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Abstract

Tree topologies are a subset of networked systems that can be used to represent many large-scale

applications ranging from transportation networks to irrigation systems. One important aspect of

network design for these systems is to certify a specific controller design with desired disturbance

propagation characteristics.

Most existing literature cast desirable disturbance propagation characteristics as a stability

property, which guarantees the boundedness of states rather than disturbance attenuation. Given

the fact, however, that in most real-world systems the states are expected to stay within a specific

set, it is highly desirable that the disturbance is attenuated when propagating through the network.

The benefit is that the largest effect of the disturbance is always caused in the subsystem where

it originally occurs, and state constraints can be satisfied for all subsystems as long as the origin

subsystem is well controlled.

This research proposes computationally scalable sufficient conditions for tree topologies to

provide guarantees of disturbance attenuation. Only neighbouring information is required by these

conditions, which enables distributed controller design. Under these conditions, a centralised

controller synthesis method is then developed for tree networks with controlled interconnections

between subsystems. Distributed design of controllers is then presented by breaking up the cen-

tralised controller synthesis problem into sub-problems for subsystems.

Subsequently, a relaxation of the requirements of network topology to “tree-like” systems is

proposed to widen the scope of the results. Specifically, an approach to approximate a system with

an arbitrary topology by a tree is developed, facilitating the application of disturbance attenuation

results in more general cases.

Finally, demonstrations via a water supply system and a traffic simulation are used to validate

the theoretical findings for continuous-time and discrete-time systems, respectively. Results show
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that the developed controller can effectively attenuate disturbance. Subsequently, the time effi-

ciency of the proposed sufficient conditions are demonstrated. Moreover, the efficacy of the tree

approximation method is shown by comparing various tree extractions.
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Chapter 1

Introduction

1.1 Background and motivation

Interconnected systems can be found in a wide range of applications, including automated high-

way systems [1, 2] irrigation systems [3, 4], vehicle and spacecraft formation flights [5, 6], and

signal processors [7]. For large-scale interconnected systems, the synthesis and implementation of

a centralized controller is often not feasible, due to limited communication resources and large di-

mension of the problem [8]. Therefore, distributed control laws are widely employed for systems

of this type.

As overall knowledge of a distributed control system cannot be achieved by subsystems, one

important aspect of network design is accessing how the impact of a disturbance in one subsystem

propagates throughout the network. Poorly designed distributed controllers may exhibit an unde-

sired disturbance propagation characteristic, which lead to system failures or network instability.

These phenomenon can be illustrated by an example of automated highway system (AHS),

where a group of automated vehicles travel in a platoon. One target of the controller of each vehicle

is to avoid collisions by keeping a desired inter-vehicle spacing between its neighbours and itself.

To this end, the dynamics of spacing error e are captured. As shown in Figure 1.1, the spacing error

is defined as the difference between the actual and desired vehicle spacing, i.e. ei := xi−1− xi− δ,

where xi−1 and xi are the positions of the i − 1-th and i-th vehicle, respectively, and δ is the

desired inter-vehicle spacing. Figures 1.2a and 1.2b depict the responses of a platoon under two

different control laws when the lead vehicle has a sudden deceleration. It can be seen that in

Figure 1.2a the spacing errors are attenuated when propagating down through the platoon, which

implies that no collision happens as long as the first two vehicles do not collide. On the other
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hand, Figure 1.2b shows that under a poorly designed control strategy the peak of spacing errors

are magnified through propagation in the vehicle string. This implies that no matter how small the

initial disturbance e1 is, the vehicles farthest from the leader must experience a collision, as long

as the vehicle string is long enough.

Figure 1.1: AHS platoon and spacing error illustration.[9]

Case 1: Disturbance attenuation. Case 2: Disturbance magnification.

Figure 1.2: Disturbance propagation in an AHS platoon.[9]

Disturbance propagation in large-scale interconnected systems has been intensively studied in

various applications [10–14]. Despite of this, there are still challenges in disturbance propagation

analysis and controller synthesis.

In most existing literature, desirable disturbance propagation characteristics are casted as a

stability property of the overall system [10–12,15]. A range of definitions for stability in intercon-

nected systems have been proposed, e.g., see [7, 16–18] and the references there-in. In [18], it is

defined as the uniform boundedness of all the states of the interconnected system for all time if the

initial states of the subsystems are uniformly bounded, which has been widely adopted in many
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practical applications.

This concept of stability implies the attenuation of disturbances when propagating through

identical subsystems. However, while the main idea can also be applied to systems with non-

identical subsystems, such as heterogeneous vehicle strings [10], the disturbance attenuation prop-

erty is no longer guaranteed. As the disturbance bound normally has a physical meaning, this may

be problematic. For example, as introduced in the AHS platoon control, the bound of the spac-

ing error caused by a disturbance in a vehicle platoon must be less than the nominal inter-vehicle

spacing to avoid collisions [19]. In a stable interconnected system under the definition given in

[18], this bound can be reached in any of the subsystems in the non-identical case, which makes it

difficult to analyse. On the other hand, the largest effect of the disturbance is always caused in the

subsystem where it originally occurs in the identical case, as the disturbance is attenuated through

propagation. Inspired by this, we impose a requirement stronger than uniform boundedness of the

states of all the subsystems to interconnected systems – identical or not – to guarantee disturbance

attenuation through propagation.

Disturbance propagation analysis depends on the interconnection topology. One dimensional

networks, imposing a string structure, only allow disturbance propagation to either end of the

string. This enables relatively straightforward analysis techniques to be used, since there is only

one path for the disturbance to follow, however, this overlooks the true structure of many real

world systems. A more general mesh connection structure may have multiple propagation paths

between subsystems, making it difficult or even impossible to enforce disturbance attenuation

when designing the system.

In this regard, tree topologies can be a promising solution, as it can be seen as an intermediate

point between strings and more general topology such as meshes. A tree is a graph in which any

two nodes are connected by exactly one path. The existence and uniqueness of this path facilitates

the disturbance propagation analysis. Trees belong to a representative class of interconnection

topologies, and this class of systems captures the salient properties of many real world applica-

tions, such as irrigation systems [20, 21], mechanisms [22, 23], robot formation [24, 25], vehicle

formation [26, 27], and transportation networks [28].

With this in mind, the major aim of this research is to develop a distributed controller synthesis

method with guaranteed disturbance attenuation for tree-structured interconnected systems. In



4 Introduction

addition, the extension of the results to arbitrarily connected networks will also be investigated.

1.1.1 Thesis outline

The remainder of this thesis is structured as follows. In Chapter 2, existing literature relating to

disturbance propagation methods is discussed critically. It is found that easily verified disturbance

attenuation conditions for heterogeneous interconnected systems are still lacking in the literature.

Furthermore, disturbance analysis may potentially benefit from a tree topology, which is reviewed

subsequently. In addition, as an application example used in this work, traffic perimeter control is

reviewed. Finally, research opportunities and objectives are stated in the end of the chapter.

In Chapter 3, rigorous definitions of disturbance attenuation are provided, and disturbance

attenuation conditions are derived both for discrete and continuous-time tree-structured intercon-

nected systems. Necessary and sufficient conditions depending on global information are de-

veloped first, from which sufficient conditions that can be verified locally are derived by some

mathematical transformations.

Following on from the results in Chapter 3, a disturbance attenuating controller design method

is proposed in Chapter 4. The controller synthesis is initially formulated as a convex optimisation

problem for the overall system, with constraints of stability, disturbance attenuation, and tree

topology of the resulting closed-loop system. Later, it is shown that this problem can be broken up

into local optimisation problems and solved by each subsystem via dual decomposition method.

Therefore, distributed controller design method is presented. Another contribution in this chapter

is that an approach to approximate an arbitrarily connected network by a tree is developed. The

approximation is transformed into a maximum spanning tree problem.

In Chapter 5, the theoretical results in preceding chapters is validated through a water supply

system simulation and a traffic simulation, respectively. In particular, a controller is developed

following the method proposed in Chapter 4, and the proposed controller is demonstrated to be

able to attenuate disturbance. Furthermore, the time efficiency of sufficient disturbance attenuation

conditions proposed in Chapter 3 is demonstrated by a comparison to those necessary and suffi-

cient conditions. Lastly, the performance of the tree approximation method developed in Chapter

4 is demonstrated via a network with 50 subsystems.

Finally, the conclusions and further research opportunities are summarised in Chapter 6.
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Chapter 2

Literature Review

This chapter will present the literature review in three sections. Firstly, disturbance propagation

in interconnected systems will be discussed. Various characteristics of disturbance propagation are

summarised, and typical analysis methods proposed in the literature will be critically reviewed. Later,

as an available tool for analysing interconnected systems, algebraic graph theory is introduced. Be-

cause this work mainly focuses on networks with tree topologies, the relevant aspects of tree graphs

is provided in particular. Finally, a typical traffic management strategy – perimeter control – is pre-

sented as an applied example of interconnected systems. This transportation control problem will be

used as an example to validate the theoretical results in this research.

2.1 Disturbance propagation in interconnected systems

2.1.1 Classification of existing literature

A large body of work has been devoted to disturbance propagation analysis over the past few

decades. To locate our work, the classification of the existing literature is first introduced in this

section.

Depending on controller and network features, most existing literature can be captured by a

combination of the following characteristics.

Unidirectional vs bidirectional

Unidirectional and bidirectional control has been extensively discussed in multi-agent systems,

such as robot formation and platoon control [15, 19, 29, 30]. Under unidirectional control strate-

gies, each subsystem only takes control actions in response to its preceding subsystem and other

subsystems ahead, while a bidirectional controller takes its following subsystems into considera-

tion as well. Most existing work in AHS control has focused on unidirectional control [9, 31–34],

5



6 Literature Review

as it is well-known that adding the information of the following vehicles may sometimes hinder

the disturbance attenuation property [19]. Compared to bidirectional control, the analysis of dis-

turbance propagation is generally less complicated in unidirectional cases due to less propagation

directions. Despite of this, bidirectional interactions of the subsystems can be found in many

real-world networks. For example, a long highway system can be divided into a string of shorter

sections for decentralised control, where the transfer flow between neighbouring sections is bidi-

rectional. Bidirectional control strategies are studied for a string structure in [19] and [18]. In

networks with two-dimensional interconnection topologies, disturbance propagation discussions

can be found in [17, 35, 36].

Homogeneous vs heterogeneous

Most early studies for disturbance propagation focus on networks with identical subsystems

(e.g. a platoon consists of identical vehicles and controllers [9, 19, 32]). Subsystems being iden-

tical may simplify the disturbance propagation analysis due to the homogeneity of the network.

However, it is realised that in many applications the subsystems may have non-identical dynamics.

For example, the vehicles may have different characteristics (e.g. trucks, buses, cars, etc.) in a

platoon, as is the case in actual traffic. Thus, disturbance propagation in heterogeneous networks

are intensively studied for strings [11, 37–39] as well as two-dimensional interconnected systems

[36].

String topology vs arbitrary topology

The majority of early research on disturbance propagation focuses on networks with a string

structure [16, 19, 40–42]. A disturbance can only propagate to one direction (unidirectional case)

or two directions (bidirectional case) in a string, which enables relatively straight forward anal-

ysis tools to be used. Later, two-dimensional interconnection topologies, which exist widely in

real-world applications, attract much research interest [5, 17, 24, 35]. In [5], the disturbance prop-

agation analysis methods for strings are extended to networks with a mesh topology. However,

only unidirectional (called as “look-ahead” in mesh interconnection) control strategies are dis-

cussed. Specifically, a look-ahead system is an interconnected system whose (i, j)-th subsystem

is connected only to the subsystems (k, l) such that k < j and l < j, as schematically shown

in Figure 2.1. On the other hand, “look-around” control strategies may increase the difficulty in

disturbance propagation analysis, as the disturbance propagation direction is ambiguous. In [35],
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disturbance propagation is analysed for arbitrary underlying graphs, and conditions guaranteeing

state boundedness of the overall system are proposed.

Figure 2.1: Look-ahead control policy in a network with a mesh topology.[5]

To summarise, disturbance analysis for systems with characteristics of bidirectional, hetero-

geneous, and arbitrary topologies are more difficult than those with unidirectional, homogeneous,

and string topologies. In this research, a bidirectional, heterogeneous, and tree structured system

is considered.

