick marks on the x+ axis are one unit apart.

Figure 5.18: Swirling strength fields from negative turbulent convection events Ñ|− at
Reτ = 590. Iso-surfaces shown are for λci,iso = 0.5λci,max. The structures in orange, pink,
blue and black correspond to the conditional events from z+ = 200 to 500 listed in table
5.1. Tick marks on the x+ axis are one unit apart.

Figures 5.15 and 5.17 show the swirling strength fields for positive turbulent convec-
tion events at Reτ = 590. Figures 5.16 and 5.18 show the swirling strength fields for
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negative turbulent convection events at Reτ = 590. The layouts in figures 5.15 and 5.16
are the same as those in figures 5.13 and 5.14 for an easy comparison between Reτ = 180
and 590 from z+ = 5 to 150. We see similar quasi-streamwise vortices, hairpin heads
and necks at both Reynolds numbers. The results show the self-similarity of the coher-
ent structures at these two Reynolds numbers (Robinson, 1991). Figures 5.17 and 5.18
show the vortical structures at wall-normal heights between z+ = 200 and 500. We see
hairpin heads with arch shapes from positive turbulent convection events. We see coarse
hairpin heads and necks from negative turbulent convection events. The iso-contours are
coarse because of the low occurrence of significant turbulent convection events between
z+ = 200 and 500. In addition, we can see that the size of a hairpin vortex increases
as the wall-normal distance from the wall increases, in line with the attached eddy hy-
pothesis (Townsend, 1976). The different sizes of the hairpin vortices detected along the
wall-normal height support the existence of hairpin vortex packets that small hairpin vor-
tices grow as they travel in the streamwise direction and generate new hairpin vortices
upstream (Zhou et al., 1999; Adrian et al., 2000).

Displaying coherent structures is not the main purpose of this study. Robinson (1991)
proposed that quasi-streamwise vortices in the near-wall region and hairpin vortices far-
ther away from the wall are the basic elements in wall-bounded flows. The same coherent
structures found in this study using conditional averaging ((5.3a) and (5.3b)) further in-
dicate that those coherent structures are related to both positive and negative turbulent
convection.

However, positive and negative turbulent convections are two different types of events.
One is associated with gaining energy and the other is associated with losing energy. In
addition, although the vortical structures between positive and negative turbulent convec-
tions are similar, differences in the conditionally averaged velocity profiles exist (figures
5.6 and 5.7). Therefore, we further plot them together in the xz plane to further analyse
the similarities and differences, as shown in figures 5.19 and 5.20. We see that there is
a phase difference in the streamwise direction between the structures from positive and
negative turbulent convection events at both Reynolds numbers. In the near-wall region
(z+ < 20) as shown in figures 5.19(a,b) and 5.20(a,b), quasi-streamwise vortices from
positive turbulent convection events are upstream of that from negative turbulent convec-
tion events in the streamwise direction. Farther away from the wall (z+ > 20) as shown in
figures 5.19(e,f,g,h), 5.20(e-i), hairpin heads from positive turbulent convection events are
downstream of that from negative turbulent convection events in the streamwise direction.
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Figure 5.19: Swirling strength viewed in the xz plane at Reτ = 180. For each subfigure,
the swirling strength in yellow is for Ñ|+ and the swirling strength in purple is for Ñ|−.
Subfigures (a) to (h) correspond to the conditional events detected at the wall-normal
heights from z+ = 5 to 150 as listed in table 5.1.

Figure 5.20: Swirling strength viewed in the xz plane at Reτ = 590. For each subfig-
ure, the swirling strength in yellow is for Ñ|+ and the swirling strength in purple is for
Ñ|−. Subfigures (a) to (l) correspond to the conditional events detected at the wall-normal
heights from z+ = 5 to 500 as listed in table 5.1.

We can see the relationship between turbulent convection and the detected vortical
structures. For example, in figures 5.19(g) and 5.20(g), the detection points indicated
by the intersection of the dashed lines are upstream of the yellow hairpin heads, indicat-
ing that positive turbulent convection is concentrated in the upstream region of the hair-
pin heads. The detection points are downstream of the purple hairpin heads, indicating
that negative turbulent convection is concentrated in the downstream region of the hair-
pin heads. After we have analysed the vortical structures detected at other wall-normal
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heights, we can sketch the relationship between turbulent convection and coherent struc-
tures as shown in figure 5.21. At z+ < 20 (figure 5.21(a)), positive turbulent convection
is concentrated below the quasi-streamwise vortices and negative turbulent convection
is concentrated around the same height as the quasi-streamwise vortices. The region of
negative turbulent convection is upstream of the region of positive turbulent convection
in the streamwise direction. At z+ > 20 (figure 5.21(b)), positive turbulent convection is
concentrated upstream of hairpin heads and negative turbulent convection is concentrated
downstream of hairpin heads. Hairpin heads at different wall-normal heights are found in
this study (figures 5.19 and 5.20).

Figure 5.21: The relationship between turbulent convection (both positive and nega-
tive) and coherent structures. (a) Turbulent convection events at z+ < 20 where quasi-
streamwise vortices are detected; (b) turbulent convection events at z+ > 20 where hairpin
vortex heads are detected.

In this study, we do not detect the structures resembling a hairpin vortex diagram
which is composed of a head, a pair of necks and a pair of legs. Nevertheless, the rela-
tionship illustrated in figure 5.21 is related to the relationship between interscale energy
transfer in the spirit of LES and hairpin vortex packets (Piomelli et al., 1996; Carper &
Porté-Agel, 2004; Natrajan & Christensen, 2006). For example, Natrajan & Christensen
(2006) found that a forward cascade is concentrated around the upper trailing edge of a
hairpin vortex and an inverse cascade is concentrated around the lower leading edge of
the same hairpin vortex.

5.4 Conclusions

In this chapter, we explore the coherent structures related to the turbulent convection
term in the turbulent kinetic energy equation using conditional averaging techniques at
Reτ = 180 and 590. We pick out events with large absolute values of turbulent convection
and categorise them according to the sign of the turbulent convection. Positive turbu-
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lent convection events Ñ|+ are characterised by significant energy gain due to turbulent
convection and negative turbulent convection events Ñ|− are characterised by significant
energy loss due to turbulent convection.

Both positive and negative turbulent convection events are associated with specific tur-
bulent convection patterns: at z+ < 20, a negative turbulent convection area is upstream
of a positive turbulent convection area in the streamwise direction; at z+ > 20, a posi-
tive turbulent convection area is upstream of a negative turbulent convection area in the
streamwise direction.

Both positive and negative turbulent convection events are associated with the same
vortical structures. In terms of the differences, positive and negative turbulent convection
events are concentrated at different locations around quasi-streamwise vortices and hair-
pin vortex heads. Positive turbulent convection occurs below quasi-streamwise vortices
and in the upstream region of hairpin heads; negative turbulent convection occurs at the
same height as quasi-streamwise vortices and in the downstream region of hairpin heads.
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Chapter 6

Nonlinear estimation in channel flows

We design a nonlinear estimator for channel flows at Reτ = 180 and 590. The
nonlinear estimator uses a linear estimator structure based on the linearised
Navier-Stokes equations and explicitly calculates the nonlinear forcing from
the estimated velocities in physical space. The goal is to use the velocities at
one wall-normal height to estimate the velocities at other wall-normal heights.
The estimation performance is compared among the nonlinear estimator, the
linear estimator and the linear estimator augmented with eddy viscosity. At
Reτ = 180, the nonlinear estimator and the linear estimator augmented with
eddy viscosity outperform the linear estimator in terms of estimating the ve-
locity magnitudes, structures and energy transfer (production and dissipation)
across the channel height. The limitations of using measurement data at one
wall-normal height are discussed. At Reτ = 590, the nonlinear estimator does
not work well with only one measurement plane, whereas the linear estimator
augmented with eddy viscosity performs well. The performance of the non-
linear estimator at Reτ = 590 is significantly enhanced by providing multiple
measurement planes.

6.1 Introduction

Flow estimation has a wide range of applications ranging from large-scale weather pre-
diction (Richardson, 1922; Le Dimet & Talagrand, 1986) to micro-scale flow estimation
in electronic chips (Fan et al., 2015). However, practical limitations hinder us from ac-
cessing the full information of a fluid flow. For example, particle image velocimetry
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(PIV) only measures a limited number of 2-D planes in a 3-D flow field and few materi-
als could be used to measure the temperature inside a combustion chamber. The goal of
flow estimation is to predict unknown quantities using limited flow measurement data. To
achieve this, one way is to build mathematical models based on the flow physics (Rowley
& Dawson, 2017; Taira et al., 2017, 2020). As the Navier-Stokes equations governing the
flow dynamics are nonlinear and pose significant challenges, a simple way is to use the
Navier-Stokes equations linearised around the mean velocity field.

The linearised Navier-Stokes equations can explain important physical mechanisms
in wall-bounded flows, such as transient energy growth and the lift-up mechanism caused
by non-normality in the presence of the mean shear (Ellingsen & Palm, 1975; Landahl,
1980; Trefethen et al., 1993; Schmid & Henningson, 2001). The linearised Navier-Stokes
equations have been used in both laminar flows (Gustavsson, 1991; Butler & Farrell, 1992;
Reddy & Henningson, 1993; Jovanović & Bamieh, 2005) and fully developed turbulent
flows (Del Alamo & Jimenez, 2006; Pujals et al., 2009; Hwang & Cossu, 2010a,b) for
the fluctuation velocities following a Reynolds decomposition. More recently, a novel
approach proposed by McKeon & Sharma (2010) does not assume small fluctuations to
the linearised Navier-Stokes equations around the mean velocity profile in fully developed
turbulent flows. From an input-output perspective, the nonlinear forcing is treated as an
unknown input, and the leading output mode of the velocity field represents the structure
that is most amplified by linear mechanisms. This linear method can extract low-rank
features in fully developed turbulent flows and sheds light on reduced-order modelling
(McKeon & Sharma, 2010; Sharma & McKeon, 2013; McKeon, 2017).

However, resolvent analysis implicitly assumes that the nonlinear forcing is white
in space and time and does not model the ‘shape’ of the nonlinear forcing. This can
cause problems in situations where the nonlinear forcing has a significant projection onto
the suboptimal input modes (Symon et al., 2018; Rosenberg et al., 2019; Morra et al.,
2021). It has been shown that the nonlinear forcing is structured (Chevalier et al., 2006;
Morra et al., 2021; Nogueira et al., 2021) and embedding the knowledge of the nonlinear
forcing into the linear resolvent model outperforms the pure linear resolvent model in
terms of recovering flow statistics and structures (Zare et al., 2017; Illingworth et al.,
2018; Madhusudanan et al., 2019; Towne et al., 2020; Amaral et al., 2021; Holford et al.,
2023; Fan et al., 2024; Holford et al., 2024).

This chapter investigates channel flow estimation at Reτ = 180 and 590. Similar to
Illingworth et al. (2018), we use a resolvent-based linear estimator with consideration of
the nonlinear forcing. The goal is to use the velocity data coming from direct numeric
simulations (DNS) at one wall-normal height to estimate the velocity field at other wall-
normal heights. The key feature in this study is that we explicitly calculate the nonlinear
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forcing from the estimated velocities in physical space, resembling closing the loop of the
resolvent-based linear estimator. Estimation in this study is implemented using a filtering
technique (Kalman filter) which involves predicting the flow states by marching the gov-
erning equations with measurement data (Hœpffner et al., 2005; Chevalier et al., 2006;
Colburn et al., 2011; Illingworth et al., 2018; Oehler et al., 2018; Gong, 2021). We com-
pare the estimation performance between the nonlinear estimator designed in this study,
the linear estimator and the linear estimator augmented with an eddy viscosity (Illing-
worth et al., 2018). In addition, we discuss the limitations of using velocity measurement
data at only one wall-normal height. Having looked at estimation using only one mea-
surement plane, we proceed to explore estimation using multiple measurement planes
distributed in the wall-normal direction at Reτ = 180 and 590.

The nonlinear estimator in this study shares some similarities with large-eddy simula-
tion (LES). The main similarity is that both the nonlinear estimator and LES only resolve
the large scales (the reasons for the nonlinear estimator only considering the large scales
are described in §6.2.2). The main difference is that the nonlinear estimator requires
continuous external information from measurement data, whereas LES is an autonomous
simulation that does not need external input apart from the initial condition.

This chapter is organised as follows. In §6.2, we revisit the linear estimator (Illing-
worth et al., 2018) and introduce the nonlinear estimator. Then, we proceed to the dis-
cussion of the results. We compare the nonlinear estimator, linear estimator and linear
estimator augmented with eddy viscosity at Reτ = 180 and 590. Specifically, §6.3 dis-
cusses the estimation with one measurement plane, and §6.4 discusses the estimation
with multiple measurement planes. Conclusions are drawn in §6.5.

6.2 Model descriptions

6.2.1 Linear model

The equations of the fluctuation velocities ui are obtained from the substitution of a
Reynolds decomposition into the Navier-Stokes equations and subtracting the mean equa-
tions:

∂ui

∂ t
=−u j

∂Ui

∂x j
−U j

∂ui

∂x j
− ∂ p

∂xi
+

1
Reτ

∂ 2ui

∂x j∂x j
+ fi (6.1a)

∂ui

∂xi
= 0 (6.1b)
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where Ui = (U(z),0,0) represents the mean velocity profile, fi = −u j
∂ui
∂x j

+ u j
∂ui
∂x j

repre-
sents the nonlinear forcing term including the Reynolds stress.