2.1.2 Typical analysis methods

Various tools have been introduced for disturbance propagation analysis, among which three typi-

cal methods will be reviewed.

Frequency-domain analysis

Frequency-domain approaches provide a powerful and handy tool for analysing disturbance

propagation in networks with linear subsystems [9,19,31,34,43]. In the following, a representative

work [19] will be introduced to show the application of frequency-domain analysis in disturbance

propagation.

In [19], every pair of adjacent vehicles are treated as a single-input-single-output (SISO) sys-

tem, with the input and output being the spacing errors on the upstream and downstream of dis-

turbance propagation path, respectively. The spacing error transfer function is denoted by G(s).

The desired disturbance propagation characteristic in a platoon is termed as string stability in [19],

which is defined as follows:

Definition 2.1. If the energy (represented by the L2 norm) of the output error is smaller than the

energy of the input error (equivalent to ||G(s)||∞ < 1), then it is L2 string stable.



8 Literature Review

This notion can be readily extended to any one-dimensional linear-time-invariant (LTI) inter-

connected system with identical subsystems. Note that the proposed L2 string stability guarantees

that the energy of the disturbance is attenuated through propagation along the string.

One drawback associated with Definition 2.1 is that the infinity norm of the transfer function

G(s) is often difficult to calculate, especially in heterogeneous strings. A computationally efficient

approach to determine the value of ||G(s)||∞ is still lacking in the literature.

Lyapunov methods

Lyapunov stability has been extended to define desired disturbance propagation characteristics

in distributed control interconnected systems [15, 18, 40].

One representative definition is presented in [18]. Consider the following unidirectional inter-

connected system:

ẋi = f (xi, xi−1, ..., xi−r+1), (2.1)

where i ∈ N , xi−j ≡ 0 ∀i ≤ j, x ∈ Rn, f : Rn× ...×Rn(r times)→ Rn and f (0, 0, ..., 0) = 0.

Definition 2.2. The origin xi = 0, i ∈ N of (2.1) is string stable if for all ε > 0, there exists a δ

such that

||xi(0)||∞ < δ⇒ sup
i
(||xi(·)||∞) < ε. (2.2)

Given a string of identical subsystems, string stability in the sense of definition 2.2 can also

guarantee disturbance attenuation, as in the case of definition 2.1. Nevertheless, when the string

is heterogeneous, only uniform boundedness can be guaranteed. As discussed in the Introduction,

this requirement may not be strong enough to guarantee performance.

Another disadvantage associated with this method is that the derived conditions often rely on

parameters that are difficult to determine. For example, in [18], a simple neighbouring-coupled

interconnected system with dynamics

ẋi = f (xi−1, xi, xi+1), (2.3)

is string stable if
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1. f is globally Lipschitz in its arguments, i.e.

| f (x1, x2, x3)− f (y1, y2, y3)| ≤ l1|x1 − y1|+ l2|x2 − y2|+ l3|x3 − y3|, (2.4)

2. the origin of f (0, xi, 0) is globally exponentially stable, and

3. l1 + l3 is sufficiently small.

The value of ‘sufficiently small’ parameters l1 and l3 depends on the parameters in the converse

Lyapunov theorem, which may be difficult to be verified in practice.

Spatial shift operators

Spatial shift operators have shown their advantages in synthesis and analysis in spatially in-

variant systems. In an early work [44], a bilateral Z-transform which is analogous to spatial shift

operators is employed to realise the optimal regulation of a system with countably infinite number

of subsystems. Later, linear matrix inequality (LMI) stability results are proposed for a homo-

geneous system with distributed control in [17]. Then, this work is extended to heterogeneous

networks [36] and arbitrarily structured interconnected systems [35]. In [45], it is pointed out that

optimal control problem for spatially decaying systems lends itself to distributed solutions without

too much loss in performance.

One example of disturbance propagation analysis using spatial shift operators is given in the

following [17]. Consider a signal d := d(t, s1, ..., si, ..., sL) with 1 temporal variable and L inde-

pendent spatial variables. The spatial shift operator Si acting on signal d is defined as

(Sid(t))(s) := d(t, s1, ..., si+1, ..., sL), (2.5)

for i = 1, ..., L. Consider an interconnected system as shown in Figure 2.2(a) with subsystems

depicted in Figure 2.2(b), where state x is of size m0, v+ and w+ are of the same size m+, and v−

and w− are of the same size m−. Let v = [v+, v−]> and w = [w+, w−]>. Assume the system is

described by the following state space equation:


ẋ(t, s)

w(t, s)

z(t, s)

 =


ATT ATS BT

AST ASS BS

CT CS D




x(t, s)

v(t, s)

d(t, s)

 , (2.6)
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where ATT, ATS, AST, ASS, BT, BS, CT, CS, and D are constant matrices with compatible dimen-

sions.

Let m = (m0, m+, m−) and define a structured spatial shift operator:

∆S,m :=

 SIm+ 0

0 S−1 Im−

 . (2.7)

Therefore, (2.6) can be translated to


ẋ(t, s)

(∆S,mv(t))(s)

z(t, s)

 =


ATT ATS BT

AST ASS BS

CT CS D




x(t, s)

v(t, s)

d(t, s)

 . (2.8)

Let ∆m = diag( d
dt Im0 , ∆S,m), and r(t, s) = [x(t, s), v(t, s)]>. Equation (2.8) can be rewritten as

 (∆mr)(t, s)

z(t, s)

 =

 A B

C D

 r(t, s)

d(t, s)

 , (2.9)

where matrices A =

 ATT ATS

AST ASS

, B =

 BT

BS

, and C =
[

CT CS

]
.

By analysing (2.9), LMI stability results can be obtained.

(a) System connection. (b) Subsystem structure.

Figure 2.2: A spatially invariant system with a string connection topology [17].
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2.1.3 Summary

The available results in disturbance propagation, including the definitions, conditions, and analysis

tools, establish the basis for disturbance attenuation analysis in our work. Based on the charac-

teristics of systems, different classifications of existing disturbance propagation analysis work are

introduced in this section. Specifically, the classifications are: unidirectional vs bidirectional, ho-

mogeneous vs heterogeneous, and string topology vs arbitrary topology. Furthermore, three typi-

cal disturbance propagation analysis tools, i.e. frequency-domain approaches, Lyapunov methods,

and spatial shift operators, are introduced.

Although various results have been proposed in literature, there is still much room for improve-

ments. Most existing work on disturbance propagation focuses on stability for interconnected sys-

tems, whereas a practically desired property - disturbance attenuation - is commonly neglected. As

discussed in the Introduction, states constraints may still be violated even if the system is stable.

On the other hand, disturbance attenuation can guarantee that the largest effect of disturbance is

always caused in the subsystem where the disturbance originally occurs.

In addition, many results on disturbance propagation are difficult to verify, due to the use of

Lyapunov theorems and norms of transfer functions, etc.. For systems of many types, computa-

tionally efficient conditions are still lacking in the literature.

This research focuses on bidirectional, heterogeneous, and tree-structured interconnected sys-

tems. In particular, a tree is an intermediate point between strings and more general topology such

as meshes.

Considering that a graph is naturally a representation of the information topology for an in-

terconnected system, graph theory and the related application in interconnected systems will be

reviewed in the next section.

2.2 Graph theory for interconnected systems

Graph theory provides many useful tools in modelling the interconnected systems and relating its

topology to control algorithms [46–48]. In this section, an introduction of the relevant aspects of

graph theory is given1 and then its application in interconnected system modelling and analysis

1Many materials on graph theory can be found in publications [49–52]. The presentation here is based on [49,51,52].
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will be reviewed.

2.2.1 Basics of a graph

The set of all k-element subsets of a set A is denoted by [A]k. An unweighted graph G(V , E)
consists of a finite non-empty set of vertices, denoted by V , and a set of pairs of vertices, called

edges, denoted by E ∈ [V ]2. For any edge a = (α, β) ∈ E and α, β ∈ V , it is assumed in this work

that α 6= β, which means that there exist no self-loops in the graph. It is also assumed that each

element of E is unique. In this report, sometimes the graph G(V , E) is denoted by G for brevity.

The number of vertices and the number of edges in G are denoted by |V| and |E |, respectively.

As an example, a graph G with 9 vertices and 11 edges, i.e. |V| = 9, |E | = 11 is presented in

Figure 2.5. As can be seen in the figure, no self-loops or repeated edges are contained in G. Given

two graphs G(V , E) and G ′(V ′, E ′), if V ⊆ V ′ and E ⊆ E ′, then G is a subgraph of G ′.

1

2

3

4

5

6

7

8

9

Figure 2.3: An example of a graph G(V , E).

A graph with the property that for any (α, β) ∈ E , the edge (β, α) is also in E is said to be

undirected. The degree V(i) of a vertex i ∈ V in an undirected graph is the number of edges

|E(i)| at i. If (i, j) ∈ E , then i is a neighbour of j. The neighbour set of a vertex j is denoted by

N (j).

Definition 2.3. A path on G(V , E) is a non-empty graph P = (VP, EP) ⊆ (V , E) of the form

VP = {x0, x1, ..., xk} EP = {x0x1, x1x2, ..., xk−1xk}, (2.10)

where the xi are all distinct.
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If for any vertex in a undirected graph G, there exists a path from itself to all the other vertices

in G, then it is said to be connected. On the contrary, if there exist disjoint subsets of vertices that

cannot be joined by any path, the graph is said to be disconnected. This work focuses on connected

graphs only. If P = x0...xk−1 is a path and k ≥ 3, then the graph C := P ∪ {xk−1x0} is called a

cycle. A path without cycles is said to be acyclic.

1

2

3

4

9

7 5

6

54

1

3

Figure 2.4: An example of a weighted graph and its minimum spanning tree (bold blue).

A weighted graph is denoted by G(V , E ,A), where A is the weighted adjacency matrix with

non-negative entries. Specifically, the (i, j)-th entry of matrix A represents the weight of edge

(i, j) in graph G. For undirected graphs, matrix A is symmetric. An example of a weighted graph

G(V , E ,A) is depicted in Figure 2.4, where the weighted adjacency matrix is given by:

A =



0 9 3 7 0

9 0 6 5 4

3 6 0 0 0

7 5 0 0 1

0 4 0 1 0


. (2.11)

As a comparison of undirected graphs, if there exists at least one edge (β, α) in a graph

G(V , E) that (α, β) /∈ E , then the graph is a digraph (directed graph). If there is a directed

edge from vertex i to vertex j, then i is defined as the parent vertex and j is defined as the child

vertex.

In the following section, tree graphs will be introduced in particular, as the acyclic properties

of trees can potentially benefit the analysis of disturbance propagation.
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2.2.2 Basics of a tree graph

The following theorem gives the properties of a tree [49].

Theorem 2.1. The following assertions are equivalent for a graph Γ(V , E):

• Γ is a tree.

• Any two vertices of Γ are linked by a unique path in Γ.

• Γ is minimally connected, i.e. Γ is connected but Γ(V , E \ {e}) is disconnected for every

edge e ∈ Γ.

• Γ is maximally acyclic, i.e. Γ contains no cycle but Γ(V , E ∪ {xy}) does, for any two

non-adjacent vertices x, y ∈ V .

In a tree graph Γ(V , E), a vertex is called a leaf if it has the degree of 1. For simplicity, the

path between any two vertices i, j in a tree Γ is denoted by P(i, j). The example of a tree Γ with

10 vertices is shown in Figure 2.5. As an example, the (unique) path between vertex 3 and vertex

6 is highlighted in blue colour.

3

2

10
1

4
5

6

9

8

7

Figure 2.5: An example of a tree Γ and the path P(3, 6) (bold blue).

When conducting the disturbance propagation analysis, it is useful to introduce a notion of

directed tree (or rooted tree) by treating the disturbance vertex of origin as the root.

Definition 2.4 (Rooted tree). A rooted tree is a digraph, where every vertex has exactly one parent

except for one vertex, called the root, which has no parent, but has a directed path to every other

vertex.



2.2 Graph theory for interconnected systems 15

1

2

3 4

5

6

7 8 9

10

Figure 2.6: Rooted tree T1.

A rooted tree is denoted by Ti where the subscript i refers to the root. In a rooted tree Ti, the

level Li(j) of a vertex j is its distance from the root i, i.e. Li(j) = |Pi(i, j)|. The height h(Ti)

of a rooted tree Ti is the maximum level in the tree. For example, the rooted tree T1 shown in

Figure 2.6 is transformed from Γ by taking vertex 1 as the root. The height of the rooted tree is 3.

Suppose the topology of an interconnected system can be represented by tree Γ, then the arrows

in the rooted tree T1 show the disturbance propagation direction when a single disturbance occurs

in subsystem 1. The children set of a vertex g in the rooted tree Ti is denoted as Ci(g).

Definition 2.5 (Minimum spanning tree). If a weighted undirected tree Γ(V , E ,A) satisfies:

1. it is a subgraph of a graph G(V ′, E ′,A′), i.e. E ⊆ E ′, V ⊆ V ′,

2. it includes all vertices of G, i.e. V = V ′, and

3. the weighted adjacency matrix satisfies that A(i, j) = A′(i, j) for every edge (i, j) ∈ E ,

then Γ is a spanning tree of G. In particular, if a spanning tree Γ(V , E ,A) of graph

G(V ′, E ′,A′) has the minimum total edge weight, then it is called minimum spanning tree.

As an example, the minimum spanning tree in graph G is highlighted in blue colour, as shown

in Figure 2.4.

The research of algorithms for finding a minimum spanning tree can be traced back to 1920s,

when Otakar Borůvka first developed a greedy algorithm to solve the problem [53]. However,

when discussing this type of problems, researchers commonly refer to two other later but more

famous algorithms, i.e. Kruskal’s algorithm [54] and Prim’s algorithm [55]. The characteristic of

Prim’s algorithm is that it starts from an arbitrary vertex and then grows the minimum spanning
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tree one edge at a time. All these three run in polynomial time, so there has been interest in

developing more computationally-efficient algorithms [56][57].

The maximum spanning tree (MST) in a undirected weighted graph G is the spanning tree

with the maximum possible total edge weight. By negating the edge weights, i.e. A := −A, the

algorithms for minimum spanning trees can be readily applied to this type of problems.

The sparsity matrix function of a graph G(V , E) is denoted by S(G) ∈ R|V|×|V|, where

Si,j(G) = 1 for i = j and (i, j) ∈ E , and is zero otherwise. Let ◦ denote the entry-wise mul-

tiplication of matrices with the same dimensions. If a matrix A satisfies A ◦ S(G) = A, then A

is a G-structured matrix. Particularly, if the graph is a tree Γ(V , E), then A is a Γ-tree-diagonal

matrix.

Based on the above preliminaries, a graph can be used to model an interconnected system, with

vertices representing subsystems (e.g. the vehicles or robots in formation control), and with the

directed edges representing the transfer flow (e.g. traffic flow in transportation systems, or infor-

mation exchange in communication systems) between the subsystems. Furthermore, the properties

of the interconnections of the system can be readily read from the graph. For example, an intercon-

nected system may be modelled as a weighted graph, as shown in Figure 2.4. It can be seen from

the figure that this is a connected graph with cycles in it. In the following section, the application

of graph theory in interconnected systems will be reviewed.

2.2.3 Application in interconnected systems

The graph theory has been applied to modelling the interconnected systems since 1970s, when

decentralized control attracted a great deal of interest [58]. In particular, it has been used to

capture the interconnection topology of flight formations [59–62], robot formations [24, 25, 63],

power systems [64], irrigation systems [20, 21, 65, 66], etc.. In [59], the edges are allocated with

costs, and the Dijkstra algorithm is utilized to find the optimal topology with respect to the given

costs. The stability of nonlinear systems with linear feedback interconnections is explored via

graph Laplacian in [67]. In [68], routing algorithms are discussed for interconnection networks.

Tree topologies has been used in a great many real-world interconnected systems, due to the

fact that trees require the least connections while keeping the subsystems connected. Examples of

tree-structured networks can be found in irrigation systems [20, 21, 65, 66], mechanisms [22, 23],
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robot formation [24, 25], vehicle formation [26, 27], etc.. An automated irrigation system is in-

stalled in irrigated land at Jumilla (Murcia, Spain), where the hydraulic network has a tree topology

[20]. In [24], a group of autonomous mobile robots are controlled to achieve predetermined tree-

like formations. Similarly, three tree-structured formation patterns are considered in [69], and

input-to-state stability of a multi-agent system is analysed using the graph theoretic representation

of the formation via the adjacency matrix.

2.2.4 Summary

Graph theory is a powerful tool in the analysis of interconnected systems, in terms of describing the

interconnection topology as well as capturing system characteristics. In particular, tree-structured

interconnected systems have been explored both in literature and in practice.

Despite this, disturbance attenuation analysis for tree-structured interconnected systems has

not been considered. Furthermore, most results derived for tree networks cannot be directly ap-

plied in systems with non-tree topologies at the current, as the approach to approximate a non-tree

network to a tree is still lacking in the literature.

Networked theory for disturbance attenuation has many practical applications, as introduced

in Section 2.2.3, but perimeter control in traffic networks is the one used throughout this thesis.

Therefore, perimeter control is reviewed in the following section.

2.3 Perimeter control

A vast variety of urban traffic modelling and control strategies have been proposed in the litera-

ture [70–73], but still a major challenge is the deployment of advanced and efficient traffic control

strategies in large-scale networks, with particular focus on addressing congestion phenomena [74].

It is generally believed that traffic-responsive and coordinated signal control systems are poten-

tially more efficient than fixed-time and isolated control settings. From this perspective, a central-

ized adaptive control scheme with an elaborated traffic model, in which the traffic flow dynamics

of each link and intersection are captured, seems ideal for tackling the congestion problem. How-

ever, the detailed modelling for a large-scale urban network would be a very complex task [75].

Moreover, the centralized control with such a high-dimensional model is usually infeasible for
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real-time implementation due to the computational complexity [76].

A way to realise a real-time traffic controller for a large-scale urban network, and in particular

to alleviate the congestion problem, is to utilize a two-level hierarchical control scheme [77].

The traffic network is partitioned into smaller regions to form the following two levels. At the

lower level, the control strategies based on the detailed model are applied to smooth the flows

and to improve the mobility within the regions. At the upper level, the overall region dynamics

are aggregately described by a simplistic traffic model which captures the main characteristics of

congestion and relies on measurable parameters. Based on this aggregate model, the transfer flows

between regions are controlled so as to achieve a better utilization of the traffic capacity.

2.3.1 Aggregate modelling method and the control algorithms for a traffic network

At the network-level, the system modelling is based on the conservation equation of vehicles. The

conservation equation of a traffic network is given by:

ṅ(t) = qin(t)− qout(t) + d(t), (2.12)

where n(t) is the accumulation, i.e. the number of vehicles in the network; qin(t) and qout(t) are

the inflow and outflow of the network at time t, respectively; and d(t) is the disturbance flow at

time t. The relationship between the number of vehicles n(t) and the outflow qout(t) is required by

the model. This relationship can be described by the macroscopic fundamental diagram (MFD).

Note as well (see Fig. 1f) that the flow-speed relation is not monotonic as mentioned in the introduction;
that the maximum flow is reached for an average occupancy of 0.3 (Fig. 1d) and an average speed of 13 km/h
(Fig. 1f); and that these markers are consistent across time periods (morning and evening peaks). Further-
more, the hysteresis phenomenon first reported for individual lanes in Treiterer and Myers (1974) is notable
for its absence.2 The consistency of these results indicates that if the trip completion rate in A’ is linearly
related to qw then the perimeter control rule in Daganzo (2007) would increase the accessibility delivered
by A’, just as predicted in that reference. Given Yokohama’s heavy congestion, its residents would benefit sub-
stantially from its application. Therefore, we now examine the relationship between the trip completion rate
and qw.

3.2. Existence of a linear relation between exit flows and network flow

From an accessibility standpoint, including the dynamics of the rush hour, we are interested in the connec-
tion between the unit production qw and the rate at which cars reach their destinations – defined for now as
leaving A’. Cars can leave A’ along the perimeter of the region and also internally, but they are most readily
observed along the perimeter where there are detectors. Accordingly, we shall focus for now on this observed
outbound perimeter flow (veh/h), which we denote D’. This perimeter flow includes a considerable part of the
trip-ends, as we shall see later. So, a connection between D’ and qw would shed some light on the general acces-
sibility question, although it cannot be the final answer.

Fig. 3a shows the time series of D’ and qw for our weekday when the flows are sampled in 5-min intervals.
D’ has been calculated from the detectors located on the periphery of A. They appear to be correlated. Other
weekdays are similar. Fig. 3b confirms this fact; it reveals that the ratio qw/D’ is close to 0.033 in every 5-min
time slice of the day.3

Section 4 below analyzes taxi data to expand the results of this section to A; it will also demonstrate that a
trip completion relation similar to Fig. 3b, but including all trips and not just those exiting in the perimeter,
also holds for A. The findings are important for two reasons: (i) because they establish that the MFD is not a
property of the detectors or their locations – only of the network itself and (ii) because perimeter control can
be more easily applied to A than A’.
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Fig. 2. Weighted average flow vs. unweighted average occupancy.

2 Daganzo (2002) attributed the hysteresis phenomenon to lane changing and the non-conservative nature of flow in a single lane. The
fact that the hysteresis loop disappears when we aggregate lanes supports this interpretation.

3 Note there is no trend. In fact, the best-fit 5-degree polynomial deviates from the straight line by less than 0.2% (RMS); and the
difference between the two curves is statistically insignificant. The residuals are completely explained by statistical variations in trip lengths
across individual cars.

N. Geroliminis, C.F. Daganzo / Transportation Research Part B 42 (2008) 759–770 763

Figure 2.7: A typical macroscopic fundamental diagram (MFD) for a traffic network [78]
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MFD abstracts a network as a unimodal, low-scatter relationship between traffic variables.

As shown in Figure 2.7, MFD relates the average flow2 qu, i.e. the averaged number of vehicles

passing through a point on the road, and average occupancy3 ou, i.e. the averaged percent of time

a point on the road is occupied by vehicles. Note that each point in Figure 2.7 is obtained by

averaging over both time and space. Specifically, each data is averaged over a period of time

(5 minutes in this case) and over all lanes in the studied area. In general, the system capacity

increases with occupancy until a critical point is reached, and additional vehicles will result in the

drop in average flow, and then congestions could follow.

The theoretical physical model of MFD is initially developed by Godfrey [79], while similar

works are also done by [80], [81], [82] and [83]. The existence of the MFD is verified by empirical

findings in congested urban networks in Yokohama [78]. Nikolas Geroliminis et al also shows

there is a robust linear relationship between the average flow and the trip completion flow, i.e. the

number of vehicles in the network [78]. This property is important for monitoring purposes as

the average flow can be monitored by suitable sensors (e.g., inductive loop detectors) while the

measurement of trip completion flow requires a wide deployment of GPS.

When incorporating MFD into the modelling of a region, the scattered relationship in Figure

2.7 is often abstracted by a polynomial function, as shown in Figure 2.8. The difference between

the real data and the polynomial function is captured by the disturbance term in (2.12). Further-

more, to close the loop in (2.12), the relationship between ou and qu is proportionally transformed

to the relationship between the accumulation and the trip completion flow O(n).

nn∗

O(n)

nmax

Maximum capacity at the critical accumulation

Figure 2.8: A typical macroscopic fundamental diagram (MFD) used for traffic network modelling

2The average flow is also called ‘circulating flow’ or ‘space-mean flow’ in some papers.
3The horizon axis at the bottom of Figure 2.7 is density ku := ou/s, where s is the space-mean effective vehicle

length. As s is constant, ou is proportional to ku. Therefore, we will focus on ou only.
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An important observation about the MFD is that the spatial distribution of vehicle density in

the network is one of the key factors that affects the shape and scatter of an MFD [84–86]. A

heterogeneous network4 may not exhibit a well defined MFD, as the scatter is higher especially

for the decreasing part of the MFD, which may introduce large disturbances in the model (2.12)

[87]. Therefore a heterogeneous network is partitioned into homogeneous regions5 with small link

densities, and each region has a well-defined MFD. Due to the interactions between the regions

in the controlled network, the dynamics of the regions should be modeled to achieve an efficient

control. Various modelling methods have been developed for multi-region perimeter controlled

traffic networks [74, 88, 89], among which a representative one will be introduced [74, 90, 91].
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Figure 2.9: A multi-region perimeter controlled traffic network

A traffic network with multi-region perimeter control is schematically shown in Figure 2.9.