Equations (6.1) can be rearranged to arrive at the Orr-Sommerfeld & Squire equa-
tions of the wall-normal velocity w and wall-normal vorticity η = ∂u

∂y −
∂v
∂x . Due to the

homogeneity in the streamwise and spanwise directions for channel flows, 2-D Fourier
transform in these two directions can be applied with the Chebyshev distribution in the
wall-normal direction to arrive at the state-space model at streamwise wavenumber kx and
spanwise wavenumber ky (Schmid & Henningson, 2001):

d
dt

x̂xx(t) = A x̂xx(t)+B f̂ff (t) (6.2a)

ŷyy = C x̂xx(t) (6.2b)

where x̂xx = [ŵww η̂ηη ]T ; ŷyy = [ûuu v̂vv ŵww]T and f̂ff = [ f̂ff x f̂ff y f̂ff z]
T . In this chapter, variables with

ˆ indicate that those variables are in Fourier space. The detailed information of (6.2) is
described in Appendix B.1.

6.2.2 Linear estimator

The goal is to use limited velocity measurement data to estimate the velocities at other lo-
cations. To achieve this, we use a Kalman filter based on the linear model (6.2). Consider
a linear state-space model with zero input:

d
dt

x̂xx(t) = A x̂xx(t)+Bd̂dd(t) (6.3a)

ŷyymea(t) = Cmeax̂xx(t)+ n̂nn(t) (6.3b)

where d̂dd is the system process noise vector and n̂nn is the measurement noise vector. There
are two main differences between (6.2) and (6.3). First, d̂dd(t) in (6.3) is Gaussian white
noise whereas f̂ff (t) in (6.2) is the nonlinear forcing. To comply with the Kalman filter
setting, we treat the nonlinear forcing as white noise. Second, the output ŷyymea(t) in (6.3)
only consists of a small portion of the full state x̂xx(t), corresponding to the estimation
problem that we have the velocity measurement at only one wall-normal height among
the full velocity states across the channel height. The extraction of the measurement data
at a specific wall-normal height is implemented using Barycentric Lagrange interpolation
(Berrut & Trefethen, 2004). If the state-space model (6.3) has n states, p disturbances
and q measurements, then the corresponding matrices have the following dimensions:
A ∈ Cn×n; B ∈ Cn×p; and Cmea ∈ Cq×n.

The goal is to estimate the full state x̂xx(t) according to the dynamics of the system
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(6.3a) and the measurement data (6.3b). The equation of the estimated full state x̂xxest(t) is
(Seron et al., 2012):

d
dt

x̂xxest = A x̂xxest(t)+L [ŷyymea(t)−Cmeax̂xxest(t)] (6.4)

where L is the Kalman filter gain obtained by solving a Riccati equation to minimise
the difference between the estimated state and true state ∥x̂xxest(t)− x̂xx(t)∥2. Measurement
data either from experiments or DNS is supplied at a measurement sampling time ∆Tm.
Therefore, the model in the continuous time domain (6.3) is transformed into the discrete
time domain. The diagram for the linear estimator is shown in figure 6.1 and the details
are described in Appendix B.2.

Figure 6.1: The diagram of the linear estimator. ‘KF’ represents Kalman filter which is
implemented at measurement sampling time ∆Tm. The input is measurement ŷmea and the
output is estimation x̂est , according to (6.4).

The Kalman filter described above is implemented at a single wavenumber pair (kx,ky)

in Fourier space. The same estimator could be applied at other wavenumber pairs. We
choose to consider the energetically dominant wavenumber pairs corresponding to the
large scales (Illingworth et al., 2018; Amaral et al., 2021; Arun et al., 2023). There are
three reasons. First, large scales contain the most kinetic energy and further increasing
the wavenumber pairs does not change the estimation results significantly. Second, con-
sidering a small number of wavenumber pairs reduces computational cost and storage,
achieving the goal of reduced-order modelling. Third, we do not expect to obtain accu-
rate estimation of small structures because they are not coherent across the channel height
(Madhusudanan et al., 2019).

6.2.3 Nonlinear estimator

The idea of designing the nonlinear estimator is to explicitly calculate the nonlinear forc-
ing from the estimated velocities, closing the loop of the resolvent-based linear estimator.
We consider a linear state-space model with input f̂ff (t).

d
dt

x̂xx(t) = A x̂xx(t)+Bd̂dd(t)+B f̂ff (t) (6.5a)

ŷyymea(t) = Cmeax̂xx(t)+ n̂nn(t) (6.5b)
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Different from the linear state-space model with zero input (6.3) in which we assume the
disturbance d̂dd(t) as unstructured nonlinear forcing, the input term f̂ff (t) is the nonlinear
forcing in the linear model (6.5). The equation of the estimated state x̂xxest is then (Seron et
al., 2012):

d
dt

x̂xxest = A x̂xxest(t)+B f̂ff (t)+L [ŷyymea(t)−Cmeax̂xxest(t)] (6.6)

We calculate the nonlinear forcing using the nonlinear dynamics fi =−u j
∂ui
∂x j

in phys-
ical space, where the velocities ui are obtained from the estimated velocities x̂est in (6.6)
using the inverse Fourier transform. With this idea, we come to the structure of the non-
linear estimator as illustrated in figure 6.2. Further details are given in Appendix B.3.

Figure 6.2: Block diagram of the nonlinear estimator. ‘KF’ represents Kalman filter which
is implemented at measurement sampling time ∆Tm. The two inputs are the measurement
ŷmea and the nonlinear forcing f̂ ; the output is the estimation x̂est , according to (6.6). The
nonlinear forcing is obtained from the estimated velocities using fi =−u j

∂ui
∂x j

.

We tried the nonlinear estimator in figure 6.2 with measurement data provided every
measurement sampling time step ∆Tm, as illustrated in figure 6.3(a). The results were
all divergent even when measurement data at every wall-normal height were provided.
Thus, the divergent problem is not primarily related to insufficient measurement data.
So, we switched the attention to another variable crucial to the nonlinear estimation: the
measurement sampling time ∆Tm which is also the marching time step for the Kalman
filter.

One straightforward solution is to use high time-resolution DNS data with a much
smaller measurement sampling time. However, at that time we did not have access to
high time-resolution DNS data so the measurement sampling time ∆Tm had to be fixed.
This also could be the case in an experiment (for example PIV) or even in a DNS that we
could not obtain velocity measurements with high time-resolution due to technical con-
straints. Nevertheless, we could still decrease the marching time step for the Kalman filter
state prediction from ∆Tm to ∆Ts, where ∆Ts ≪ ∆Tm. In this case, at time t, we have the
estimated velocities x̂est |t ; at time t +∆Tm (because we do not change the measurement
sampling time ∆Tm), the Kalman filter needs to give estimation according to the mea-
surement at time t +∆Tm and the previous nonlinear forcing at time t +∆Tm −∆Ts with
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the marching time step of ∆Ts. One question arises: how do we go from the estimated
velocities x̂est |t at time t to the nonlinear forcing f̂ |t+∆Tm−∆Ts at time t +∆Tm −∆Ts?

Figure 6.3: An illustration of the estimation process: (a) the nonlinear estimator in figure
6.2; (b) the revised nonlinear estimator in figure 6.4.

In light of the method of introducing the nonlinear dynamics back to the estimator as
shown in figure 6.2, we combine the Orr-Sommerfeld & Squire state-space model (6.2)
with this nonlinear dynamics feedback loop. We choose a time step ∆Ts which is much
smaller than ∆Tm to discretise the state-space model 6.2. First, we use the nonlinear
forcing at time t as input to drive the state-space model (6.2) to obtain the velocities
at time t +∆Ts. Second, we use the nonlinear dynamics in physical space fi = −u j

∂ui
∂x j

to calculate the nonlinear forcing at time t +∆Ts. Third, the nonlinear forcing at time
t+∆Ts serves as input to drive the state-space model (6.2) again to iterate the process until
time t +∆Tm −∆Ts. These three steps resemble an autonomous simulation. We embed
this autonomous simulation as shown by the green dots in figure 6.3(b) between two
consecutive Kalman filter updates determined by the measurement sampling time ∆Tm.
To align with the estimation process, we consider the same wavenumber pairs used in the
Kalman filter estimation for this autonomous simulation. Since we only consider large
scales in this simulation, we name this simulation as state-space reduced-order model
(SSROM) simulation. Further details about the SSROM simulation are given in Appendix
B.4.

The block diagram for the revised nonlinear estimator embedded with SSROM sim-
ulation is shown in figure 6.4. Further details are given in Appendix B.5. From the
nonlinear estimator illustrated in figure 6.2 to the revised nonlinear estimator illustrated
in figure 6.4, the stability of the estimator has greatly improved. Comparing the nonlinear
estimators in figures 6.2 and 6.4, the main similarity is that they both explicitly calculate
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the nonlinear forcing rather than treat it as an unknown forcing and use the structured non-
linear forcing to serve as input to the Kalman filters. The main difference is the marching
time step for the state prediction. The nonlinear estimator in figure 6.2 marches forward
in time at the measurement sampling time ∆Tm as shown in figure 6.3(a), which eas-
ily triggers divergence if ∆Tm is too big. The revised nonlinear estimator in figure 6.4
marches forward in time at a much smaller time step ∆Ts achieved by the inclusion of an
autonomous simulation from the SSROM between two consecutive Kalman filter updates,
as shown in figure 6.3(b).

Figure 6.4: Block diagram of the revised nonlinear estimator. ‘KF’ represents Kalman
filter which is used at every measurement sampling time ∆Tm with a marching time step
of ∆Ts. The two inputs are measurement ŷmea and nonlinear forcing f̂ ; the output is esti-
mation x̂est , according to (6.6). Between two consecutive Kalman filter updates, SSROM
simulation running at ∆Ts (∆Ts ≪ ∆Tm) is used to obtain the nonlinear forcing f̂ for the
next Kalman filter update.

6.3 Estimation using one measurement plane

Now we discuss the estimation results for the different estimators introduced previously.
§6.3.1 and §6.3.2 discuss the estimation at Reτ = 180. §6.3.3 examines the effect of
changing the location of the measurement plane at Reτ = 180. §6.3.4 discusses the esti-
mation at Reτ = 590. To simplify the discussion, ‘NE’ refers to the nonlinear estimator
in figure 6.4, ‘LE’ refers to the linear estimator in figure 6.1 and ‘LEe’ refers to the linear
estimator augmented with eddy viscosity to be introduced in §6.3.2.

6.3.1 Comparison between NE and LE at Reτ = 180

We apply the nonlinear estimator (NE) and the linear estimator (LE) at Reτ = 180 and
discuss the result comparison between these two estimators. The goal is to use the velocity
data at a single wall-normal height to estimate the velocities at other wall-normal heights.
Since the estimation is implemented in a channel, the measurement velocity at one wall-
normal height is mirrored into the other half of the channel. To ensure a fair comparison,
the same estimation setting is applied to NE and LE. The wavenumbers considered at
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Reτ = 180 are |kx| ≤ 10 and |ky| ≤ 20, corresponding to structures with λ+
x ≥ 113 and

λ+
y ≥ 57. In the wall-normal direction we use 129 Chebyshev points and convergence

has been checked by doubling the number of Chebyshev points. The measurement data
(velocities) come from z+ = 15, where the turbulent kinetic energy reaches its maximum
in the wall-normal direction. The measurement data comes from DNS and the temporal
resolution is ∆Tm = 0.02 which is small enough to resolve the frequency of the smallest
scale according to Taylor’s hypothesis. The SSROM simulation time step is set to be
∆Ts = 0.0005. The estimation starts with zero initial condition. We present the estimation
results starting from t = 2(t+ = 360) to t = 3(t+ = 540) to minimise the initial transient.

Figure 6.5: Streamwise velocity u for (a) NE, (b) LE and (c) DNS data in the xy plane
at z+ = 50. The measurement data comes from z+ = 15. The circles in the middle of
(a,b,c) denote the locations of the streamwise velocity plotted in (d). (d) Streamwise
velocity varying with time at the centre of the xy plane at z+ = 50. The vertical dashed
line denotes the time instant for (a,b,c).

Figure 6.5 shows the estimated velocity field at z+ = 50. The DNS velocity field in
figure 6.5(c) only contains the large scales considered in the estimation. The estimated
velocities from NE (figure 6.5(a)) are around the similar magnitudes of the DNS data
(figure 6.5(c)). The estimated velocities from LE (figure 6.5(b)) are much overpredicted
compared with the DNS data (figure 6.5(c)), which were also observed in previous studies
(Illingworth et al., 2018; Amaral et al., 2021). The features related to the magnitudes can
also be seen in figure 6.5(d). As for the structures, NE gives some correct large-scale
structures at the corresponding locations in the DNS but it also generates small-scale
structures that are non-existent in the DNS; LE only gives the large-scale structures.
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Figure 6.6: Error in Fourier space (6.7) for (a) NE and (b) LE at z+ = 50.

Since the estimation is conducted in Fourier space, we evaluate the estimation perfor-
mance at each wavenumber pair by defining the error (Illingworth et al., 2018):

ε̂(kx,ky) =

√∫
|ûest − ûDNS|2dt√∫

|ûDNS|2dt
(6.7)

Figure 6.6 shows the estimation error in Fourier space for NE and LE. In figure
6.6(a), we see that NE performs better for large streamwise scales with small kx than
small streamwise scales with large kx. This corresponds to the observation of incorrect
small scales from NE (6.5(a)). In figure 6.6(b), we see that LE has substantial errors for
the streamwise-elongated scales (kx = 0). This corresponds to the observation of large
magnitudes of the large streamwise scales from LE (6.5(b)), which is also noted in the
previous study that the error from the linear estimator is large for streamwise-elongated
scales (Illingworth et al., 2018). Comparing figures 6.6(a,b), we see that NE performs
better than LE at z+ = 50.

Figure 6.7: (a,c,e) Streamwise velocity field in the xz plane at y = π

2 . (b,d,f) Streamwise
velocity field in the yz plane at x = π . (a,b) NE; (c,d) LE and (e,f) the DNS data. The
limits of the colour map are the same as that in figure 6.7.

Having looked at the estimated velocity field at z+ = 50, we now look at the velocity

84



field across the wall-normal height at a particular instant in time, as shown in figure 6.7.
We see that NE gives the correct shapes of the near-wall structures since the measurement
plane is at z+ = 15 and the shapes of the estimated velocity field far from the wall do not
match the DNS (figures 6.7(a,b,e,f)). LE overpredicts the velocity magnitudes as observed
from the colour scale and the shapes of the estimated velocity field do not match the DNS
(figures 6.7(c,d,e,f)).

We quantify the estimation performance across the wall-normal height by defining the
error and correlation (Chevalier et al., 2006; Colburn et al., 2011):

ε(z) =

√∫∫∫
(uest −uDNS)2 dx dy dt√∫∫∫

u2
DNS dx dy dt

(6.8a)

corr(z) =
∫∫∫

uestuDNS dx dy dt√∫∫∫
u2

est dx dy dt
√∫∫∫

u2
DNS dx dy dt

(6.8b)

Figure 6.8: The error (6.8a) and correlation (6.8b) across the wall-normal height for NE
and LE.

Equation (6.8a) quantifies the deviation between the estimated quantity and true quan-
tity (DNS data). Correlation (6.8b) quantifies the phase alignment between the estimated
quantity and true quantity. To fairly assess the estimation performance, it is crucial to
consider both the error and correlation metrics together. Figure 6.8 shows the errors and
correlations for NE and LE. An indicator of good estimation performance is a low error
approaching zero and a high correlation approaching one. We see that both estimators
perform the best at z+ = 15 where the measurement data is provided, and the estimation
performance deteriorates away from the measurement plane. This is expected and has
been observed in previous studies (Chevalier et al., 2006; Colburn et al., 2011; Illing-
worth et al., 2018; Amaral et al., 2021; Arun et al., 2023; Ying et al., 2023). The big
spike of the red line in figure 6.8(a) corresponds to the large magnitudes of the estimated
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velocity from LE (figure 6.7(c,d)). As for NE, it has a lower error and higher correlation
compared with LE, indicating that NE outperforms LE. As there is only one measurement
plane provided to NE, the nonlinear forcing is only accurate near the measurement plane.
Nevertheless, NE with partial knowledge of the nonlinear forcing outperforms LE.

For a statistically stationary flow, the Reynolds-Orr equation tells us that production
P and dissipation D achieve a balance when considered over the entire domain Ω:

∫
Ω

D
Dt

(
1
2

uiui

)
dΩ =

∫
Ω

−uiu j
∂Ui

∂x j
dΩ︸ ︷︷ ︸

production

+
∫

Ω

− 1
Re

∂ui

∂x j

∂ui

∂x j
dΩ︸ ︷︷ ︸

dissipation

(6.9)

The energy source for turbulence is production, and the energy sink for turbulence is
dissipation. We can inspect the production and dissipation for NE and LE.

Figure 6.9: (a) Production P and (b) dissipation D across the wall-normal height. The
black dashed line marks the measurement plane location z+ = 15.

Figure 6.9 shows the production and dissipation as a function of wall-normal height.
At each wall-normal height, the production and dissipation are averaged in the xy plane
and in time. We see good agreement for production and dissipation between NE and DNS,
except for the significant dissipation near the measurement plane (the blue plunge in fig-
ure 6.9(b)). It is suspected that the sudden change of dissipation from NE is caused by the
sudden change of the velocities at the measurement plane since only one measurement
plane data is provided. The sudden change of the velocities at the measurement plane will
cause large velocity gradients ∂ui

∂x j
contributing to the dissipation. For LE, substantial pro-

duction and dissipation occur around z+ = 60, corresponding to the large magnitudes of
the estimated velocities (figures 6.7(c,d)). The strong estimated velocities are potentially
due to the large 2-norm of the linearised Navier-Stokes operator compared to the operator
embedded with eddy viscosity (to be introduced in the next section). LE gives accurate
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dissipation at z+ > 120 because both the estimated and true velocity fields are near zero
in that region, resulting in a smaller error. LE gives fair production and dissipation at
z+ < 30 because LE provides a more precise estimated velocity field near the wall where
the measurement is provided. We can further check the sum of production and dissipation
across the wall-normal height, as shown in table 6.1. According to the normalisation of
(6.1), the energy transfer is normalised by u3

τ/h.

Table 6.1: Sum of energy transfer across the channel height of NE and LE.∫
P dz

∫
D dz

∫
(P+D) dz

DNS 5.31 -3.82 1.49
NE 6.36 -7.47 -1.11
LE 12.07 -12.99 -0.92

For the DNS, the sum of production and dissipation is greater than zero because only
the large scales are considered in the estimation and the energy transfer is calculated for
those large scales only. Since small scales are mainly responsible for dissipation, we
expect that the dissipation calculated from the large scales will not counterbalance pro-
duction. Compared with the DNS, we see that both NE and LE give excessive production
and dissipation. The fact that the sum of production and dissipation for NE and LE is
smaller than zero indicates that energy dissipates excessively in NE and LE. We do not
expect that NE and LE conserve energy since the estimated velocities from the Kalman
filters do not satisfy the Navier-Stokes equations because of the observation noise and the
difference between estimation and observations (Wang & Zaki, 2021).

6.3.2 Comparison between NE and LEe at Reτ = 180

In the previous section, we see that NE outperforms LE, suggesting that closing the loop of
the linear resolvent-based estimator in NE is helpful. As an alternative way of considering
the nonlinear forcing, we can use LE augmented with eddy viscosity which considers the
nonlinear effects of the small scales on the large scales (Del Alamo & Jimenez, 2006;
Pujals et al., 2009; Illingworth et al., 2018; Madhusudanan et al., 2019; Towne et al., 2020;
Amaral et al., 2021; Ying et al., 2023). We start by performing a triple decomposition of
the instantaneous velocity field, Ui = Ui + ui + u′i, where U , U , u and u′ represent the
instantaneous velocity, time-averaged velocity, large-scale organised motion and small-
scale fluctuation velocity, respectively. The nonlinear effect of the small scales on the
large-scale organised motion is modelled by an eddy viscosity (Reynolds & Hussain,
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1972). The equations of the large-scale organised motion are:

∂ui

∂ t
=−u j

∂Ui

∂x j
−U j

∂ui

∂x j
− ∂ p

∂xi
+

1
Reτ

νT

ν

∂ 2ui

∂x j∂x j
+ fi (6.10a)

∂ui

∂xi
= 0 (6.10b)

with the eddy viscosity profile given by (Cess, 1958):

νT (z) =
ν

2
(1+

κ2Re2
τ

9
(1−z2)2(1+2z2)2[1−exp(

(|z|)Reτ

A
)]2)

1
2 +

ν

2
, z ∈ [−1,1] (6.11)

where κ = 0.426 and A = 25.4, as they were the optimal values as a result of a least-
square fit to experimental data at Reτ = 2000 (Del Alamo & Jimenez, 2006). The detailed
expressions for the Orr-Sommerfeld and Squire operators are described in Appendix B.1.

Figure 6.10 compares the estimated velocity fields between NE and LEe (linear esti-
mator augmented with eddy viscosity) at z+ = 50. We see that the velocity magnitudes
from LEe are similar to those from the DNS and LEe can give the correct large streamwise
scales but small scales are missing (figure 6.12(b,c)). Figure 6.10(d) further indicates that
NE and LEe can give velocity magnitudes comparable to the DNS.

Figure 6.10: Streamwise velocity u from (a) NE, (b) LEe and (c) DNS data in the xy
plane at z+ = 50. The measurement data come from z+ = 15. The circles in the middle
of (a,b,c) denote the locations of the streamwise velocity plotted in (d). (d) Streamwise
velocity varying with time at the centre of the xy plane at z+ = 50. The vertical dashed
line denotes the time instant for (a,b,c).

Figure 6.11 shows the error in Fourier space for NE and LEe at z+ = 50. Both models
perform well for the large streamwise scales with small kx. From LE to LEe, we see an
improvement in estimation performance at large streamwise scales, as noted in previous
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work (Illingworth et al., 2018). This indicates that the eddy viscosity, which considers the
nonlinear effect of the small scales on the large scales, improves estimation performance.
However, both NE and LEe have relatively large errors at small streamwise scales with
large kx. The reasons are different: for NE, it gives the incorrect small scales because
only partial knowledge of the nonlinear forcing around the measurement plane is accurate
(figure 6.10(a)); for LEe, it gives zeros for the small scales because LEe identifies a lack
of coherence of small scales (figure 6.10(b)) (Madhusudanan et al., 2019).

Figure 6.11: Error in Fourier space (6.7) for (a) NE and (b) LEe.

Figure 6.12 shows the velocity field across the wall-normal height for NE and LEe.
Both models give the velocity magnitudes and structures comparable to the DNS near the
measurement plane at z+ = 15. Away from z+ = 15, the estimated velocities from NE
deviate from the DNS and the estimated velocities from LEe are near zero which is noted
in Oehler et al. (2018).

Figure 6.12: (a,c,e) Streamwise velocity field in the xz plane at y = π

2 . (b,d,f) Streamwise
velocity field in the yz plane at x = π . (a,b) NE; (c,d) LEe and (e,f) the DNS data. The
limits of the colour map are the same as those in figure 6.7.

Figure 6.13 quantifies the estimation performance for NE and LEe across the wall-
normal height. Both models perform best at z+ = 15 where the measurement data is
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provided, and the performance deteriorates away from the measurement plane. Looking
at the error and correlation across the wall-normal direction, we see that LEe outperforms
NE except in the near-wall region.

Figure 6.13: Error (6.8a) and correlation (6.8b) across the wall-normal height for NE and
LEe.

We see that both NE and LEe outperform LE, indicating that considering the nonlinear
forcing is important. The difference between NE and LE is the treatment of the nonlinear
forcing in the state-space model (6.2). The nonlinear forcing in NE is structured since it is
calculated from the estimated velocities, while the nonlinear forcing in LE is unstructured
(McKeon & Sharma, 2010; Illingworth et al., 2018). It has been shown that the structured
nonlinear forcing gives more accurate flow statistics even though only partial knowledge
of the nonlinear forcing is available (Zare et al., 2017). The difference between LEe and
LE is the Orr-Sommerfeld and Squire operators in the state-space model (6.2). Although
LEe treats the nonlinear forcing as unstructured (Illingworth et al., 2018), the nonlinear
effect of the small scales on the large scales is embedded in the state-space model (6.2)
(Del Alamo & Jimenez, 2006; Pujals et al., 2009).

Here, we explain the strong velocity magnitudes obtained from LE rather than from
LEe. The strong estimated velocities from LE are potentially due to the large 2-norm
of the linearised Navier-Stokes operator compared to the operator embedded with eddy
viscosity. The 2-norm of an operator (transfer function) H is defined as:

∥H ∥2
2 =

√
1

2π

∫
∞

−∞

Trace[H (iω)HH (iω)]dω (6.12)

In this case, H = C (iω −A )−1B. The 2-norms for both operators, without eddy
viscosity and with eddy viscosity, are shown in figure 6.14. From the colour bar values,
we can observe that the 2-norm of the operator used for LE (figure 6.14(a)) is significantly
larger than that of the operator used for LEe (figure 6.14(b)).
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Figure 6.14: (a) The 2-norm of the linearised Navier-Stokes operators without eddy vis-
cosity, (b) with eddy viscosity.

Figure 6.14 shows that the maximum amplification occurs at kx = 0 and ky = 2, cor-
responding to a streamwise-constant mode. We can further obtain the optimal velocity
mode u1 corresponding to this maximum amplification from the linearised Navier-Stokes
operator without eddy viscosity. We achieve this by computing the solution X∞ of the
algebraic Lyapunov equation (Hwang & Cossu, 2010a):

A X∞ +X∞A H +BBH = 0 (6.13)

where H denotes conjugate transpose. Then, we calculate the output covariance matrix
C X∞C H to obtain the optimal velocity mode u1.