Let ni(t) and ζi(t) be the accumulation of vehicles and the disturbance in region i at time t,

respectively. Similar to (2.12), the conservation equation for region i is given by:

ṅi(t) = qi,in(t)− qi,out(t) + ζi(t), (2.13)

where qi,in(t) and qi,out(t) are the inflow and outflow of region i at time t, respectively.

The trip completion flow in region i is denoted by Oi(ni(t)). In this model, the outflow is

4If the density variances between different links in a region is high, then it is called a heterogeneous region. Gener-
ally speaking, the vehicles are unevenly distributed in a heterogeneous region.

5If the density variances between different links in a region is low, then it is called a homogeneous region. Generally
speaking, the vehicles are almost evenly distributed in a homogeneous region.
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assumed to be given by the MFD, i.e.

qi,out = Oi(ni(t)). (2.14)

The control variable βih(t) controls the fraction of flow rate in region i that is allowed to enter

region h 6. The inflow is calculated by the sum of transfer flows from the adjacent regions to

region i, i.e.

qi,in(t) = ∑
j∈Si

βij(t)Oj(nj(t)), (2.15)

where Si is the set of source regions of i whose outflows go to region i. Note that the inflow

and outflow of the regions located at the periphery of the network, e.g. region k, also include

the transfer flows at the perimeter of the network. An assumption is made that the input flow

from the perimeter to region k is considered proportional to the trip completion flow of region k,

Ok(nk). Additionally, the model mismatch due to the internal trip completion flow can be treated

as disturbance. Thus, the system dynamics is given by

ṅi(t) = ∑
j∈Si

β ji(t)Oj(nj(t))−Oi(ni(t)) + ζi(t), (2.16)

Given a set of steady state points n̂i, β̂ij and ζ̂i, the nonlinear model (2.16) can be linearised

around these points, which yields

∆ṅi(t) = ∑
j∈Si

Oj(n̂j)∆β ji(t) + ∑
j∈Si

β̂ jiO′j(n̂j)∆nj(t)−O′i(n̂i)∆ni(t) + ∆ζi(t), (2.17)

where O′j(n̂j) and O′i(n̂i) are the derivatives of the trip completion flows at the operating points

of region h and i, respectively. Since ∆n(t) represents the deviation of accumulation from the

desired point, it is also called the accumulation error.

The accumulation error dynamics (2.17) can be rewritten in a vector form as follows:

∆ṅ(t) = A∆n(t) + B∆β(t) + ∆ζ(t), (2.18)

6In implementation, the obtained βih(t) values are translated to arriving flows (by multiplying βih(t) by Oi(ni(t)))
and used to define the green periods of the traffic lights located at the boundary of region i.
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where ∆n(t) ∈ Rm, ∆β(t) ∈ Rν, and ∆ζ(t) ∈ Rm are the state deviations vector of ∆ni(t) (i =

1, 2, ...m), the control deviations vector of ∆βij(t) (∀i = 1, 2, ...m, j ∈ Si), and the disturbance

deviations vector of ∆ζi(t) (i = 1, 2, ...m), respectively; A ∈ Rm×m and B ∈ Rm×ν are the

system and input matrices, respectively.

The control objective for the multi-region model is to distribute the accumulation of each

region evenly while maintaining the rate of vehicles that are allowed to enter each region around

the set point. Therefore, one candidate cost function is given by [74] as

J(u) =
1
2

∫ ∞

0
(∆n>(t)Q∆n(t) + ∆β>(t)R∆β(t)), (2.19)

where Q and R are the weighting matrices defined by the controller designer.

A multi-variable state feedback regulator is developed based on the above cost function in [74].

The simulation results show that this control algorithm is capable of alleviating congestions under

some tested scenarios. However, the centralised control strategy may experience difficulties due

to limited communication resources when applied to networks with a large number of partitions.

2.3.2 Discussion

Multi-region perimeter controlled traffic networks are a suitable example of application of this

work for the following reasons.

First, multi-region traffic networks can be seen as an interconnected system, with regions being

subsystems, and traffic and communication transfer flows being connections between subsystems.

Second, trees are a representative topology of road networks [92]. Although tree structures

have not been considered, it is reasonable to partition some multi-region perimeter control net-

works into a tree topology, if their road networks have a geometric “tree-like” structure.

Furthermore, a large-scale heterogeneous network may have a great number of regions, thus

centralized perimeter control algorithm7 might be not practical due to the controller size and com-

munication requests. On the other hand, the multi-region perimeter control for such a system can

potentially realized through the use of a distributed control scheme8, where less communication

7In a multi-region network, the sum of the information of all the regions in the network is called the global informa-
tion. If the global information can be obtained by the multi-region perimeter controller when it is implemented, then it
is called a centralized control strategy.

8In a multi-region network, the local information for a region is the sum of the information of itself and the adjacent
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effort is required. This issue has not been directly considered in the existing literature.

Lastly, the multi-region perimeter controlled network would benefit from the application of

disturbance attenuation theory. A system with a large number of regions would become congested,

if the disturbance in a region is magnified as it propagates to the network. However, the interactions

between regions in the presence of disturbances have not been directly considered in the literature.

2.3.3 Summary

In this section, multi-region perimeter control is introduced as a promising method to alleviate

congestion, especially in large-scale heterogeneous urban areas. Furthermore, perimeter control is

justified as a suitable application of this work in Section 2.3.2.

2.4 Research aims

Following the literature review, it appears that there exist several opportunities that built upon

reported literature. This research mainly focuses on the following:

1. To derive conditions on tree-structured interconnected systems to guarantee that a

disturbance is always attenuated when it is propagating in the network.

As discussed in Section 2.1, existing literature of disturbance propagation mainly focuses

on boundedness of states, whilst the case where a poorly designed controller that may en-

large a disturbance somewhere in the network during its propagation and violate the state

constraints has not been considered. The constraints of state are frequently related to safety

conditions or operational characteristics of the system, thus it is important to take them into

consideration.

One possible approach to bridge the gap is to enforce disturbance attenuation. As such, the

largest effect of disturbance always occurs in the subsystem where it is originally injected,

and constraints will not be violated in the overall network as long as it is well controlled in

the origin subsystem.

regions. If for each partitioned region, there is a perimeter controller, and only local information can be obtained by
these controllers, then it is called a distributed control scheme.
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Disturbance attenuation requires the identification of disturbance propagation direction,

which is ambiguous in cyclic networks. As discussed in Section 2.2, tree networks ap-

pears to be an opportunity to simplify the analysis, as their acyclic feature can facilitate the

identification of disturbance propagation direction.

To facilitate fast verification, the proposed conditions should have high computational effi-

ciency. Furthermore, it is desired that these conditions depend only on local information, in

order that they can be incorporated into distributed controller design.

2. Based on the conditions proposed in Aim 1, to develop a distributed controller synthe-

sis method for a tree-structured network that guarantees tree topology, disturbance

attenuation, and stability.

As discussed in Section 2.3, centralised controller design may not be possible for some

networks, especially when faced with a large number of subsystems. In general, centralised

approaches require extensive communications among subsystems, which may increase the

cost dramatically or is even impossible. In addition, the high dimensionality of a large-scale

interconnected system may hinder centralised design due to limited computation resources.

Therefore, the system may benefit from distributed design.

An optimisation problem should be formulated to facilitate controller synthesis, where the

constraints are tree topology, disturbance attenuation, and stability. The formulated problem

is desired be convex, so a global optimal solution can be found. To facilitate distributed

controller design, this problem should be able to be broken up into subproblems, which can

be solved by subsystems through local information exchange.

3. To propose an approach to approximate an arbitrarily connected network by a tree,

so that the results proposed in Aims 1 and 2 can be extended to non-tree cases.

Both Aims 1 and 2 focus on tree-structured networks, whilst non-tree connections widely

exist in real-world systems. If a non-tree network behaves close enough to a tree, then the

results proposed for tree-structured systems can also be applied in such networks. Hence, a

tree approximation method should be proposed to extend the scope of this research.

4. To validate/demonstrate the theoretical findings in Aims 1, 2, and 3 through applica-
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tion examples.

As discussed in Section 2.3, multi-region perimeter controlled traffic networks are suitable

application examples for tree-structured interconnected discrete-time systems. The subsys-

tems in a perimeter controlled transportation system are the partitioned regions, and the

interconnections between subsystems are traffic transfer flows and information exchange.

Tree-structured partition can be realised in many real-world scenarios, as radius transporta-

tion infrastructure layout is widely used in many urban areas. Additionally, an intercon-

nected pumped water supply system is used for the verification of the continuous-time re-

sults.

Corresponding to Aims 1 to 3, the simulation should mainly include three aspects. First, a

controller should be developed following the proposed synthesis method so that Aim 2 can

be validated. Moreover, given the disturbance attenuating controller, the time efficiency of

the proposed conditions in Aim 1 should be illustrated. Finally, the performance of the tree

approximation method proposed in Aim 3 should be demonstrated.
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Chapter 3

Disturbance attenuation conditions

From the conclusion in Chapter 2, the vast majority of disturbance propagation analysis focuses on

stability of the network, whilst another desired property of the system, i.e. disturbance attenuation, is

lacking in the literature.

With that in mind, the aim of this chapter is to propose disturbance attenuation conditions. First,

disturbance attenuation is defined for a continuous-time tree-structured network in Section 3.1.1. It is

followed by the development of necessary and sufficient disturbance attenuation conditions in Section

3.1.2. The verification of these conditions depends on global information, and they are computation-

ally inefficient. Therefore, sufficient conditions, which can be checked locally and relatively fast, are

also proposed in Section 3.1.2. Finally, these results are extended to discrete-time systems in Section

3.2.

3.1 Disturbance attenuation analysis in continuous-time systems

3.1.1 Preliminaries

In this section, a disturbance attenuation definition will be proposed for a tree-structured continuous-

time system.

Consider a interconnected continuous-time system with m scalar subsystems, where the inter-

connection of the subsystems can be represented by a tree Γ(V , E). Let xi(t) denote the state of

subsystem i at time t. Suppose the dynamics of the overall system can be captured by

ẋ(t) = Fx(t) + d(t), (3.1)

where x(t) := [x1(t), ..., xm(t)]> is the state vector; d(t) ∈ Rm is the disturbance vector with

The continuous-time results of this chapter has been published as a conference paper [28], and the discrete-time
results of this chapter has appeared in a journal paper [93] (under review).

27
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bounded energy; F ∈ Rm×m is a Γ-tree-diagonal matrix.

To assess how the impact of a disturbance in one subsystem propagates throughout the net-

work, the following assumption is made.

Assumption 3.1. A disturbance can only occur in one subsystem at any point in time in system

(3.1), i.e., vector d(t) only has one non-zero element.

Let dj(t) denote a disturbance vector with a single non-zero element at the j-th location. The

state of the i-th subsystem under dj(t) is denoted by xj
i(t). When a disturbance originally occurs in

subsystem j and propagates to the rest of the system, the propagation direction can be represented

by the edges pointing away from root j in the rooted tree Tj(V , E).
Disturbance attenuation can be defined under different measures associated with different

physical meanings, such as peak attenuation (under L∞ norm measure) and energy attenuation

(under L2 norm measure). This research adopts the L2 norm, which implies energy attenuation

of a disturbance. To analyse disturbance propagation, the energy of the states of neighbouring

subsystems will be compared. Specifically, in analogy to the bidirectional case in string stability

analysis [19], under dj(t), we treat each pair of neighbouring subsystems i and o ∈ Cj(i) in Tj as a

SISO system, where the input and output are the states of the i-th and o-th subsystem, respectively.

Under dj(t), the transfer function between the two is given by:

Gj
i,o(s) :=

X j
o(s)

X j
i (s)

, (3.2)

where X j
i (s) and X j

o(s) are the Laplace transforms of xj
i(t) and xj

o(t), respectively.