Figure 6.15: (a) The optimal output mode u1 in the yz plane at kx = 0 and ky = 2. (b) The
magnitude of u1 at y = π/2 in (a). The values of u1 has been normalised by its maximum
absolute value.

Figure 6.15 reveals that the peak of the optimal streamwise velocity mode u1 occurs
at z+ ≈ 100, which could potentially be linked to the strong amplification phenomenon of
the estimated velocity at z+ ≈ 60 in figure 6.7.
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6.3.3 The effect of changing the measurement plane location on non-
linear estimation at Reτ = 180

Previous studies show that using wall-shear stress as measurement only gives good veloc-
ity estimation up to the logarithmic region (Chevalier et al., 2006; Colburn et al., 2011;
Suzuki & Hasegawa, 2017; Amaral et al., 2021) and is no better than using velocity as
measurement (Oehler et al., 2018). Since we investigate using the velocity measurement
only at z+ = 15 in the previous sections, we would like to know the effect of changing the
measurement plane location in the wall-normal direction, especially farther away from
the wall. We change the measurement plane location from z+ = 15 to 50,75,100,125
and 150, respectively. For each estimation case, we further evaluate the overall estimation
performance by integrating the error and correlation in the wall-normal direction:

εint =

1∫
0

ε dz, corrint =

1∫
0

corr dz (6.14a,b)

Figure 6.16 shows the estimation results with the measurement plane at different wall-
normal heights. No matter where we put the measurement plane, the estimation per-
formance deteriorates away from the measurement location and the overall performance
does not change substantially as seen from the inset plots. When the measurement plane
is placed farther away from the wall (z+ = 75,100,125,150), the error in the near-wall
region increases significantly (figure 6.16(a)). The estimated statistics in the near-wall re-
gion could be improved by embedding the relationship between the inner layer and outer
layer (Marusic et al., 2010; Baars et al., 2016).

Figure 6.16: Error (6.8a) and correlation (6.8b) for NE when the measurement plane is at
z+ = 15,50,75,100,125 and 150, respectively. An estimation case with a measurement
plane located farther away from the wall is indicated by a lighter blue colour. Inset plots
show the integrated error and correlation (6.14).
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6.3.4 Nonlinear estimation at Reτ = 590

Figure 6.17: Streamwise velocity u from (a) NE, (b) LE, (c) LEe and (d) DNS data in
the xy plane at z+ = 50 and Reτ = 590. The measurement data come from z+ = 18. The
circles in the middle of (a,b,c,d) denote the locations of the streamwise velocity plotted
in (e). (e) Streamwise velocity varying with time at the centre of the xy plane at z+ = 50.
The vertical dashed line denotes the time instant for (a,b,c,d).

Channel flow estimation has been investigated at high Reynolds numbers (Illingworth et
al., 2018; Oehler et al., 2018; Amaral et al., 2021; Wang et al., 2022; Ying et al., 2023)
and we wonder if the nonlinear estimator designed in this study can be applied at a higher
Reynolds number. In this section, we apply the nonlinear estimator at Reτ = 590. As Reτ

increases, the influence of small-scale motions becomes more significant. Consequently,
we increase the number of wavenumbers considered for Reτ = 590. The wavenumbers
considered at Reτ = 590 are |kx| ≤ 20 and |ky| ≤ 40, corresponding to structures with
λ+

x ≥ 185 and λ+
y ≥ 93. In the wall-normal direction we use 257 Chebyshev points

and convergence has been checked by doubling the number of Chebyshev points. The
measurement data (velocities) come from z+ = 18, where the turbulent kinetic energy
reaches its maximum in the wall-normal direction. The measurement data comes from
DNS and the temporal resolution is ∆Tm = 0.002(∆T+

m = 1.18) which is small enough to
resolve the frequency of the smallest scale according to Taylor’s hypothesis. The SSROM
simulation time step is set to be ∆Ts = 0.00005. The estimation starts with zero initial
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condition. We present the estimation results starting from t = 0.1(t+= 59) to t = 0.4(t+=

236) to minimise the initial transient.

Figure 6.18: (a,c,e,g) Streamwise velocity field in the xz plane at y = π

2 . (b,d,f,h) Stream-
wise velocity field in the yz plane at x = π . (a,b) NE; (c,d) LE; (e,f) LEe and (g,h) the
DNS data. The limits of the colour map are the same as that in figure 6.18.

Figure 6.17 shows the estimation results using different estimators at Reτ = 590. From
the colour scale in figures 6.17(a,b,c,d), we see that both NE and LE overpredict the
velocity magnitudes; LEe underpredicts the velocity magnitudes. From the shapes of
the structures, we see that NE tends to break the large-scale structures presented in the
DNS into small-scale structures; LE only gives structures that are long in the streamwise
direction and thin in the spanwise direction; LEe retains the shapes of the large-scale
structures. Figure 6.17(e) further shows that the velocity from NE deviates from the DNS
substantially.

From the previous section, we see that estimators using one measurement plane do not
provide a good overall result across the channel height at Reτ = 180, irrespective of the
location of the measurement plane. Therefore, we do not expect that estimators using only
one measurement plane will work well across the channel height at Reτ = 590. Figure
6.18 shows the streamwise velocity fields across the wall-normal height. We see that all
estimators cannot give the correct fields away from the near-wall region (the measurement
plane is at z+ = 18). NE and LE overpredict the values; the velocity magnitudes outside
the near-wall region from LEe are approximately zero, which is also noted in Oehler
et al. (2018). Further including small scales in the estimation does not show noticeable
improvement. For the estimation with only one measurement plane provided, NE does not
perform well. LEe performs well near the measurement plane and gives zero velocities at
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wall-normal heights that do not share coherence with the measurement plane, indicating
the effectiveness of the eddy viscosity at higher Reynolds numbers (Illingworth et al.,
2018; Oehler et al., 2018).

6.4 Nonlinear estimation using multiple measurement planes

We have seen from the previous section that the performance of the nonlinear estimator
deteriorates significantly away from the measurement plane with only one measurement
plane provided. Due to the inhomogeneity caused by the wall in wall-bounded flows, the
flow physics varies significantly in the wall-normal direction. It has been shown that the
coherence between two wall-normal heights decreases as the two wall-normal heights are
separated farther (Madhusudanan et al., 2019). This implies that even though we consider
the effect of the nonlinear forcing in NE and LEe, the underlying physics forbids us from
estimating the velocities that are not coherent with the measurement data (Illingworth
et al., 2018). The failure to estimate the velocities away from the measurement plane
can also be attributed to insufficient measurement data in the wall-normal direction. The
OSS state-space model (6.2) contains a sufficient number of states (129 Chebyshev points
at Reτ = 180) distributed in the buffer layer, log layer and outer layer in the wall-normal
direction in order to describe the flow statistics comprehensively. Therefore, the nonlinear
estimator with measurement data at only one wall-normal height is not able to estimate
the velocities across the channel.

Arun et al. (2023) investigated channel flow estimation using multiple measurement
planes in the wall-normal direction. Inspired by this, we increase the number of measure-
ment planes provided to the nonlinear estimator. Specifically, §6.4.1 discusses the results
at Reτ = 180 and §6.4.2 discusses the results at Reτ = 590.

6.4.1 At Reτ = 180

We test four cases with the number of measurement planes Nmea varying from 1 to 4. The
details are listed in table 6.2.

Table 6.2: Wall-normal locations of the measurement planes for four cases.

Nmea 1 2 3 4
z+mea 15 15,50 15,50,100 15,50,100,150

Figure 6.19 shows the estimation performance of the four cases listed in table 6.2.
As expected, NE gives the correct velocities at the measurement locations (Arun et al.,
2023). However, even if the number of measurement planes increases, substantial error
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still occurs when the estimation plane is far from the measurement plane, as seen in the
cases with Nmea = 1,2,3.

Figure 6.19: Error (6.8a) and correlation (6.8b) for NE with multiple measurement planes
considered as listed in table 6.2. A case with a larger number of measurement planes is
shown using a lighter blue colour. Inset plots show the integrated error and correlation
(6.14).

As for the overall estimation performance indicated by εint and corrint (6.14), we see
that the overall estimation significantly improves with the inclusion of just a few more
measurement planes (inset plots in figure 6.19). If the measurement planes are more
evenly distributed in the wall-normal direction (for example the case with Nmea = 4), the
error and correlation do not deteriorate significantly (the curves flatten out). In terms of
achieving a good overall estimation performance, an open question concerns the number
of measurement planes needed and the distribution of the measurement planes in the wall-
normal direction. The visualisation of the estimated velocity fields for NE with multiple
measurements are shown for the Reτ = 590 case in §6.4.2 and are not shown for the
Reτ = 180 case because the results are similar.
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6.4.2 At Reτ = 590

Figure 6.20: Results in xy plane of nonlinear estimation with six measurement planes at
z+ = 18,100,200,300,400 and 500. (a,b,c) The estimated velocity fields for NE; (d,e,f)
The velocity fields from DNS. (a,d) z+ = 50; (b,e) z+ = 250; (c,f) z+ = 450. (g) Error
(6.8a) for NE. Three dotted lines mark z+ = 50,250 and 450.

From §6.4.1, we know that multiple measurement planes evenly distributed across the
wall-normal height enhances the NE performance significantly. Therefore, we increase
the number of measurement planes from one to six at Reτ = 590, with measurement planes
at z+ = 18,100,200,300,400 and 500. Figure 6.20 shows the estimated velocity fields at
z+ = 50,250,450 and the estimation error across the channel height (the correlation is
similar to the error and is not shown). As expected, figure 6.20(g) shows that NE gives
accurate estimation results at the measurement planes. At the three chosen wall-normal
heights z+ = 50,250 and 450 (figure 6.20(a-f)), NE gives satisfactory estimation results
for large-scale structures, though NE slightly overpredicts the velocity magnitudes at a
few locations.

Figure 6.21 shows the estimated velocity fields across the channel height. Compared
with the single measurement plane case in figure 6.18, increasing the number of mea-
surement planes greatly improves the estimation performance across the channel height.
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Even with the increased number of measurement planes, this number is still substantially
smaller than the number of DNS gridpoints in the wall-normal direction.

The nonlinear estimator in this study can be related to large-eddy simulation (LES).
Both LES and nonlinear estimation only consider the largest scales. The main difference
is that LES is autonomous, whereas the nonlinear estimator requires external information
continuously supplied (the measurement data). In LES, the energy transfer between the
resolved scales and subgrid scales is modelled to improve accuracy. In light of this and
the energy transfer in figure 6.9, a possible way to improve the nonlinear estimator would
be to consider the energy transfer.

Figure 6.21: Results in xz and yz planes of nonlinear estimation with six measurement
planes at z+ = 18,100,200,300,400 and 500. (a,b) The estimated velocity fields for NE;
(c,d) The velocity fields from DNS. (a,c) xz plane; (b,d) yz plane.

6.5 Conclusions

We investigate turbulent channel flow estimation at Reτ = 180 and 590. The nonlinear
estimator designed in this study consists of two main parts. The linear part is based on the
linearised Navier-Stokes equations with nonlinear forcing as input and velocity as output
(Illingworth et al., 2018). The nonlinear part links the velocity back to the nonlinear
forcing through the nonlinear dynamics fi =−u j

∂ui
∂x j

.
We compare the estimation performance between the nonlinear estimator (NE), linear

estimator (LE) and linear estimator augmented with eddy viscosity (LEe). At Reτ = 180,
NE and LEe outperform LE in terms of estimating the velocity magnitudes, structure
shapes and energy transfer across the wall-normal height. We see that the overall estima-
tion performance does not change substantially as the location of the measurement plane
is varied. At Reτ = 590, NE does not work well using only one measurement plane. The
performance of the nonlinear estimator can be significantly enhanced by including a few
more measurement planes evenly distributed in the wall-normal direction.

The linear estimator augmented with eddy viscosity outperforms the nonlinear esti-
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mator designed in this study in terms of the estimation performance, stability, simplicity
and applicability to high Reynolds number flows. This has shown the usefulness of eddy
viscosity although eddy viscosity only serves to dissipate energy. Apart from using the
nonlinear estimation methodology in this study and eddy viscosity, there are other ways
to consider the nonlinearity, such as using extended Kalman filter (Chevalier et al., 2006),
ensemble Kalman filter (Colburn et al., 2011), inner-outer layer relationship (Baars et al.,
2016), cross-spectral density (CSD) tensor (Towne et al., 2020) and so on. A promis-
ing future work would be to combine the advantages of different nonlinear estimation
strategies.

The improved estimation performance of the proposed nonlinear estimator compared
to the linear estimator highlights the significance of considering nonlinearity in fluid sys-
tems governed by the nonlinear Navier-Stokes equations. Since nonlinear mechanisms
contribute to sustaining turbulence, flow control strategies could target either enhancing
or disrupting nonlinear forcing, as demonstrated in several studies (Kim, 2011; Bae et al.,
2021).
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Chapter 7

Conclusions

7.1 Summary

This thesis focuses on the nonlinear energy transfer physics and nonlinear estimation
of turbulent channel flows. The work comprises three parts: i) mode-to-mode nonlin-
ear energy transfer in spectral space; ii) coherent structures related to nonlinear energy
transfer (turbulent convection) in physical space; and iii) a flow estimation problem in
which knowledge of the nonlinear forcing terms is included in the linear estimator. The
results have been generated using direct numerical simulation (DNS) datasets at friction
Reynolds numbers of Reτ = 180 and 590 (Chung et al., 2014).