The energy of the input xj
i(t) and output xj

o(t) will be compared for each SISO system, and

this comparison is facilitated by theH∞ norm of Gj
i,o(s), i.e.

||Gj
i,o(s)||∞ = sup

xj
i (t) 6=0

||xj
o(t)||2

||xj
i(t)||2

. (3.3)

Given that Gj
i,o(s) is a transfer function of a continuous-time SISO system,

∥∥∥Gj
i,o(s)

∥∥∥
∞

can be

simplified as

||Gj
i,o(s)||∞ := sup

ω
|Gj

i,o(ω)|. (3.4)
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Based on the string stability definitions given by [10] and [19], disturbance energy attenuation

is defined as below.

Definition 3.1 (L2 disturbance attenuation of a tree-structured continuous-time system). Consider

an interconnected continuous-time system as described by (3.1). Given any dj(t), if the energy of

the output state xj
o(t) is always smaller than the energy of the input state xj

i(t) for every pair of

neighbouring subsystems i and o ∈ Cj(i) in Tj, i.e.

||Gj
i,o(s)||∞ < 1 ∀o ∈ Cj(i), ∀i, o ∈ V , (3.5)

then the system is subsystem-j L2 disturbance attenuating. If the system is subsystem-j L2 distur-

bance attenuating for all j ∈ V , then the system is L2 disturbance attenuating.

Remark: L2 disturbance attenuation guarantees that the energy of states, which is essentially

the effect of the disturbance dj(t),1 is always attenuated along the propagation path from the

originally disturbed subsystem to the rest of the system.

3.1.2 Disturbance attenuation conditions

This section aims to propose conditions on system (3.1), such that disturbance attenuation property

in the sense of Definition 3.1 can be determined.

Problem 3.1. Given system (3.1), find conditions on matrix F, such that the system is L2 distur-

bance attenuating in the sense of Definition 3.1.

Necessary and sufficient conditions

Assume system (3.1) is asymptotically stable. After Laplace transform, define matrix

M(s) := (sI − F)−1. (3.6)

Note that (sI − F)−1 exists under the asymptotic stability assumption. Assume Mi,j(s) 6= 0,

∀i, j ∈ V .2

1We assume the states are at the origin in the absence of disturbance.
2It is reasonable to assume Mi,j(s) 6= 0, otherwise the graph is disconnected.



30 Disturbance attenuation conditions

Define two sets of nodes in Γ as follows:

V io := {j|j ∈ V ,P(i, o) ⊆ P(j, o)} (3.7)

V oi := { j̄| j̄ ∈ V ,P(i, o) ⊆ P(i, j̄)}. (3.8)

Necessary and sufficient conditions are given in the following proposition.

Proposition 3.1 (Necessary and sufficient conditions for continuous-time systems). Consider an

interconnected continuous-time system as described by (3.1). The system is L2 disturbance atten-

uating in the sense of Definition 3.1 if and only if ∀i ∈ N (o), ∃ f ∈ V io and ∃ f̄ ∈ V oi such

that ∥∥∥∥Mo, f (s)
Mi, f (s)

∥∥∥∥
∞
< 1, (3.9)

∥∥∥∥∥Mi, f̄ (s)
Mo, f̄ (s)

∥∥∥∥∥
∞

< 1. (3.10)

To prove for Proposition 3.1, the following lemma is introduced.

Lemma 3.1. System (3.1) is L2 disturbance attenuating in the sense of Definition 3.1 if and only

if for each pair of neighbouring subsystems i ∈ N (o),

∥∥∥∥Mo,j(s)
Mi,j(s)

∥∥∥∥
∞
< 1 (3.11)

and ∥∥∥∥∥Mi, j̄(s)
Mo, j̄(s)

∥∥∥∥∥
∞

< 1 (3.12)

hold for all j ∈ V io and j̄ ∈ V oi, where sets V io and V oi are defined in (3.7) and (3.8), respectively.

Proof. Conditions (3.11) and (3.12) are equivalent to the following condition

∥∥∥∥Mo,j(s)
Mi,j(s)

∥∥∥∥
∞
< 1, o ∈ Cj(i), ∀i, j, o ∈ V . (3.13)
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Thus, the proof for conditions (3.11) and (3.12) can be transformed to proving that (3.13) is a

necessary and sufficient condition.

The proof includes two steps: the subsystem-j L2 disturbance attenuation proof and L2 distur-

bance attenuation proof of the system.

From (3.1) and (3.6), it follows

X(s) = M(s)D(s). (3.14)

Suppose the disturbance is dj(t), where j is an arbitrarily selected subsystem. The Laplace

transform of dj(t) is denoted by

Dj(s) := [0, ..., 0, Dj(s), 0, ..., 0]> ∈ Cm×1. (3.15)

Substituting (3.15) into (3.14), the states of subsystem o and subsystem i are

X j
o(s) = Mo,j(s)Dj(s), (3.16)

X j
i (s) = Mi,j(s)Dj(s), (3.17)

respectively. Thus, the transfer function from subsystem i to subsystem o is readily obtained by

combining (3.16) and (3.17), i.e.

Gj
i,o(s) =

Mo,j(s)
Mi,j(s)

. (3.18)

According to Definition 3.1, the network is subsystem-j L2 disturbance attenuating if and only

if

∥∥∥∥Mo,j(s)
Mi,j(s)

∥∥∥∥
∞
< 1, ∀o ∈ Cj(i), i, j, o ∈ V . (3.19)

Since subsystem j is arbitrarily selected, (3.19) can be proved for all subsystems following

the above procedures. Therefore, system (3.1) is L2 disturbance attenuating according to Defini-

tion 3.1. Hence, (3.13) is both necessary and sufficient L2 disturbance attenuation condition for

system (3.1). Thereby, Lemma 3.1 is proved.
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For a system with m subsystems, the number of disturbance attenuation conditions associated

with Lemma 3.1 is m(m − 1). However, this number can be reduced to 2(m − 1) by taking

advantage of some properties of M(s). Specifically, as M(s) is the inverse of a non-singular tree-

diagonal matrix (sI − F), it satisfies the treeangle property, which is defined in [94] and is stated

as follows.

Definition 3.2 (Treeangle property). For a given tree Γ(V , E) where |V| = m, an m-by-m matrix

M satisfies the Γ-treeangle property if

Mo,j Mi,i = Mo,i Mi,j, (3.20)

for every j, i, o ∈ V with P(i, o) ⊆ P(j, o).

With M having treeangle property, the proof for Proposition 3.1 can be accomplished by

removing some redundant conditions in Lemma 3.1.

Proof of Proposition 3.1. Note that conditions (3.9) and (3.10) are a subset of conditions (3.11)

and (3.12). Therefore, the proposition is proved by showing that the redundant conditions in

Lemma 3.1 can be guaranteed by (3.9) and (3.10).

Consider a pair of neighbouring subsystems o, i ∈ N (o). Suppose i is a leaf in the tree, i.e.

V(i) = 1, then the set V io only contains one element i, i.e. V io = {i}. Therefore, condition (3.9)

is equivalent to condition (3.11) since j = f = i in this case.

For the case where i is not a leaf, there must exist at least two elements in the set V io. Suppose

there exists f ∈ V io satisfying (3.9). By applying treeangle property to subsystems i, o, f , we have

Mo, f Mi,i = Mo,i Mi, f . (3.21)

Now arbitrarily choose another subsystem f ′ from the set V io, i.e. f ′ ∈ V io \ { f }. Similarly,

the treeangle property for subsystems i, o, f ′ gives

Mo, f ′Mi,i = Mo,i Mi, f ′ . (3.22)
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Combining (3.21) and (3.22), the following equation is obtained:

Mo, f

Mi, f
=

Mo, f ′

Mi, f ′
. (3.23)

Recalling that (3.9) holds for f , the following inequality can be obtained by substituting (3.23)

into (3.9): ∥∥∥∥Po, f ′(z)
Pi, f ′(z)

∥∥∥∥
∞
< 1. (3.24)

Note that f ′ is a subsystem arbitrarily chosen from the set V io \ { f }. Therefore, in the case

where i is not a leaf, the condition (3.11) is satisfied ∀j ∈ V io.

To summarize, if we can find a subsystem f ∈ V io satisfying (3.9), then condition (3.11) holds

∀j ∈ V io, irrespective of i being a leaf or otherwise. For the pair (i, o), the other half of the proof,

which is to show that condition (3.12) can be implied by condition (3.10), can be readily done

by following the same procedure. Furthermore, it can be proven for every pair of neighbouring

subsystems i ∈ N (o). Therefore, the sufficiency of Proposition 3.1 for the conditions in Lemma

3.1 is established, and Proposition 3.1 is proved thereby.

Sufficient conditions

The verification of disturbance attenuation using conditions (3.9) and (3.10) requires global in-

formation, which may be difficult to obtain in a large-scale interconnected system. Furthermore,

checking those conditions takes at least O(m3) operations, as it requires the inverse calculation

of matrix zI − Q. In cases where the computational resources are limited, it is impractical to

implement the online verification of these conditions. In this section, we will focus on developing

disturbance attenuation conditions that depend on local information and are easily verified.

Lemma 3.2. Consider an interconnected continuous-time system as described by (3.1). Let

d(t) = dj(t). The inequality

||Gj
i,o(s)||∞ < 1 (3.25)

holds ∀o ∈ Cj(i), ∀i, o ∈ V , if the system matrix F satisfies

|Fa,a| > ∑
∀b∈N (a)

|Fa,b| ∀a, b ∈ V . (3.26)
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Proof. This lemma can be proven through induction. The induction includes h(Tj) steps, where

at step 1 inequality (3.25) is proven for subsystem o at level Lj(o) = h(Tj), and at step h(Tj) it is

proven for subsystem o at level Lj(o) = 1.

Basis step: As the initial step for induction, we consider a subsystem o ∈ {o|Lj(o) = h(Tj)}.
Note that o can only be a leaf. Since F is a Γ-tree-diagonal matrix, the state equation of subsystem

o has the form

ẋo(t) = Fo,oxo(t) + Fo,ixi(t), (3.27)

where i is the parent of o in Tj.

Thus, the transfer function from i to o under dj(k) is given by

Gj
i,o(s) =

Fo,i

s− Fo,o
. (3.28)

According to (3.4), theH∞ norm of the transfer function is

‖ Gj
i,o(s) ‖∞:= sup

ω

∣∣∣∣ Fo,i

ω− Fo,o

∣∣∣∣ . (3.29)

The denominator of the right-hand side of (3.29) can be bounded by

|ω− Fo,o| ≥ |Fo,o|. (3.30)

Combining (3.26), (3.29), and (3.30), the inequality (3.25) is proven for subsystems (i, o) ∈
{(i, o)|Lj(o) = h(Tj), o ∈ Cj(i)}. Following the above procedure, (3.25) can be proven for all

subsystems o at level Lj(o) = h(Tj).

Induction step: Assume inequality (3.25) holds from step 1 (Lj(o) = h(Tj)) to step k̄

(Lj(o) = h(Tj) + 1 − k̄), where k̄ ∈ [1, h(Tj) − 1]. For the current step k̄ + 1 (Lj(o) =

h(Tj)− k̄), (3.25) can be proven as follows.

For all subsystems o ∈ Slvs(h(Tj)− k̄), the state equation of o has the same form as in (3.27).

Therefore, it can be proven in the same way in the basis step that (3.25) holds.
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For a subsystem o ∈ Sint(h(Tj)− k̄), the state equation has the following form:

ẋo(t) = Fo,oxo(t) + Fo,ixi(t) + ∑
c∈Cj(o)

Fo,cxc(t), (3.31)

where i is the parent of o.

Taking s-transform of (3.31), we have

(s− Fo,o)Xo(s) = Fo,iXi(s) + ∑
c∈Cj(o)

Fo,cXc(s), (3.32)

where Xc(s) can be substituted by

Xc(s) = Gj
o,c(s)Xo(s). (3.33)

Therefore, theH∞ norm of the transfer function from i to o under dj(t) can be written as

||Gj
i,o(s)||∞ =

|Fo,i|

inf
ω

∣∣∣∣∣ω− Fo,o − ∑
c∈Cj(o)

Fo,cGj
o,c(ω)

∣∣∣∣∣
. (3.34)

The denominator of the transfer function satisfies

∣∣∣∣∣∣ω− Fo,o − ∑
c∈Cj(o)

Fo,cGj
o,c(ω)

∣∣∣∣∣∣ ≥ |ω − Fo,o| − ∑
c∈Cj(o)

|Fo,cGj
o,c(ω)|. (3.35)

At step k̄ it has already been proven from the state equation of subsystem c that

||Gj
o,c(s)||∞ < 1. (3.36)

Therefore, the second term on the right side of (3.35) can be bounded by:

∑
c∈Cj(o)

|Fo,cGj
o,c(ω)| ≤ ∑

c∈C(o)
||Gj

o,c(s)||∞|Fo,c| < ∑
c∈C(o)

|Fo,c|. (3.37)

Combining (3.34), (3.35), (3.30), (3.37), and (3.26), the inequality (3.25) is proven for (i, o) ∈
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{o|Sint(h(Tj)− k̄) ∩ Cj(i)}. Following the above procedure, (3.25) can be proven for all subsys-

tems o in the set Sint(h(Tj)− k̄).

Since both the basis and the induction step have been performed, by mathematical induction,

the inequality (3.25) holds for all levels in the tree Tj. Thereby, the Lemma 3.2 is proved.

The subsystem-j L2 disturbance attenuation conclusion can be drawn for system (3.1) follow-

ing Lemma 3.2, as stated in the following corollary.

Corollary 3.1. For the continuous-time system as described in (3.1), it is subsystem-j L2 distur-

bance attenuating if (3.26) holds.

Proposition 3.2 (Sufficient conditions for continuous-time systems). For the continuous-time sys-

tem as described in (3.1), it is L2 disturbance attenuating if (3.26) holds.

Proof. Subsystem-j disturbance attenuation can be proven for all subsystems j ∈ V following

the procedure in Lemma 3.2 and Corollary 3.1. According to Definition 3.1, (3.26) is a sufficient

disturbance attenuation condition.

Remark: An advantage of Proposition 3.2 is that each of these conditions can be checked

locally for each subsystem. This is because for each subsystem a ∈ V , only neighbouring infor-

mation is required to verify the sufficient L2 disturbance attenuation condition (3.26).

Remark: Compared to the necessary and sufficient L2 disturbance attenuation conditions (3.9)

and (3.10) in Proposition 3.1, the sufficient conditions (3.26) derived in Proposition 3.2 can be

verified relatively quickly. Specifically, the number of operations is O(m2) for condition (3.26)3,

while it is at least O(m3) for conditions (3.9) and (3.10) due to the inverse calculation of the

matrix Q.

Remark: Compared to conditions (3.9) and (3.10) in Proposition 3.1, the sufficient condi-

tions (3.26) can be more easily integrated into the controller design problem, as they are essentially

element-wise inequality constraints.

In the following section, disturbance attenuation conditions are derived for discrete-time sys-

tems.
3Condition (3.26) is verified independently by each subsystem, and it takes O(m) operations for each verification.
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3.2 Disturbance attenuation analysis in discrete-time systems

3.2.1 Preliminaries

Similar to Definition 3.1, a disturbance attenuation definition will be proposed for a discrete-time

system.

Consider a discrete-time interconnected system with m scalar subsystems, where the inter-

connection of the subsystems can be represented by a tree Γ(V , E). Let xi(k) denote the state of

subsystem i at time step k. Suppose the dynamics of the overall system can be described by

x(k + 1) = Qx(k) + d(k), (3.38)

where x(k) := [x1(k), ..., xm(k)]> is the state vector; d(k) ∈ Rm is the disturbance vector;

Q ∈ Rm×m is a Γ-tree-diagonal matrix.

To assess how the impact of a disturbance in one subsystem propagates throughout the net-

work, the following assumption is made for system (3.38).

Assumption 3.2. A disturbance can only occur in one subsystem at any point in time in system

(3.38), i.e., vector d(k) only has one non-zero element.

Let dj(k) denote a disturbance vector with a single non-zero element at the j-th location.

The state of the i-th subsystem under dj(k) is denoted by xj
i(k). When a disturbance originally

occurs in subsystem j and propagates to the rest of the system, the propagation direction can be

represented by the edges pointing away from root j in the rooted tree Tj(V , E).
Similar to continuous-time case, the disturbance attenuation analysis for discrete-time sys-

tems will also be conducted under L2 metric. To analyse disturbance propagation, the energy of

the states of neighbouring subsystems will be compared. Under dj(k), we treat each pair of neigh-

bouring subsystems i and o ∈ Cj(i) in Tj as a SISO system, where the input and output are the

states of the i-th and o-th subsystem, respectively. Under dj(k), the transfer function between the

two is given by:

H j
i,o(z) :=

X j
o(z)

X j
i (z)

, (3.39)

where X j
i (z) and X j

o(z) are the z-transforms of xj
i(k) and xj

o(k), respectively.
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The energy of the input and output will be compared for each SISO system, and this compari-

son is facilitated by theH∞ norm of H j
i,o(z):

||H j
i,o(z)||∞ = sup

xj
i 6=0

||xj
o||2

||xj
i ||2

. (3.40)

Given that H j
i,o(z) is a transfer function of an SISO system,

∥∥∥H j
i,o(z)

∥∥∥
∞

can be simplified as

||H j
i,o(z)||∞ := sup

θ

|H j
i,o(e

θ)|. (3.41)

Similar to Definition 3.1, disturbance energy attenuation is defined for a discrete-time system

as below.

Definition 3.3 (L2 disturbance attenuation of a discrete-time tree-structured system). Consider

an interconnected discrete-time system as described by (3.38). Given any dj(k), if the energy of

the output state xj
o(k) is always smaller than the energy of the input state xj

i(k) for every pair of

neighbouring subsystems i and o ∈ Cj(i) in Tj, i.e.

||H j
i,o(z)||∞ < 1 ∀o ∈ Cj(i), ∀i, o ∈ V , (3.42)

then the system is subsystem-j L2 disturbance attenuating. If the system is subsystem-j L2 distur-

bance attenuating for all j ∈ V , then the system is L2 disturbance attenuating.

Remark: L2 disturbance attenuation guarantees that the energy of states, which is essentially

the effect of the disturbance dj(k),4 is always attenuated along the propagation path from the

originally disturbed subsystem to the rest of the system.

3.2.2 Disturbance attenuation conditions

The aim of this section is to propose conditions on system (3.38), such that disturbance attenuation

property in the sense of Definition 3.3 can be determined.

Problem 3.2. Given system (3.38), find conditions on matrix Q, such that the system is L2 distur-

bance attenuating.
4We assume the states are at the origin in the absence of disturbance.
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Necessary and sufficient conditions

Assume system (3.38) is asymptotically stable. After z-transform, define matrix

P(z) := (zI −Q)−1, (3.43)

where I is the identity matrix. Assume Pi,j(z) 6= 0, ∀i, j ∈ V 5.

Proposition 3.3 (Necessary and sufficient conditions for discrete-time systems). Consider an in-

terconnected discrete-time system as described by (3.38). The system is L2 disturbance attenuating

in the sense of Definition 3.3 if and only if ∀i ∈ N (o), ∃ f ∈ V io and ∃ f̄ ∈ V oi such that

∥∥∥∥Po, f (z)
Pi, f (z)

∥∥∥∥
∞
< 1, (3.44)

∥∥∥∥∥ Pi, f̄ (z)
Po, f̄ (z)

∥∥∥∥∥
∞

< 1. (3.45)

Proof. To prove Proposition 3.3, the following lemma is introduced.

Lemma 3.3. System (3.38) is L2 disturbance attenuating if and only if for each pair of neighbour-

ing subsystems i ∈ N (o), ∥∥∥∥Po,j(z)
Pi,j(z)

∥∥∥∥
∞
< 1 (3.46)

and ∥∥∥∥∥ Pi, j̄(z)
Po, j̄(z)

∥∥∥∥∥
∞

< 1 (3.47)

hold for all j ∈ V io and j̄ ∈ V oi.

Proof. Notice that conditions (3.46) and (3.47) are equivalent to the following condition

∥∥∥∥Po,j(z)
Pi,j(z)

∥∥∥∥
∞
< 1, o ∈ Cj(i), ∀i, j, o ∈ V . (3.48)

Thus, the proof for conditions (3.46) and (3.47) can be transformed to proving that (3.48) is a

necessary and sufficient condition.

5It is reasonable to assume Pi,j(z) 6= 0, otherwise the graph is disconnected.
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The proof includes two steps: the subsystem-j L2 disturbance attenuation proof and L2 distur-

bance attenuation proof of the system.

From (3.38) and (3.43), it follows

X(z) = P(z)D(z). (3.49)

Suppose the disturbance is dj(k), for which the z-transform is denoted by

Ds
j (z) := [0, ..., 0, Dj(z), 0, ..., 0]> ∈ Cm×1. (3.50)

Substituting (3.50) into (3.49), the states of subsystem o and subsystem i are

X j
o(z) = Po,j(z)Dj(z), (3.51)

X j
i (z) = Pi,j(z)Dj(z), (3.52)

respectively. Thus, the transfer function from subsystem i to subsystem o is readily obtained by

combining (3.51) and (3.52), i.e.

H j
i,o(z) =

Po,j(z)
Pi,j(z)

. (3.53)

According to Definition 3.3, the network is subsystem-j L2 disturbance attenuating if and only

if

∥∥∥∥Po,j(z)
Pi,j(z)

∥∥∥∥
∞
< 1, ∀o ∈ Cj(i), i, j, o ∈ V . (3.54)

For the system to be L2 disturbance attenuating, (3.54) has to be satisfied for all j. Hence, (3.48)

is both necessary and sufficient L2 disturbance attenuation condition for system (3.38). Thereby,

Lemma 3.3 is proved.

For a system with m subsystems, the number of disturbance attenuation conditions associated

with Lemma 3.3 is m(m − 1). However, this number can be reduced to 2(m − 1) by taking

advantage of some properties of P(z). Specifically, as P(z) is the inverse of a non-singular tree-

diagonal matrix (zI −Q), it satisfies the treeangle property, which is defined in [94] and is stated
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as follows.

With P having treeangle property, the proof for Proposition 3.3 can be accomplished by re-

moving some redundant conditions in Lemma 3.3.

Proof of Proposition 3.3. Note that conditions (3.44) and (3.45) are a subset of conditions (3.46)

and (3.47). Therefore, the proposition is proved by showing that the redundant conditions in

Lemma 3.3 can be guaranteed by (3.44) and (3.45).

Consider a pair of neighbouring subsystems o, i ∈ N (o). Suppose i is a leaf in the tree, i.e.

V(i) = 1, then the set V io only contains one element i, i.e. V io = {i}. Therefore, condition (3.44)

is equivalent to condition (3.46) since j = f = i in this case.

For the case where i is not a leaf, there must exist at least two elements in the set V io. Suppose

there exists f ∈ V io satisfying (3.44). By applying treeangle property to subsystems i, o, f , we

have

Po, f Pi,i = Po,iPi, f . (3.55)

Now arbitrarily choose another subsystem f ′ from the set V io, i.e. f ′ ∈ V io \ { f }. Similarly,

the treeangle property for subsystems i, o, f ′ gives

Po, f ′Pi,i = Po,iPi, f ′ . (3.56)

Combining (3.55) and (3.56), the following equation is obtained:

Po, f

Pi, f
=

Po, f ′

Pi, f ′
. (3.57)

Recalling that (3.44) holds for f , the following inequality can be obtained by substituting (3.57)

into (3.44): ∥∥∥∥Po, f ′(z)
Pi, f ′(z)

∥∥∥∥
∞
< 1. (3.58)

Note that f ′ is a subsystem arbitrarily chosen from the set V io \ { f }. Therefore, in the case

where i is not a leaf, the condition (3.46) is satisfied ∀j ∈ V io.

To summarize, if we can find a subsystem f ∈ V io satisfying (3.44), then condition (3.46)

holds ∀j ∈ V io, irrespective of i being a leaf or otherwise. For the pair (i, o), the other half of the

proof, which is to show that condition (3.47) can be implied by condition (3.45), can be readily
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done by following the same procedure. Furthermore, it can be proven for every pair of neigh-

bouring subsystems i ∈ N (o). Therefore, the sufficiency of Proposition 3.3 for the conditions in

Lemma 3.3 is established, and Proposition 3.3 is proved thereby.