In chapter 4, nonlinear energy transfer is investigated in spectral space. A mode
(kx,ky) refers to a single Fourier mode with a specific streamwise wavelength and span-
wise wavelength. In order to address the deficiency that we could previously only inves-
tigate the net nonlinear energy transfer N̂(kx,ky) for a given mode, we introduce a 4-D
variable M̂(a,b)(kx,ky) which quantifies the nonlinear energy transfer from a single mode
(a,b) to another mode (kx,ky). Using this new quantity M̂, three things are explored.
First, we obtain two other values representing the net nonlinear energy gain N̂+(kx,ky)

and net nonlinear energy loss N̂−(kx,ky) for a given mode, thus decomposing the net non-
linear energy transfer N̂ into its positive N̂+ and negative N̂− contributions. At Reτ = 590,
both the net energy gain and loss spectra reveal a significant nonlinear interaction region
at λ+

x ≈ 150,λ+
y ≈ 100, which cannot be observed from the net energy transfer spec-

trum alone. Second, the nonlinear energy transfer of streamwise streaks, oblique waves
and Tollmien–Schlichting (TS) waves shows that a transverse energy cascade exists, for
which the key parameter is the aspect ratio ky/kx. This transverse cascade refers to en-
ergy transfer from streamwise elongated modes to spanwise elongated modes and this
transverse cascade is not substantially influenced by the Reynolds numbers considered.
Third, we quantify the forward and inverse cascades between the resolved scales and
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subgrid scales in the spirit of large-eddy simulation (LES). For both Reynolds numbers
considered and when the cutoff wavelengths satisfy λ

+
xC = 2λ

+
yC < 250 (LES still needs

to resolve a sufficient number of large scales), the forward cascade is at least four times
greater than the inverse cascade. However, the inverse cascade is still not negligible for
scales satisfying λ

+
xC = 2λ

+
yC > 100.

In chapter 5, nonlinear energy transfer is investigated in physical space. We use condi-
tional averaging to extract two types of events. Positive nonlinear energy transfer events
are characterised by significant energy gain due to nonlinear interactions and negative
nonlinear energy transfer events are characterised by significant energy loss due to non-
linear interactions. The conditionally averaged velocity fields, nonlinear energy transfer
fields and vorticity fields are similar for both types of events and for both Reynolds num-
bers considered. As for the conditionally averaged velocity fields, sweeps or Q4 events are
observed in the near-wall region for z+ < 20, and ejections or Q2 events are observed far-
ther away from the wall for z+ > 20. As for the conditionally averaged nonlinear energy
transfer fields, the region of positive nonlinear energy transfer and the region of negative
nonlinear energy transfer come in pairs. The two regions are adjacent to each other in the
streamwise direction and their relative position switches at z+ ≈ 20. As for the condi-
tionally averaged vorticity fields, quasi-streamwise vortices are detected in the near-wall
region for z+ < 20, and hairpin vortex heads are detected farther away from the wall for
z+ > 20. The main difference between positive and negative nonlinear energy transfer
events is that: positive nonlinear energy transfer is concentrated below quasi-streamwise
vortices and in the upstream region of hairpin heads; negative nonlinear energy transfer
is concentrated at the same height as quasi-streamwise vortices and in the downstream
region of hairpin heads.

In chapter 6, we design a nonlinear estimator by embedding the nonlinear dynamics
involving velocity and nonlinear forcing into the linear estimator based on the linearised
Navier-Stokes equations. This idea is inspired by previous work on the channel flow es-
timation problem that the linear estimator augmented with eddy viscosity significantly
outperforms the purely linear estimator (Illingworth et al., 2018). The goal is to use the
velocity measurement data at one wall-normal height to estimate the velocities across the
channel height. In terms of estimation performance concerning the velocity profile and
energy transfer, both the nonlinear estimator and linear estimator augmented with eddy
viscosity outperform the purely linear estimator at Reτ = 180, especially for the largest
streamwise scales. The reasons for the better estimation performance over the purely lin-
ear estimator are different. The nonlinear estimator performs better because we calculate
the structured nonlinear forcing to feed the estimator. The linear estimator augmented
with eddy viscosity performs better because the nonlinear effect of the small scales on
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the large scales is modelled, albeit crudely, by the eddy viscosity, though the nonlinear
forcing is unstructured. However, the nonlinear estimator does not show superiority over
the purely linear estimator at Reτ = 590 potentially because partial knowledge of the non-
linear forcing around the measurement plane is not sufficient to represent the nonlinearity
in the flow. Nevertheless, the linear estimator augmented with eddy viscosity shows su-
periority and stability at high Reynolds numbers, indicating that a simple eddy viscosity
model is a favourable model for flow estimation and control in high-Reynolds-number
wall-bounded flows.

7.2 Future work

Applications to high Reynolds number cases
The flow dynamics at high Reynolds numbers differ from those at low Reynolds numbers.
As the Reynolds number Reτ increases, the influence of large scales on the total kinetic
energy becomes more dominant, as observed in the one-dimensional premultiplied spec-
tra and the scale decomposition of the streamwise turbulence intensity profile (Hutchins
& Marusic, 2007; Smits et al., 2011). Additionally, results obtained at low Reynolds
numbers are less applicable to real-world applications, such as gas turbine flows and
weather predictions, where the Reynolds numbers are significantly higher. Chapters 4
and 5 can be directly extended to high-Reynolds-number flows since the relevant equa-
tions and methodology remain unchanged. However, in chapter 6, additional measure-
ment planes would be required, or the structure of the estimator would need modification
for high-Reynolds-number flow estimation. This is because the current nonlinear estima-
tor lacks stability when applied to high-Reynolds-number flows.

Applications to boundary layer flows
There is a major difference in the methodology of the Fourier transform. In channel
flows, a two-dimensional Fourier transform is applied in the streamwise and spanwise
directions, whereas in boundary layer flows, only a one-dimensional Fourier transform
is applied in the spanwise direction. This results in streamwise location dependence for
boundary layer flows. It has been observed that differences exist in the largest scales be-
tween channel flows and boundary layer flows (Monty et al., 2009). Consequently, the
peaks of the positive and negative nonlinear energy transfer (n̂+ and n̂−) may shift for
boundary layer flows, in the context of chapter 4. Additionally, the sizes of the coherent
structures related to significant turbulent convection could vary, in the context of chapter
5. Since the linearized Navier-Stokes equation operator for boundary layer flows differs
from that for channel flows (Cossu et al., 2009), the estimation performance with respect
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to the locations of the measurement planes could change, in the context of chapter 6.

Dynamics of mode-to-mode nonlinear energy transfer
In chapter 4, the discussions concerning mode-to-mode nonlinear energy transfer M̂(a,b)(kx,ky)

describe the statistical features because M̂ is a time-averaged variable. More information
about the dynamical features could be extracted from the time series of M̂(t). A straight-
forward first step would be to calculate the variance of M̂(t). A low variance indicates
that a given energy transfer pathway from mode (a,b) to mode (kx,ky) does not change
significantly with respect to time. A high variance indicates that a given energy transfer
pathway from mode (a,b) to mode (kx,ky) changes its magnitude or even direction fre-
quently with respect to time.

Mode-to-mode nonlinear energy transfer at different wall-normal heights
In chapter 4, the discussions concerning mode-to-mode nonlinear energy transfer M̂(a,b)(kx,ky)

describe the wall-normal integrated energy transfer since the wall-normal integrated en-
ergy transfer only involves production, dissipation and nonlinear energy transfer. How-
ever, nonlinear energy transfer in the wall-normal direction is hidden in M̂. It has been
shown that energy transfer occurs from the logarithmic region to the near-wall and outer-
layer regions (Bolotnov et al., 2010; Lee & Moser, 2019). M̂ could be extended to con-
tain the wall-normal coordinate z, and this would require only a minor modification in the
derivation of M̂.

Componenetwise analysis of mode-to-mode nonlinear energy transfer
(Jovanović & Bamieh, 2005) investigates the linear amplification mechanisms from the
streamwise, spanwise and wall-normal nonlinear forcing to the streamwise, spanwise and
wall-normal velocities individually. Inspired by this concept, we decomposed the mode-
to-mode nonlinear energy transfer into contributions from the streamwise, spanwise, and
wall-normal velocities. Our exploration revealed that the primary contribution arises from
the streamwise velocity component. However, further research is needed to explore the
specifics of energy transfer from the streamwise components to the spanwise and wall-
normal components.

Scale-dependent eddy viscosity
Eddy viscosity models the effects of small scales on large scales. However, there is one
ambiguity of the Cess eddy viscosity νT (Cess, 1958) concerning what the large scales
and small scales are. Gupta et al. (2021) designed a scale-dependent eddy viscosity which
is a function of the size of a scale and this scale-dependent eddy viscosity is able to predict
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more accurate turbulence features in channel flows. Inspired by this, mode-to-mode non-
linear energy transfer M̂(a,b)(kx,ky) could be used to develop more accurate scale-dependent
eddy-viscosity models. Similar to the nonlinear energy transfer of the three structures
(streamwise streaks, oblique waves and TS waves) in chapter 4, this time (a,b) contains
the specific small scales and (kx,ky) contains the specific large scales. Following this,
the obtained scale-dependent eddy viscosity νT (kx,ky) which could be used to improve
wavenumber-based estimation and control.

DNS experiments using mode-to-mode nonlinear energy transfer
The net nonlinear energy transfer N̂(kx,ky) and the mode-to-mode nonlinear energy trans-
fer M̂(a,b)(kx,ky) could be coded in DNS (rather than experiments) to amplify or cut off cer-
tain nonlinear energy transfer pathways. This could be used to study the nonlinear aspects
of the self-sustaining process (SSP) in the near-wall region (Hamilton et al., 1995). Since
M̂ is a 4-D variable exhibiting a large number of energy transfer pathways, a sensible
starting point would be to use minimal channels where the number of energetically domi-
nant modes is fewer than that in a full channel, and the statistics are nonetheless accurate
in the near-wall region (Chung et al., 2014).

Dynamic relationship between nonlinear energy transfer and coherent structures
The coherent structures presented in chapter 5 are ensemble-averaged from the nonlinear
energy transfer events. Each conditional event corresponds to one time instant, so the
dynamic processes before that time instant and after that time instant are still missing. We
can further extract the events adjacent to the conditional events in time, though storage
issues need to be considered. The relationship between the nonlinear energy transfer and
the evolution of quasi-streamwise vortices and hairpin vortices could then be explored.

Nonlinear estimator in other types of fluid flows
The nonlinear estimator designed in chapter 6 is for channel flows. The key feature is that
we introduce the nonlinear dynamics fi =−u j

∂ui
∂x j

which is universal for any type of flow.
Therefore, the same methodology of the Kalman filter embedded with an SSROM simu-
lation could be applied to the estimation problem for other types of flows. A promising
application is wake flows in which the number of energetically dominant modes is less
than that in channel flows and it has been shown that the higher harmonic motions in the
wake flows are slave to the fundamental frequency (Gong, 2021).

Nonlinear estimation with machine learning
An open question left in chapter 6 is how to place a fixed number of measurement planes
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across the channel height in order to achieve a better overall estimation performance.
Brute force searching at low Reynolds numbers could be a feasible solution given the
computational power available today. With the rapid progress of high-performance com-
puting and algorithms, machine learning has been widely used in physical problems (Kar-
niadakis et al., 2021; Brunton et al., 2020). For flows at high Reynolds numbers, the
question could be tackled using machine learning methods, such as the iterative-gradient
minimisation algorithm (Chen & Rowley, 2011) and sparse identification of nonlinear
dynamics (SINDy) algorithm (Loiseau et al., 2018).
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Appendix A

Details of mode-to-mode nonlinear
energy transfer

A.1 Definition of energy transfer in Fourier space

First, we define scalar product as: ⟨c1,c2⟩ = c∗1c2, where c1 and c2 are two complex
numbers and ∗ denotes complex conjugate.

At one wall-normal height, the average energy transfer in the streamwise-spanwise
plane is composed of contributions from different Fourier modes. For example, the aver-
age nonlinear energy transfer at one wall-normal height could be written as:

∫∫
−uiu j

∂ui
∂x j

dxdy

LxLy
=

maxkx

∑
−maxkx

maxky

∑
−maxky

⟨ûi,
∂̂uiu j

∂x j
⟩ (A.1)

where Lx and Ly are the turbulence domain lengths in the streamwise and spanwise direc-
tions, respectively. We consider non-negative wavenumbers: kx ≥ 0 and ky ≥ 0.