Sufficient conditions

It can be easily observed that necessary and sufficient conditions (3.44) and (3.45) have similar

problems as their continuous-time counterparts (3.9) and (3.10). Specifically, conditions (3.44)

and (3.45) cannot be directly used for distributed control, as global information is required. More-

over, at leastO(m3) operations are required for the verification of conditions (3.44) and (3.45) due

to the calculation of the inverse of zI − Q, which may not be practical for large-scale systems.

Hence, it is desirable to develop conditions which are suitable for distributed control and more

computationally advanced.

Lemma 3.4. Consider an interconnected discrete-time system as described by (3.38). Let d(k) =

dj(k). The inequality

||H j
i,o(z)||∞ < 1 (3.59)

holds ∀o ∈ Cj(i), ∀i, o ∈ V , if the system matrix Q satisfies

|1− |Qa,a|| > ∑
∀b∈N (a)

|Qa,b| ∀a, b ∈ V . (3.60)

Proof. This lemma can be proven through induction. The induction includes h(Tj) steps, where

at step 1 inequality (3.59) is proven for subsystem o at level Lj(o) = h(Tj), and at step h(Tj) it is

proven for subsystem o at level Lj(o) = 1.

Basis step: As the initial step for induction, we consider a subsystem o ∈ {o|Lj(o) = h(Tj)}.
Note that o can only be a leaf. Since Q is a Γ-tree-diagonal matrix, the state equation of subsystem

o has the form

xo(k + 1) = Qo,oxo(k) + Qo,ixi(k), (3.61)
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where i is the parent of o in Tj.

Thus, the transfer function from i to o under dj(k) is given by

H j
i,o(z) =

Qo,i

z−Qo,o
. (3.62)

According to (3.41), theH∞ norm of the transfer function is

‖ H j
i,o(z) ‖∞:= sup

θ

∣∣∣∣ Qo,i

eθ −Qo,o

∣∣∣∣ . (3.63)

The denominator of the right-hand side of (3.63) can be bounded by

∣∣∣eθ −Qo,o

∣∣∣ ≥ ∣∣∣|eθ | − |Qo,o|
∣∣∣ = |1− |Qo,o|| . (3.64)

Given condition (3.60), (3.64) can be further bounded by

|1− |Qo,o|| > ∑
∀v∈N (o)

|Qo,v| = |Qo,i|. (3.65)

Combining (3.63), (3.64), and (3.65), the inequality (3.59) is proven for subsystems (i, o) ∈
{(i, o)|Lj(o) = h(Tj), o ∈ Cj(i)}. Following the above procedure, (3.59) can be proven for all

subsystems o at level Lj(o) = h(Tj).

Induction step: Assume inequality (3.59) holds from step 1 (Lj(o) = h(Tj)) to step k̄

(Lj(o) = h(Tj) + 1 − k̄), where k̄ ∈ [1, h(Tj) − 1]. For the current step k̄ + 1 (Lj(o) =

h(Tj)− k̄), (3.59) can be proven as follows.

Let the set of leaves and the set of interior (non-leaf) subsystems at level l be denoted by

Slvs(l) := {o|Lj(o) = l, V(o) = 1} and Sint(l) := {o|Lj(o) = l, V(o) > 1}, respectively.

For all subsystems o ∈ Slvs(h(Tj)− k̄), the state equation of o has the same form as in (3.61).

Therefore, it can be proven in the same way in the basis step that (3.59) holds.

For a subsystem o ∈ Sint(h(Tj)− k̄), the state equation has the following form:

xo(k + 1) = Qo,oxo(k) + Qo,ixi(k) + ∑
c∈Cj(o)

Qo,cxc(k), (3.66)

where i is the parent of o.
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Taking z-transform of (3.66), we have

(z−Qo,o)Xo(z) = Qo,iXi(z) + ∑
c∈Cj(o)

Qo,cXc(z), (3.67)

where Xc(z) can be substituted by

Xc(z) = H j
o,c(z)Xo(z). (3.68)

Therefore, theH∞ norm of the transfer function from i to o under dj can be written as

||H j
i,o(z)||∞ =

|Qo,i|

inf
θ

∣∣∣∣∣eθ −Qo,o − ∑
c∈Cj(o)

Qo,cH j
o,c(eθ)

∣∣∣∣∣
. (3.69)

The denominator of the transfer function satisfies

∣∣∣∣∣∣eθ −Qo,o − ∑
c∈Cj(o)

Qo,cH j
o,c(eθ)

∣∣∣∣∣∣ ≥

∣∣∣∣∣∣
∣∣∣eθ −Qo,o

∣∣∣− | ∑
c∈Cj(o)

Qo,cH j
o,c(eθ)|

∣∣∣∣∣∣ , (3.70)

where
∣∣eθ −Qo,o

∣∣ has been proven in (3.64) and (3.65) to be bounded by ∑
∀v∈N (o)

|Qo,v|. Note that

for subsystem o ∈ Sint(h(Tj) − k̄), the neighbour set N (o) contains the parent vertex set and

children vertex set, i.e. N (o) = {i|o ∈ Cj(i)} ∪ {c|c ∈ Cj(o)}. Thus, the bound for
∣∣eθ −Qo,o

∣∣
in this case is given by

∣∣∣eθ −Qo,o

∣∣∣ > ∑
∀v∈N (o)

|Qo,v| = |Qo,i|+ ∑
∀c∈Cj(o)

|Qo,c|. (3.71)

At step k̄ it has already been proven from the state equation of subsystem c that

||H j
o,c(z)||∞ < 1. (3.72)

Therefore, the second term on the right side of (3.70) can be bounded by:∣∣∣∣∣ ∑
c∈C(o)

Qo,cH j
o,c(eθ)

∣∣∣∣∣ ≤ ∑
c∈C(o)

||H j
o,c(z)||∞|Qo,c| < ∑

c∈C(o)
|Qo,c|. (3.73)
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Combining (3.69), (3.70), (3.71), and (3.73), the inequality (3.59) is proven for (i, o) ∈
{o|Sint(h(Tj) − k̄) ∩ Cj(i)}. Following the above procedure, (3.59) can be proven for all sub-

systems o in the set Sint(h(Tj)− k̄).

Since both the basis and the induction step have been performed, by mathematical induction,

the inequality (3.59) holds for all levels in the tree Tj. Thereby, the Lemma 3.4 is proved.

The subsystem-j L2 disturbance attenuation conclusion can be drawn for system (3.38) fol-

lowing Lemma 3.4, as stated in the following corollary.

Corollary 3.2. For the system as described in (3.38), it is subsystem-j L2 disturbance attenuating

in the sense of Definition 3.3 if (3.60) holds.

Proposition 3.4 (Sufficient conditions for discrete-time systems). For the discrete-time system as

described in (3.38), it is L2 disturbance attenuating in the sense of Definition 3.3 if (3.60) holds.

Proof. Subsystem-j disturbance attenuation can be proven for all subsystems j ∈ V following

the procedure in Lemma 3.4 and Corollary 3.2. According to Definition 3.3, (3.60) is a sufficient

disturbance attenuation condition.

3.3 Conclusions

This chapter has focused on proposing disturbance attenuation conditions for a network with m

scalar subsystems. Continuous-time systems are first discussed, and then similar results are ob-

tained for discrete-time systems.

The determination of disturbance attenuation is facilitated by comparing the states of every pair

of neighbouring subsystems, and L2 norm metric is adopted, implying energy attenuation during

disturbance propagation. Using frequency-domain techniques, 2(m− 1) necessary and sufficient

disturbance attenuation conditions are proposed. However, it is found that these conditions are

based on global information, and the verification for large-scale systems may be difficult due to

computational complexity (the number of operations is at least O(m3)). To address this problem,

sufficient conditions are proposed by making further use of the tree topology. Only neighbouring

information is required for the verification of these sufficient conditions, which enables the local

check by each subsystem. Moreover, the computational operations for the verification is reduced
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toO(m2). These two advantages of the sufficient conditions enable them to be used for large-scale

interconnected systems with distributed control policy.

The derived conditions can be used to determine disturbance attenuation for given systems

of the described type. However, it is still unclear how to develop a controller for an open-loop

system such that the resulted closed-loop system attenuates disturbance. In Chapter 4, a controller

synthesis method will be proposed, in which the sufficient conditions derived in Chapter 3 will be

incorporated to guarantee disturbance attenuation.
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Chapter 4

Disturbance attenuating controller design
and tree approximation

Although the determination of disturbance attenuation has been accomplished by the conditions

proposed in Chapter 3, how to develop a controller to guarantee disturbance attenuation is so far still

an open question. Hence, the first goal of this chapter is to propose a controller synthesis method for a

tree-structured system such that the resulting closed-loop system satisfies the following requirements:

(a) the closed-loop system also has a tree topology; (b) the overall system is asymptotically stable; (c)

disturbance is attenuating when propagating in the network.

The second half of this chapter deals with tree approximation problems. Tree-structured networks

have been focused so far, but non-tree networks widely exist in many real-world applications. To

broaden the scope of this research, it is important to discuss how to approximate an arbitrarily con-

nected network by a tree, so the preceding results can also be applied.

Corresponding to the two problems above, this chapter includes 2 sections. In Section 4.1, two con-

troller synthesis methods are proposed for a continuous-time and discrete-time system, respectively.

In Section 4.2, a tree approximation method is developed.

4.1 Disturbance attenuating controller synthesis method

Based on the sufficient conditions proposed in Chapter 3, a disturbance-attenuating controller

synthesis method will be introduced, and both centralised and distributed design will be discussed

in this section.

The main content of this chapter has been submitted as a journal paper [93] (under review).
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4.1.1 Controller synthesis for continuous-time systems

Problem formulation

Consider an interconnected continuous-time system with m first-order subsystems and ν inputs.

Suppose the open-loop dynamics are captured by

ẋ(t) = Hx(t) + Ju(t) + d(t), (4.1)

where system matrix H ∈ Rm×m is a Γ-tree-diagonal matrix; J ∈ Rm×ν is an input matrix. The

aim is to find a linear state feedback controller

u(t) = Rx(t), (4.2)

where R ∈ Rν×m is the feedback gain, such that the resulting closed-loop system (3.1)1

1. remains a tree topology,

2. is asymptotically stable, and

3. attenuates disturbance in the sense of Definition 3.1.

These requirements are mathematically described by the following problem formulation.

Problem 4.1 (Controller synthesis for continuous-time systems). The objective is to find a con-

troller (4.2) for a tree structured continuous-time system (4.1) such that the closed-loop system

(3.1) satisfies

(a) JR ◦ S(Γ) = JR,

(b) ∃P = P> > 0 such that F>P + PF < 0, and

(c) |Fa,a| > ∑∀b∈N (a) |Fa,b|, ∀a, b ∈ V .
1It implies that F = H + JR.
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Centralised controller synthesis

The three conditions in Problem 4.1 can be seen as the minimum requirements on the controller

to be developed. Depending on the specific requirements of the system, other conditions can be

added, and various types of control objectives can be selected to finalize the design process. How-

ever, this section mainly focuses on how to design a controller such that the overall system has the

property of disturbance attenuation in the sense of Definition 3.1, while guaranteeing asymptotic

stability with tree topology information exchange. Thereby, we will restrict ourselves to these

three requirements (a)-(c), and a convex objective function J (R) will be used for discussion.

The control design is formulated as an optimisation problem with the decision variable R:

min
R

J (R) (4.3a)

s.t. F = H + JR, (4.3b)

JR ◦ S(Γ) = JR, (4.3c)

P = P> > 0, F>P + PF < 0, (4.3d)

|Fa,a| > ∑
∀b∈N (a)

|Fa,b|, ∀a, b ∈ V . (4.3e)

Note that the optimisation problem (4.3) is non-convex, and the structural requirement on R

generally makes it even more difficult to solve [95]. One possible approach is to employ aug-

mented Lagrangian method. For more details, we refer the reader to [95,96], in which augmented

Lagrangian method is used to handle the structural constraints in distributed controller design

problems. Noticing that the non-convexity of our problem is due to constraint (4.3e), in this re-

search we will tackle this problem by considering a convex approximation of the original problem.

By observation, constraint (4.3e) can be expanded as

0 > −Fa,a + ∑
∀b∈N (a)

|Fa,b|, (4.4)

and

0 > Fa,a + ∑
∀b∈N (a)

|Fa,b|. (4.5)
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Note that (4.4) is non-convex, whilst (4.5) is convex, which is proven in the following lemma and

corollary.