We prove equation (A.1) by considering a general case shown below.
If a = f (x,y), b = g(x,y) ∈ R, where x ∈ [0,Lx], y ∈ [0,Ly], then:

∫∫
ab dx dy
LxLy

=
maxkx

∑
−maxkx

maxky

∑
−maxky

⟨â, b̂⟩ kx ∈ [0,maxkx] ky ∈ [0,maxky]

Proof. In terms of the 2-D Fourier transform, a,b can be expressed as:

a =
maxkxa

∑
−maxkxa

maxkya

∑
−maxkya

âei(kxax+kyay) b =
maxkxb

∑
−maxkxb

maxkyb

∑
−maxkyb

b̂ei(kxbx+kyby)

A sufficient number of Fourier modes needs to be used to capture the smallest scales. In
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addition, another property states that:∫∫
ei(kxx+kyy)dx dy = 0 (kx ̸= 0∪ ky ̸= 0)

because of the periodicity. Then:

∫∫
ab dx dy =

∫∫
{

maxkxa

∑
−maxkxa

maxkya

∑
−maxkya

âei(kxax+kyay)}{
maxkxb

∑
−maxkxb

maxkyb

∑
−maxkyb

b̂ei(kxbx+kyby)} dx dy

=
maxkxa

∑
−maxkxa

maxkya

∑
−maxkya

maxkxb

∑
−maxkxb

maxkyb

∑
−maxkyb

∫∫
âei(kxax+kyay)b̂ei(kxbx+kyby) dx dy

=
maxkx

∑
−maxkx

maxky

∑
−maxky

∫∫
â∗ei(−kxx−kyy)b̂ei(kxx+kyy) dx dy

=
maxkx

∑
−maxkx

maxky

∑
−maxky

∫∫
â∗b̂ dx dy

= LxLy

maxkx

∑
−maxkx

maxky

∑
−maxky

⟨â, b̂⟩

Equation A.1 could be written as:

maxkx

∑
−maxkx

maxky

∑
−maxky

⟨ûi,
∂̂uiu j

∂x j
⟩

= û(0,0)i
∂̂uiu j

∂x j

(0,0)

︸ ︷︷ ︸
N̂(0,0)

+
maxkx

∑
minkx

{û(−kx,0)
i

∂̂uiu j

∂x j

(kx,0)

+ û(kx,0)
i

∂̂uiu j

∂x j

(−kx,0)

︸ ︷︷ ︸
N̂(kx,0)

}

+
maxky

∑
minky

{û(0,−ky)
i

∂̂uiu j

∂x j

(0,ky)

+ û(0,ky)
i

∂̂uiu j

∂x j

(0,−ky)

︸ ︷︷ ︸
N̂(0,ky)

}

+
maxkx

∑
minkx

maxky

∑
minky

{û(−kx,−ky)
i

∂̂uiu j

∂x j

(kx,ky)

+ û(kx,ky)
i

∂̂uiu j

∂x j

(−kx,−ky)

+ û(kx,−ky)
i

∂̂uiu j

∂x j

(−kx,ky)

+ û(−kx,ky)
i

∂̂uiu j

∂x j

(kx,−ky)

︸ ︷︷ ︸
N̂(kx,ky)

}
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For a statistically steady flow: N̂(0,0) = 0, because û(0,0)i = 0.
Two things need to be emphasised here:

• N̂(kx,ky) is not the Fourier coefficient of nonlinear energy transfer −uiu j
∂ui
∂x j

. It
represents the nonlinear energy transfer contribution from mode (kx,ky).

• ûi and ∂̂uiu j
∂x j

are the Fourier coefficients of ui and ∂uiu j
∂x j

, respectively. û(kx,ky)
i refers

to the Fourier coefficient of ui at Fourier mode (kx,ky).

When calculating the 2-D Fourier transform in MATLAB, the Fourier coefficients
are stored in a 2-D matrix, as illustrated in figure A.1. Since the values (for example
velocities) in the physical space are all real numbers, any two blocks with the same colour
are complex conjugates of each other.

Figure A.1: The wavenumber frame for the 2-D Fourier transform using MATLAB com-
mand ‘fft2’. kx,ky ∈ R+. The arrows indicate the directions in which the absolute val-
ues of the wavenumbers increase. The dark colours mark the regions containing small
wavenumbers. This frame is the same as that in the Python NumPy library.

A.2 Spectral turbulent kinetic energy equation

Turbulent kinetic energy equation in physical space is (Pope, 2000):

∂ (1
2uiui)

∂ t
+U j

∂ (1
2uiui)

∂x j
=−uiu j

∂Ui

∂x j
− 1

Reτ

∂ui

∂x j

∂ui

∂x j
−uiu j

∂ui

∂x j
−ui

∂ p
∂xi

+
1

Reτ

∂ 2(1
2uiui)

∂x j∂x j
(A.2)
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The terms on the left-hand side of equation (A.2) represent the rate of change of turbulent
kinetic energy and mean flow convection. The five terms on the right-hand side of equa-
tion (A.2) represent production, dissipation, turbulent convection, pressure diffusion and
viscous diffusion, respectively.

From equation (A.2) and according to the scalar product definition, the spectral energy
transfer budget at wavenumber (kx,ky) is:

∂ ê
∂ t

+U j
∂ ê
∂x j

=−⟨ûi,
̂
u j

∂Ui

∂x j
⟩− 1

Reτ

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩−⟨ûi,

̂
u j

∂ui

∂x j
⟩−⟨ûi,

∂̂ p
∂xi

⟩+ 1
Reτ

∂ 2ê
∂x j∂x j

With the mean flow assumption Ui = [U(z),0,0] for channel flows, the mean flow convec-
tion term at wavenumber (kx,ky) is:

U j
∂ ê
∂x j

= ⟨ûi,
̂
U j

∂ui

∂x j
⟩= iUkxûiû∗i

where i =
√
−1 is the imaginary unit. Then, by considering the conjugate wavenumber

(−kx,−ky), the mean flow convection at Fourier mode (kx,ky) is zero:

⟨ûi,
̂
U j

∂ui

∂x j
⟩+ ⟨ûi,

̂
U j

∂ui

∂x j
⟩∗ = iUkxûiû∗i − iUkxûiû∗i = 0

Since mean flow convection is zero in Fourier space, spectral energy transfer at any wall-
normal height at Fourier mode (kx,ky) for a channel flow could be written as (Bolotnov et
al., 2010; Andrade et al., 2018; Lee & Moser, 2019):

∂ ê
∂ t

=−⟨ûi,
̂
u j

∂Ui

∂x j
⟩− 1

Reτ

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩−⟨ûi,

̂
u j

∂ui

∂x j
⟩−⟨ûi,

∂̂ p
∂xi

⟩+ 1
Reτ

∂ 2ê
∂x j∂x j

(A.3)

A.2.1 Integrating the pressure diffusion term

The pressure diffusion term at wavenumber (kx,ky) could be expressed as:

⟨ûi,
∂̂ p
∂xi

⟩= ikx p̂û∗+ iky p̂v̂∗+
∂ p̂
∂ z

ŵ∗ =−p̂{−ikxû∗− ikyv̂∗+
∂ ŵ∗

∂ z
}︸ ︷︷ ︸

continuity

+
∂ (p̂ŵ∗)

∂ z
=

∂ (p̂ŵ∗)

∂ z

where we use the continuity equation at wavenumber (−kx,−ky).
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Integrate this term across the channel height:

1∫
−1

⟨ûi,
∂̂ p
∂xi

⟩dz =
1∫

−1

∂ (p̂ŵ∗)

∂ z
dz = p̂ŵ∗|1−1 = 0 (A.4)

where we use the impermeability boundary condition: ŵ∗(±1) = 0.

A.2.2 Integrating the viscous diffusion term

The viscous diffusion at mode (kx,ky) can be expressed as:

1
Reτ

∂ 2ê
∂x j∂x j

=
1

Reτ

⟨ûi,
∂̂ 2ui

∂x j∂x j
⟩+ 1

Reτ

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩

The first term on the right-hand side can be expressed as:

⟨ûi,
∂̂ 2ui

∂x j∂x j
⟩= ⟨ûi,

∂̂ 2ui

∂x2 ⟩+ ⟨ûi,
∂̂ 2ui

∂y2 ⟩+ ⟨ûi,
∂̂ 2ui

∂ z2 ⟩=−k2
x ûiû∗i − k2

y ûiû∗i +
∂ 2ûi

∂ z2 û∗i

The second term on the right-hand side can be expressed as:

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩= ⟨ ∂̂ui

∂x
,
∂̂ui

∂x
⟩+ ⟨ ∂̂ui

∂y
,
∂̂ui

∂y
⟩+ ⟨ ∂̂ui

∂ z
,
∂̂ui

∂ z
⟩= k2

x ûiû∗i + k2
y ûiû∗i +

∂ ûi

∂ z
∂ û∗i
∂ z

Then, add these two terms together to recover the viscous diffusion term:

∂ 2ê
∂x j∂x j

= ⟨ûi,
∂̂ 2ui

∂x j∂x j
⟩+ ⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩= ∂ 2ûi

∂ z2 û∗i +
∂ ûi

∂ z
∂ û∗i
∂ z

=
∂

∂ ûi
∂ z û∗i
∂ z

Integrate this term across the channel height:

1
Reτ

1∫
−1

∂ 2ê
∂x j∂x j

dz =
1

Reτ

1∫
−1

∂
∂ ûi
∂ z û∗i
∂ z

dz =
1

Reτ

∂ ûi

∂ z
û∗i |1−1 = 0 (A.5)

where we use the no-slip and the impermeability boundary condition: û∗i (±1) = 0.
Combining equations (A.3), (A.4) and (A.5), we arrive at the wall-normal integrated en-
ergy transfer balance (4.3a).

∂ Ê(kx,ky)

∂ t
=−⟨û, dU

dz
ŵ⟩I︸ ︷︷ ︸

P̂(kx,ky)

− 1
Reτ

⟨ ∂̂ui

∂x j
,

∂̂ui

∂x j
⟩I︸ ︷︷ ︸

D̂(kx,ky)

−⟨ûi,
∂̂uiu j

∂x j
⟩I︸ ︷︷ ︸

N̂(kx,ky)

110



The sign ⟨ , ⟩I in (4.3a) represents the inner product defined as ⟨ccc1,ccc2⟩I =
1
2

1∫
−1

ccc∗1ccc2 dz =

ccc∗1Wccc2 . where ccc1 and ccc2 are two complex vectors. In this study, ccc1 and ccc2 store the
variables on the Chebyshev grid points in the wall-normal direction, and W is a weight
matrix derived from the Clenshaw–Curtis quadrature.

A.3 Full expression of M̂(sx,sy)(kx,ky)

Mode-to-mode nonlinear energy transfer M̂ could be formulated at one wall-normal height.
First, we look at N̂:

N̂(kx,ky) =−⟨û(kx,ky)
i ,

∂̂uiu j

∂x j

(kx,ky)

⟩ continuity
= −⟨û(kx,ky)

i ,
̂
u j

∂ui

∂x j

(kx,ky)

⟩

If we assign fi =−u j
∂ui
∂x j

, N̂ could be expressed according to three different cases:

N̂(kx,ky)
(kx,ky∈R+)

= ( f̂ (kx,ky)
i û(−kx,−ky)

i + f̂ (−kx,ky)
i û(kx,−ky)

i + c.c.)

= 2Real{ f̂ (kx,ky)
i û(−kx,−ky)

i + f̂ (−kx,ky)
i û(kx,−ky)

i }
(A.6a)

N̂(0,ky)
(ky∈R+)

= ( f̂ (0,ky)
i û(0,−ky)

i + c.c.) = 2Real{ f̂ (0,ky)
i û(0,−ky)

i } (A.6b)

N̂(kx,0)
(kx∈R+)

= ( f̂ (kx,0)
i û(−kx,0)

i + c.c.) = 2Real{ f̂ (kx,0)
i û(−kx,0)

i } (A.6c)

where c.c. represents conjugate terms.
From the dyadic interactions in the wavenumber space, f̂ (kx,ky)

i could be expressed as:

f̂ (kx,ky)
i =− ∑

sx,sy∈R+

(û(kx−sx,ky−sy)
j

∂̂ui

∂x j

(sx,sy)

+ û(kx+sx,ky+sy)
j

∂̂ui

∂x j

(−sx,−sy)

+ û(kx+sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

+ û(kx−sx,ky+sy)
j

∂̂ui

∂x j

(sx,−sy)

)

− ∑
sy∈R+

(û(kx,ky−sy)
j

∂̂ui

∂x j

(0,sy)

+ û(kx,ky+sy)
j

∂̂ui

∂x j

(0,−sy)

)

− ∑
sx∈R+

(û(kx−sx,ky)
j

∂̂ui

∂x j

(sx,0)

+ û(kx+sx,ky)
j

∂̂ui

∂x j

(−sx,0)

)

(A.7)
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Substitute equation (A.7) into equation (A.6a):

N̂(kx,ky) = {

−2Real{ ∑
sx,sy∈R+

(

contribution from (sx,sy)︷ ︸︸ ︷
û(kx−sx,ky−sy)

j
∂̂ui

∂x j

(sx,sy)

û(−kx,−ky)
i + û(kx+sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(−kx,−ky)
i

+ û(kx+sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(−kx,−ky)
i + û(kx−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(−kx,−ky)
i )︸ ︷︷ ︸

contribution from (sx,sy)

− ∑
sy∈R+

(û(kx,ky−sy)
j

∂̂ui

∂x j

(0,sy)

û(−kx,−ky)
i + û(kx,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(−kx,−ky)
i )︸ ︷︷ ︸

contribution from (0,sy)

− ∑
sx∈R+

(û(kx−sx,ky)
j

∂̂ui

∂x j

(sx,0)

û(−kx,−ky)
i + û(kx+sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(−kx,−ky)
i )︸ ︷︷ ︸

contribution from (sx,0)

}

−2Real{ ∑
sx,sy∈R+

(

contribution from (sx,sy)︷ ︸︸ ︷
û(−kx−sx,ky−sy)

j
∂̂ui

∂x j

(sx,sy)

û(kx,−ky)
i + û(−kx+sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(kx,−ky)
i

+ û(−kx+sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(kx,−ky)
i + û(−kx−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(kx,−ky)
i )︸ ︷︷ ︸

contribution from (sx,sy)

− ∑
sy∈R+

(û(−kx,ky−sy)
j

∂̂ui

∂x j

(0,sy)

û(kx,−ky)
i + û(−kx,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(kx,−ky)
i )︸ ︷︷ ︸

contribution from (0,sy)

− ∑
sx∈R+

(û(−kx−sx,ky)
j

∂̂ui

∂x j

(sx,0)

û(kx,−ky)
i + û(−kx+sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(kx,−ky)
i )︸ ︷︷ ︸

contribution from (sx,0)

}

(A.8)

We see the contributions from modes (sx,sy), (0,sy) and (sx,0) to mode (kx,ky). Follow-
ing this, we can form the terms M̂(sx,sy)(kx,ky), M̂(0,sy)(kx,ky) and M̂(sx,0)(kx,ky), as shown in
equations (A.11a), (A.11b) and (A.11c).
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Substitute equation (A.7) into equation (A.6b):

N̂(0,ky) =−2Real{

∑
sx,sy∈R+

(

contribution from (sx,sy)︷ ︸︸ ︷
û(−sx,ky−sy)

j
∂̂ui

∂x j

(sx,sy)

û(0,−ky)
i + û(sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(0,−ky)
i

+ û(sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(0,−ky)
i + û(−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(0,−ky)
i )︸ ︷︷ ︸

contribution from (sx,sy)

− ∑
sy∈R+

(û(0,ky−sy)
j

∂̂ui

∂x j

(0,sy)

û(0,−ky)
i + û(0,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(0,−ky)
i )︸ ︷︷ ︸

contribution from (0,sy)

− ∑
sx∈R+

(û(−sx,ky)
j

∂̂ui

∂x j

(sx,0)

û(0,−ky)
i + û(sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(0,−ky)
i )︸ ︷︷ ︸

contribution from (sx,0)

}

(A.9)

We see the contributions from modes (sx,sy), (0,sy) and (sx,0) to mode (0,ky). Following
this, we can form the terms M̂(sx,sy)(0,ky), M̂(0,sy)(0,ky) and M̂(sx,0)(0,ky), as shown in equations
(A.11d), (A.11e) and (A.11f).

Substitute equation (A.7) into equation (A.6c):

N̂(kx,0) =−2Real{

∑
sx,sy∈R+

(

contribution from (sx,sy)︷ ︸︸ ︷
û(kx−sx,−sy)

j
∂̂ui

∂x j

(sx,sy)

û(−kx,0)
i + û(kx+sx,sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(−kx,0)
i

+ û(kx+sx,−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(−kx,0)
i + û(kx−sx,sy)

j
∂̂ui

∂x j

(sx,−sy)

û(−kx,0)
i )︸ ︷︷ ︸

contribution from (sx,sy)

− ∑
sy∈R+

(û(kx,−sy)
j

∂̂ui

∂x j

(0,sy)

û(−kx,0)
i + û(kx,sy)

j
∂̂ui

∂x j

(0,−sy)

û(−kx,0)
i )︸ ︷︷ ︸

contribution from (0,sy)

− ∑
sx∈R+

(û(kx−sx,0)
j

∂̂ui

∂x j

(sx,0)

û(−kx,0)
i + û(kx+sx,0)

j
∂̂ui

∂x j

(−sx,0)

û(−kx,0)
i )︸ ︷︷ ︸

contribution from (sx,0)

}

(A.10)
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We see the contributions from modes (sx,sy), (0,sy) and (sx,0) to mode (kx,0). Following
this, we can form the terms M̂(sx,sy)(kx,0), M̂(0,sy)(kx,0) and M̂(sx,0)(kx,0), as shown in equations
(A.11g), (A.11h) and (A.11i).

The mode-to-mode nonlinear transfer for nine different cases is summarised here:

M̂(sx,sy)(kx,ky) =−2Real{

û(kx−sx,ky−sy)
j

∂̂ui

∂x j

(sx,sy)

û(−kx,−ky)
i + û(kx+sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(−kx,−ky)
i +

û(kx+sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(−kx,−ky)
i + û(kx−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(−kx,−ky)
i +

û(−kx−sx,ky−sy)
j

∂̂ui

∂x j

(sx,sy)

û(kx,−ky)
i + û(−kx+sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(kx,−ky)
i +

û(−kx+sx,ky−sy)
j

∂̂ui

∂x j

(−sx,sy)

û(kx,−ky)
i + û(−kx−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(kx,−ky)
i }

(A.11a)

M̂(0,sy)(kx,ky) =−2Real{

û(kx,ky−sy)
j

∂̂ui

∂x j

(0,sy)

û(−kx,−ky)
i + û(kx,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(−kx,−ky)
i + û(−kx,ky−sy)

j
∂̂ui

∂x j

(0,sy)

û(kx,−ky)
i + û(−kx,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(kx,−ky)
i }

(A.11b)

M̂(sx,0)(kx,ky) =−2Real{

û(kx−sx,ky)
j

∂̂ui

∂x j

(sx,0)

û(−kx,−ky)
i + û(kx+sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(−kx,−ky)
i + û(−kx−sx,ky)

j
∂̂ui

∂x j

(sx,0)

û(kx,−ky)
i + û(−kx+sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(kx,−ky)
i }

(A.11c)

M̂(sx,sy)(0,ky) =−2Real{

û(−sx,ky−sy)
j

∂̂ui

∂x j

(sx,sy)

û(0,−ky)
i + û(sx,ky+sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(0,−ky)
i + û(sx,ky−sy)

j
∂̂ui

∂x j

(−sx,sy)

û(0,−ky)
i + û(−sx,ky+sy)

j
∂̂ui

∂x j

(sx,−sy)

û(0,−ky)
i }

(A.11d)

M̂(0,sy)(0,ky) =−2Real{û(0,ky−sy)
j

∂̂ui

∂x j

(0,sy)

û(0,−ky)
i + û(0,ky+sy)

j
∂̂ui

∂x j

(0,−sy)

û(0,−ky)
i } (A.11e)

M̂(sx,0)(0,ky) =−2Real{û(−sx,ky)
j

∂̂ui

∂x j

(sx,0)

û(0,−ky)
i + û(sx,ky)

j
∂̂ui

∂x j

(−sx,0)

û(0,−ky)
i } (A.11f)
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M̂(sx,sy)(kx,0) =−2Real{

û(kx−sx,−sy)
j

∂̂ui

∂x j

(sx,sy)

û(−kx,0)
i + û(kx+sx,sy)

j
∂̂ui

∂x j

(−sx,−sy)

û(−kx,0)
i + û(kx+sx,−sy)

j
∂̂ui

∂x j

(−sx,sy)

û(−kx,0)
i + û(kx−sx,sy)

j
∂̂ui

∂x j

(sx,−sy)

û(−kx,0)
i }

(A.11g)

M̂(0,sy)(kx,0) =−2Real{û(kx,−sy)
j

∂̂ui

∂x j

(0,sy)

û(−kx,0)
i + û(kx,sy)

j
∂̂ui

∂x j

(0,−sy)

û(−kx,0)
i } (A.11h)

M̂(sx,sy)(kx,0) =−2Real{û(kx−sx,0)
j

∂̂ui

∂x j

(sx,0)

û(−kx,0)
i + û(kx+sx,0)

j
∂̂ui

∂x j

(−sx,0)

û(−kx,0)
i } (A.11i)

A.4 Proof of M̂(sx,sy)(kx,ky) =−M̂(kx,ky)(sx,sy)

Note that M̂(sx,sy)(kx,ky) =−M̂(kx,ky)(sx,sy) only satisfies for wall-normal integrated M̂. Two
identities described below are used.

First, for three complex variables a, b and c: Real{abc}= Real{a∗b∗c∗}.
Second, for any set of triadic interaction, there exists a relationship that involves swap-

ping the Fourier modes between the second and the third terms.

−
∫

û(kx−sx,ky−sy)
j

∂̂ui

∂x j

(sx,sy)

û(−kx,−ky)
i dz =

∫
û(kx−sx,ky−sy)

j
∂̂ui

∂x j

(−kx,−ky)

û(sx,sy)
i dz

Proof.

∫
û(kx−sx,ky−sy)

j
∂̂ui

∂x j

(sx,sy)

û(−kx,−ky)
i dz+

∫
û(kx−sx,ky−sy)

j
∂̂ui

∂x j

(−kx,−ky)

û(sx,sy)
i dz

=
∫

û(kx−sx,ky−sy)
j

∂ û(sx,sy)
i û(−kx,−ky)

i
∂x j

dz

=
∫
(û(kx−sx,ky−sy)

j
∂ û(sx,sy)

i û(−kx,−ky)
i

∂x j
+

∂ û(kx−sx,ky−sy)
j

∂x j
û(sx,sy)

i û(−kx,−ky)
i )dz

=
∫

∂ (û(kx−sx,ky−sy)
j û(sx,sy)

i û(−kx,−ky)
i )

∂x j
dz

= û(kx−sx,ky−sy)
j û(sx,sy)

i û(−kx,−ky)
i |1−1

= 0
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We use the continuity equation and the boundary conditions at the walls.

We consider three different cases. For each case, we list the terms in M̂(sx,sy)(kx,ky) in
the left column and the terms in M̂(kx,ky)(sx,sy) in the right column. Then we compare the
left and right columns. For simplicity, we use Fourier modes to represent the terms. For
example, (kx−sx,ky−sy)(sx,sy)(−kx,−ky) means the term û(kx−sx,ky−sy)

j
∂ ûi
∂x j

(sx,sy)û(−kx,−ky)
i .

The first identity indicates (kx−sx,ky−sy)(sx,sy)(−kx,−ky)= (sx−kx,sy−ky)(−sx,−sy)(kx,ky)

and the second identity indicates (kx − sx,ky − sy)(sx,sy)(−kx,−ky) = −(kx − sx,ky −
sy)(−kx,−ky)(sx,sy).

• kx,ky,sx,sy ∈ R+, according to equation (A.11a):

M̂(sx,sy)(kx,ky) M̂(kx,ky)(sx,sy)

1 (kx − sx,ky − sy)(sx,sy)(−kx,−ky) − 1 (sx − kx,sy − ky)(kx,ky)(−sx,−sy)

2 (kx + sx,ky + sy)(−sx,−sy)(−kx,−ky) − 2 (sx + kx,sy + ky)(−kx,−ky)(−sx,−sy)

3 (kx + sx,ky − sy)(−sx,sy)(−kx,−ky) − 5 (sx + kx,sy − ky)(−kx,ky)(−sx,−sy)

4 (kx − sx,ky + sy)(sx,−sy)(−kx,−ky) − 6 (sx − kx,sy + ky)(kx,−ky)(−sx,−sy)

5 (−kx − sx,ky − sy)(sx,sy)(kx,−ky) − 3 (−sx − kx,sy − ky)(kx,ky)(sx,−sy)

6 (−kx + sx,ky + sy)(−sx,−sy)(kx,−ky) − 4 (−sx + kx,sy + ky)(−kx,−ky)(sx,−sy)

7 (−kx + sx,ky − sy)(−sx,sy)(kx,−ky) − 7 (−sx + kx,sy − ky)(−kx,−ky)(sx,−sy)

8 (−kx − sx,ky + sy)(sx,−sy)(kx,−ky) − 8 (−sx − kx,sy + ky)(kx,−ky)(sx,−sy)

• kx = 0 ky,sx,sy ∈ R+, according to equation (A.11d):

M̂(sx,sy)(0,ky) M̂(0,ky)(sx,sy)

1 (−sx,ky − sy)(sx,sy)(0,−ky) − 1 (sx,sy − ky)(0,ky)(−sx,−sy)

2 (sx,ky + sy)(−sx,−sy)(0,−ky) − 2 (sx,sy + ky)(0,−ky)(−sx,−sy)

3 (sx,ky − sy)(−sx,sy)(0,−ky) − 3 (−sx,sy − ky)(0,ky)(sx,−sy)

4 (−sx,ky + sy)(sx,−sy)(0,−ky) − 4 (−sx,sy + ky)(0,−ky)(sx,−sy)

M̂(sx,sy)(kx,0) and M̂(kx,0)(sx,sy) could be listed similarly.

• kx,a = 0 ky,sy ∈ R+, according to equation (A.11e):

M̂(0,sy)(0,ky) M̂(0,ky)(0,sy)

1 (0,ky − sy)(0,sy)(0,−ky) − 1 (0,sy − ky)(0,ky)(0,−sy)

2 (0,ky + sy)(0,−sy)(0,−ky) − 2 (0,sy + ky)(0,−ky)(0,−sy)

116



M̂(sx,0)(kx,0),M̂(kx,0)(sx,0);M̂(sx,0)(0,ky),M̂(0,ky)(sx,0) could be listed similarly.

Combining these three cases, we prove that the nonlinear energy transfer from mode
(sx,sy) to mode (kx,ky) equals the opposite of the nonlinear energy transfer from mode
(kx,ky) to mode (sx,sy):

M̂(sx,sy)(kx,ky) =−M̂(kx,ky)(sx,sy) kx,ky,sx,sy ∈ {R+∪0} (A.12)

In addition, there is no nonlinear energy transfer from one mode to itself. This could be
proved by setting sx = kx and sy = ky in equation (A.12).

M̂(kx,ky)(kx,ky) = 0 (A.13)

Again, properties (A.12) and (A.13) are for wall-normal integrated M̂.

A.5 The number of independent wall-normal integrated
M̂(sx,sy)(kx,ky)

Assume that the streamwise wavenumber considered is kx = [0 : ∆kx : maxkx] (starting
from 0 and ending at maxkx with an interval of ∆kx) and the number of discrete kx is
Nkx ; the spanwise wavenumber considered is ky = [0 : ∆ky : maxky] and the number of
discrete ky is Nky . Then, the number of different wavenumber (kx,ky) excluding mode
(0,0) is (NkxNky −1). Then, the number of M̂(sx,sy)(kx,ky) is (NkxNky −1)2. However, from
the properties of the wall-normal integrated M̂ as shown in (4.7) and (4.8), this number
overcounts the independent wall-normal integrated M̂.

From equation (4.8), we know that M̂(sx,sy)(kx,ky) = 0 if (sx,sy) = (kx,ky). So, we can
exclude the wavenumber pair (sx,sy)(kx,ky) when (sx,sy) = (kx,ky). The number of inde-
pendent wall-normal integrated M̂(sx,sy)(kx,ky) reduces to (NkxNky −1)(NkxNky −2).

From Equation (4.7), we know that M̂(sx,sy)(kx,ky) =−M̂(kx,ky)(sx,sy). This means that for
every wavenumber pair (sx,sy)(kx,ky), there is an reversed wavenumber pair (kx,ky)(sx,sy)

which shares the wall-normal integrated M̂ with the same magnitude but the opposite sign.
So, the number of independent wall-normal integrated M̂(sx,sy)(kx,ky) further reduces to:

(NkxNky −1)(NkxNky −2)
2

(A.14)
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Appendix B

Details of the estimation models

B.1 State-space form of the linear model

The detailed expressions for matrices A , B and C of the state-space model (6.2) are:

A =

∆−1LOS 0

−iky
dU
dz LSQ

 (B.1a)

B =

−ikx∆−1D −iky∆−1D −k2∆−1

−iky −ikx 0

 (B.1b)

C =
1
k2


ikxD −iky

ikyD ikx

k2 0

 (B.1c)

with boundary conditions ŵww(t) = ∂ ŵww
∂ z (t) = η̂ηη(t) = 0 at the two walls. i =

√
−1 is the

imaginary unit. D is the differentiation matrix in the wall-normal direction; k2 = k2
x + k2

y ;
∆ = D2 − k2 is the Laplacian operator; and LOS and LSQ are the Orr-Sommerfeld and
Squire operators, respectively:

LOS =−ikxU∆+ ikx
d2U
dz2 +

1
Reτ

∆
2 (B.2a)

LSQ =−ikxU +
1

Reτ

∆ (B.2b)

The operators are discretised using the Chebyshev polynomial in the wall-normal di-
rection (Trefethen, 2000). The boundary conditions at the walls are implemented follow-
ing Trefethen (2000); Weideman & Reddy (2000). The integration in the wall-normal
direction is implemented using Clenshaw-Curtis quadrature (Trefethen, 2000).
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The linear model (6.2) is a building block for the linear and nonlinear estimators.

Figure B.1: The Orr-Sommerfeld & Squire state-space model (6.2) maps the nonlinear
forcing f̂i to the velocities ûi at a single wavenumber pair (kx,ky) in Fourier space.

For the linear model with eddy viscosity (6.10), LOS and LSQ change to:

LOS =−ikxU∆+ ikx
d2U
dz2 +

1
Reτ

νT

ν
∆

2 +2
1

Reτ

1
ν

dνT

dz
D∆+

1
Reτ

1
ν

d2νT

dz2 (D2 + k2)

(B.3a)

LSQ =−ikxU +
1

Reτ

νT

ν
∆+

1
Reτ

1
ν

dνT

dz
D (B.3b)

B.2 More details about the linear estimator

The linear estimator (6.4) is implemented at one wavenumber pair (kx,ky). For the wavenum-
ber range considered, multiple Kalman filters at different wavenumber pairs are imple-
mented in parallel. Algorithm 1 details the processes of the linear estimation and the
structure of the linear estimator is illustrated in figure B.2.

Algorithm 1: Linear Estimation
Input: measurement data ymea, considered wavenumber pairs, measurement sampling

time ∆Tm
Output: estimated velocities x̂est

1 Kalman filter estimation (every measurement sampling time ∆Tm):
2 obtain the measurement data ymea in physical space
3 take the 2-D Fourier transform to get ŷmea in wavenumber space
4 for every (kx,ky) considered do
5 use the Kalman filter to get the estimated velocities x̂est in wavenumber space:

d
dt

x̂xxest = A x̂xxest(t)+L [ŷyymea(t)−Cmeax̂xxest(t)]

/* the marching time step for Kalman filter is ∆Tm */

6 take the inverse 2-D Fourier transform to get xest in physical space
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Figure B.2: The structure of the linear estimator corresponding to the diagram in figure
6.1. F represents the Fourier transform and F−1 represents the inverse Fourier trans-
form. Each Kalman filter (KF) receives the measurement ŷyymea and outputs the estimated
full state x̂xxest . Each Kalman filter is implemented in Fourier space at measurement sam-
pling time ∆Tm.

B.3 More details about the nonlinear estimator

The main idea of the nonlinear estimator is that we close the loop of the linear estimator
in figure B.2 by considering the nonlinear dynamics in physical space fi =−u j

∂ui
∂x j

. Algo-
rithm 2 details the processes of the nonlinear estimation and the structure of the nonlinear
estimator is illustrated in figure B.3. Since estimation processes at different wavenum-
bers are independent, parallel programming could be used to accelerate the computation
(Kepner, 2009).

Algorithm 2: Nonlinear Estimation
Input: measurement data ymea, considered wavenumber pairs, measurement sampling

time ∆Tm
Output: estimated velocities x̂est

1 Kalman filter estimation (every measurement sampling time ∆Tm):
2 obtain the measurement data ymea and nonlinear forcing fi in physical space
3 take the 2-D Fourier transform to get ŷmea and f̂i in wavenumber space
4 for every (kx,ky) considered do
5 use the Kalman filter to get the estimated velocities x̂est in wavenumber space:

d
dt

x̂xxest = A x̂xxest(t)+B f̂ff (t)+L [ŷyymea(t)−Cmeax̂xxest(t)]

/* the marching time step for Kalman filter is ∆Tm */

6 take the inverse 2-D Fourier transform to get xest in physical space
7 use the nonlinear dynamic to get the nonlinear forcing fi in physical space:

fi =−u j
∂ui

∂x j
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Figure B.3: The structure of the nonlinear estimator corresponding to the diagram in
figure 6.2. For each Kalman filter at a single wavenumber pair (kx,ky), it receives the
nonlinear forcing f̂ff and measurement data ŷyymea, and outputs the estimated full velocity
state x̂xxest . The nonlinear forcing is explicitly calculated from the previously estimated
velocities in physical space. Each Kalman filter is implemented in Fourier space at mea-
surement sampling time ∆Tm.

B.4 State-space reduced-order model simulation

The state-space reduced-order model (SSROM) serves for autonomous simulations and is
a key component of the revised nonlinear estimator 6.4. The basic idea is to use nonlinear
forcing f̂i to drive the OSS state-space model in figure B.1 to obtain velocities ûi in Fourier
space and to use the nonlinear dynamics fi = −u j

∂ui
∂x j

to link the velocities ui back to
nonlinear forcing fi in physical space. To comply with the estimation setting in which we
only consider the large scales, this autonomous simulation model only considers the same
large scales as well. Since the total number of wavenumber pairs considered is much
smaller than that considered in a DNS, we call this autonomous simulation model ‘state-
space reduced-order model (SSROM) simulation’. Algorithm 3 details the processes of
the SSROM simulation and the structure of the SSROM simulation is illustrated in figure
B.4.

The stability of the SSROM simulation is determined by the simulation time step ∆Ts.
For a certain range of wavenumbers considered, ∆Ts needs to be set small enough to avoid
divergence. In this study, ∆Ts needs to be set small enough for the SSROM simulation
to ‘survive’ the measurement sampling time ∆Tm for a smooth implementation of the
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nonlinear estimation.
Algorithm 3: State-Space Reduced-Order Model (SSROM) Simulation

Input: initial velocity fields ui0, considered wavenumber pairs, SSROM simulation time
step ∆Ts, total simulation time Tend

Output: simulated velocities ui
1 SSROM simulation (running at ∆Ts):
2 create a counter: nSSROM = 0
3 use the nonlinear dynamic to get the initial nonlinear forcing fi0 in physical space:

fi0 =−u j0
∂ui0

∂x j0

4 while nSSROM < Tend
∆Ts

do
5 take the 2-D Fourier transform to get the nonlinear forcing f̂i in wavenumber

space
6 for every (kx,ky) considered do
7 use the Orr-Sommerfeld & Squire state-space model to get the velocity ûi in

wavenumber space
/* the marching time step for the OSS state-space model is

∆Ts */

8 take the inverse 2-D Fourier transform to get the velocities ui in physical space
9 use the nonlinear dynamic to get the nonlinear forcing fi in physical space:

fi =−u j
∂ui

∂x j

10 nSSROM = nSSROM +1
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Figure B.4: The structure of state-space reduced-order model (SSROM) simulation. The
upper part above the blue dashed line is implemented in Fourier space and the lower part
below the blue dashed line is implemented in physical space. The SSROM simulation is
implemented at the simulation time step ∆Ts.

B.5 More details about the revised nonlinear estimator

The nonlinear estimator illustrated in figure B.3 gives divergent estimation results easily
if the measurement sampling time ∆Tm is not small enough. To overcome this problem,
we embed the SSROM simulation running at a time step of ∆Ts (∆Ts ≪ ∆Tm) between
two consecutive Kalman filter updates separated by measurement sampling time ∆Tm.
Algorithm 4 details the processes of the revised nonlinear estimation and the structure of
the revised nonlinear estimator is illustrated in figure B.5.

The time step for the SSROM simulation ∆Ts needs to be small enough so that the
SSROM simulation can ‘survive’ the measurement sampling time ∆Tm. A general tip
for selecting an appropriate ∆Ts is to run several SSROM simulations with different time
steps and to pick out the cases without divergence. In addition, the divergence problem is
related to how much external information is provided to the estimator. If the number of
measurement planes increases, the occurrence of divergence will greatly decrease.
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Algorithm 4: Revised Nonlinear Estimation (Kalman Filter Estimation Embed-
ded with SSROM Simulation)

Input: measurement data ymea, considered wavenumber pairs, measurement sampling
time ∆Tm, SSROM simulation time step ∆Ts

Output: estimated velocities x̂est
1 Kalman filter estimation (every measurement sampling time ∆Tm):
2 obtain the measurement data ymea and nonlinear forcing fi in physical space
3 take the 2-D Fourier transform to get ŷmea and f̂i in wavenumber space
4 for every (kx,ky) considered do
5 use the Kalman filter to get the estimated velocities x̂est in wavenumber space:

d
dt

x̂xxest = A x̂xxest(t)+B f̂ff (t)+L [ŷyymea(t)−Cmeax̂xxest(t)]

/* the marching time step for Kalman filter is ∆Ts and

Kalman filter is used every measurement sampling time ∆Tm
*/

6 take the inverse 2-D Fourier transform to get xest in physical space
7 use the nonlinear dynamic to get the nonlinear forcing fi in physical space:

fi =−u j
∂ui

∂x j

8 create a counter for SSROM simulation: nSSROM = 0
9 SSROM simulation (running at ∆Ts):

10 while nSSROM < ∆Tm
∆Ts

do
11 take the 2-D Fourier transform to get the nonlinear forcing f̂i in wavenumber

space
12 for every (kx,ky) considered do
13 use the Orr-Sommerfeld & Squire state-space model to get the velocity

ûi in wavenumber space
/* the marching time step for the OSS state-space model

is ∆Ts */

14 take the inverse 2-D Fourier transform to get the velocities ui in physical
space

15 use the nonlinear dynamic to get the nonlinear forcing fi in physical space:

fi =−u j
∂ui

∂x j

16 nSSROM = nSSROM +1
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Figure B.5: The structure of the revised nonlinear estimator, which is composed of the
linear resolvent-based estimator (6.5) and SSROM simulation. Black lines illustrate the
Kalman filter estimation part which is the same as the model in figure B.2. Kalman
filter is used every measurement sampling time ∆Tm. Green lines illustrate the SSROM
simulation part which is implemented at the simulation time step ∆Ts. ∆Ts ≪∆Tm to avoid
divergence.
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