Lemma 4.1. Given any two m-dimensional matrices F1 and F2 satisfying (4.5), matrix F3 :=

θF1 + (1− θ)F2 also satisfies (4.5).

Proof. The following inequality can be readily derived:

F3
a,a + ∑

∀b∈N (a)
|F3

a,b| = θF1
a,a + (1− θ)F2

a,a + ∑
∀b∈N (a)

|θF1
a,b + (1− θ)F2

a,b|

≤ θF1
a,a + (1− θ)F2

a,a + ∑
∀b∈N (a)

θ|F1
a,b|+ (1− θ) ∑

∀b∈N (a)
|F2

a,b|

≤ θ(F1
a,a + ∑

∀b∈N (a)
|F1

a,b|) + (1− θ)(F2
a,a + ∑

∀b∈N (a)
|F2

a,b|)

< 0.

Corollary 4.1. Constraint (4.5) is convex.

We use ε < 0 to indicate the desired convergence rate. Therefore, constraint (4.3e) is replaced

by

ε > Fa,a + ∑
∀b∈N (a)

|Fa,b|, ∀a, b ∈ V , (4.6)

which is a convex subset of (4.5).

Note that constraint (4.6) guarantees disturbance attenuation of the system, since it is a suf-

ficient condition for (4.3e). The optimisation problem becomes convex after this substitution.

Moreover, from Gershgorin disk theorem, constraint (4.6) automatically enforces the eigenvalues

of F to the left half s-plane, guaranteeing Lyapunov stability of the resulting closed-loop system.

Thereby, constraint (4.3d), which is included to ensure stability, can now be eliminated.

Distributed controller synthesis

Centralised controller design may not be possible for large-scale networks due to limited com-

munication and computation resources, thus a distributed synthesis method is proposed under the

following assumption.
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Assumption 4.1. Each subsystem only has access to the information from itself and its neighbour-

ing subsystems.

To realise distributed design, the objective function J(R) should be able to express as a sum

of elements depending on local information. For example, J(R) can be ∑ν
a=1 ∑m

b=1 |Ra,b| or the

Frobenius norm ||R||F, both of which are approximations of cardinality of R [97, 98]. Here, we

consider Frobenius norm as an example to realise distributed design. Note that minimising ||R||F
is equivalent to minimising ||R||2F, thus the objective is given as follows:

min
R

||R||2F. (4.7)

By breaking up the centralised optimisation problem (4.7), (4.3a), (4.3b), (4.6) to sub-problems,

subsystem controllers can be designed locally. Given (4.1), the dynamics of subsystem i can be

captured by

ẋi(t) = ∑
j∈(N (i)∪{i})

Hi,jxj(t) + ∑
a∈Ui

Ji,aua(t) + di(t), (4.8)

where Ui is the set of inputs indices of subsystem i. An input ua is termed as a public input,

if it affects more than one subsystem, i.e. a ∈ (Ui ∩ Uj ∩ ... ∩ Ug), i 6= j 6= ... 6= g. Let

X (a) := {i, j, ..., g} be the set of indices of subsystems that share input ua
2. Let U p

i denote the

set of public inputs indices of subsystem i, i.e. U p
i := {a|i ∈ X (a)}. On the other hand, if an

input ua affects one subsystem only, then it is termed as a private input. The set of private inputs

indices of subsystem i is given by Ui \ U p
i . Thus, state equation (4.8) can be reposed in terms of

public and private inputs as follows:

ẋi(t) = ∑
j∈(N (i)∪{i})

Hi,jxj(t) + ∑
a∈U p

i

Ji,aua(t) + ∑
a∈Ui\U p

i

Ji,aua(t) + di(t). (4.9)

By taking an insight of the optimisation problem, one can find that the only coupling between

subsystems comes from the feedback gains associated with public inputs. Hence, to decompose

the problem, we introduce new inputs ũai , ũaj , ..., ũag , which are local versions of public input ua

2X (a) is defined exclusively for public inputs. Therefore, it is assumed that X (a) has at least two elements when it
is used.
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in subsystems i, j, ..., g, respectively. Note that

ũai = ũaj = ... = ũag . (4.10)

Let card(·) denote the cardinality of a set. Construct ũ ∈ R(∑m
i=1 card(Ui))×1 from the private

inputs and local versions of public inputs of each subsystem. Corresponding to U p
i , denote the set

of local versions of public inputs indices of subsystem i in vector ũ by Ũ p
i . Similarly, the set of

inputs indices in ũ corresponding to the private inputs in Ui is given by Ũi \ Ũ p
i .

The state equation (4.1) can be rewritten in terms of ũ as in

ẋ(t) = Hx(t) + J̃ũ(t) + d(t), (4.11)

where B̃ ∈ Rm×∑m
i=1 card(Ui) is the input matrix, and (4.10) holds for ũ.

The control law for (4.11) is given by

ũ(t) = R̃x(t), (4.12)

where R̃ ∈ R(∑m
i=1 card(Ui))×m is the state feedback matrix.

min
R̃

m

∑
i=1
J̃i(R̃) (4.13a)

subject to F̃(i,:) = H(i,:) + J̃(i,:)R̃, (4.13b)

( J̃(i,:)R̃) ◦ S(i,:)(Γ) = J̃(i,:)R̃, (4.13c)

ε > Fa,a + ∑
∀b∈N (a)

|Fa,b|, (4.13d)

R̃(ai ,:) = R̃(aj,:), ∀i, j ∈ X (a), (4.13e)

where i = 1, 2, ...m, and

J̃i(R̃) := ∑
ai∈Ũ p

i

1
card(X (a))

R̃(ai ,:)R̃
>
(ai ,:)

+ ∑
a∈Ũi\Ũ p

i

R̃(a,:)R̃
>
(a,:).
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Note that (4.13e) is the consensus constraint corresponding to the coupling (4.10) between sub-

systems.

Define a cost function for subsystem i as follows:

Ĵi(R̃) := ∑
b∈(N (i)∪{i})

( ∑
ai∈Ũ p

i

1
card(X (a))

R̃2
ai ,b + ∑

a∈Ũi\Ũ p
i

R̃2
a,b). (4.14)

Note that problem (4.13a)-(4.13e) is still described in terms of global information. To facilitate

distributed design under Assumption 4.1, the following proposition will show that it only requires

local information to solve this problem.

Proposition 4.1. The optimisation problem (4.13a)-(4.13e) is equivalent to

min
R̃

m

∑
i=1
Ĵi(R̃) (4.15a)

subject to F̃i,b = Hi,b + ∑
a∈Ũ (i)

J̃i,aR̃a,b, b ∈ (N (i) ∪ {i}), (4.15b)

R̃a,b = 0, a ∈ Ũi, b /∈ (N (i) ∪ {i}), (4.15c)

R̃ai ,b = 0, i ∈ X (a), b /∈
⋂

j∈X (a)

(N (j) ∪ {j}), (4.15d)

ε > Fa,a + ∑
∀b∈N (a)

|Fa,b| (4.15e)

R̃(ai ,b) = R̃(aj,b), i, j ∈ X (a), b ∈
⋂

j∈X (a)

(N (j) ∪ {j}), (4.15f)

for i = 1, 2, ..., m.

Proof. The proof includes three parts. Specifically, the first two parts show the equivalence of

the constraints (4.13b), (4.13c), (4.13e) and (4.15b)-(4.15d), (4.15f), and the last part proves the

equivalence of the objectives J̃i(R̃) and Ĵi(R̃).

First, suppose a matrix R̃ satisfies conditions (4.13b), (4.13c), (4.13e). It will show that con-

ditions (4.15b)-(4.15d), (4.15f) must be satisfied for R̃ as well.

Proof of R̃ satisfying (4.15c):
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The j-th element of the one-dimensional vector J̃(i,:)R̃ is given by

( J̃(i,:)R̃)j :=
∑m

h=1 card(Uh)

∑
a=1

J̃i,aR̃a,j, j = 1, 2, ..., m. (4.16)

Note that J̃i,a = 0 if a /∈ Ũi. Thus, (4.16) is equivalent to

J̃(i,:)R̃(:,j) := ∑
a∈Ũi

J̃i,aR̃a,j, j = 1, 2, ..., m. (4.17)

Also, notice that the j-th element of vector S(i,:)(Γ) is zero, if j is not a neighbour of i, i.e.

S(Γ)(i,j) = 0, ∀j /∈ (N (i) ∪ {i}). (4.18)

Combining (4.13c), (4.17), and (4.18), condition (4.15c) can be guaranteed.

Proof of R̃ satisfying (4.15b): From (4.15c) and (4.13b), constraint (4.15b) is satisfied.

Proof of R̃ satisfying (4.15d): Given i, j ∈ X (a), the following equations should be satisfied

based on (4.15c):

R̃ai ,b = 0, b /∈ (N (i) ∪ {i}), (4.19)

R̃aj,b = 0, b /∈ (N (j) ∪ {j}). (4.20)

Combining (4.19), (4.20), and (4.13e), condition (4.15d) is satisfied.

Proof of R̃ satisfying (4.15f): Notice that (4.15f) is a subset of (4.13e), thus it holds naturally.

Second, the other direction of the proof is given as follows.

Suppose R̃ satisfies conditions (4.15b)-(4.15d), and (4.15f).

Proof of R̃ satisfying (4.13c): Combining (4.17) and (4.15c), condition (4.13c) can be ob-

tained.

Proof of R̃ satisfying (4.13b): From (4.13c), it holds that

(H(i,:) + J̃(i,:)R̃)b = 0, b /∈ (N (i) ∪ {i}). (4.21)

Combining (4.21) and (4.15b), constraint (4.13b) is satisfied.
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Proof of R̃ satisfying (4.13e): From (4.15d), it stands that

R̃aj,b = 0, j ∈ X (a), b /∈
⋂

i∈X (a)

(N (i) ∪ {i}). (4.22)

Combining (4.15d), (4.22), and (4.15f), constraint (4.13e) is satisfied.

Finally, the proof of the equivalence of objectives J̃i(R̃) and Ĵi(R̃) is given as follows.

From conditions (4.15c) and (4.15d), it stands that

∑
b/∈(N (i)∪{i})

( ∑
ai∈Ũ p

i

1
card(X (a))

R̃2
ai ,b + ∑

a∈Ũi\Ũ p
i

R̃2
a,b) = 0. (4.23)

Therefore, J̃i(R̃) and Ĵi(R̃) are equivalent.

From Proposition 4.1, the centralised optimisation problem (4.7), (4.3a), (4.3b), (4.6), is re-

posed in (4.15a)-(4.15f), where both the objective and constraints are expressed in terms of local

information of each subsystem. Therefore, dual decomposition method can be employed to solve

this problem in a distributed manner.

The controller synthesis for discrete-time systems follows the same idea of that for continuous-

time systems, which is presented in the following section.

4.1.2 Controller synthesis for discrete-time systems

Problem formulation

Consider an interconnected system with m first-order subsystems and ν inputs. Suppose the open-

loop dynamics are captured by

x(k + 1) = Ax(k) + Bu(k) + d(k), (4.24)
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where system matrix A ∈ Rm×m is a Γ-tree-diagonal matrix; B ∈ Rm×ν is an input matrix. The

aim is to find a linear state feedback controller

u(k) = Kx(k), (4.25)

where K ∈ Rν×m is the feedback gain, such that the resulting closed-loop system (3.38) 3

1. remains a tree topology,

2. is asymptotically stable, and

3. attenuates disturbance in the sense of Definition 3.3.

These requirements are mathematically described by the following problem formulation.

Problem 4.2 (Controller synthesis for discrete-time systems). The objective is to find a con-

troller (4.25) for a tree structured system (4.24) such that the closed-loop system (3.38) satisfies

(a) BK ◦ S(Γ) = BK,

(b) ∃P = P> > 0 such that Q>PQ− P < 0, and

(c) |1− |Qa,a|| > ∑∀b∈N (a) |Qa,b|, ∀a, b ∈ V .

Centralised controller synthesis

Similar to continuous-time cases, and a convex objective function J(K) will be used for discussion.

The control design is formulated as an optimisation problem with the decision variable K:

min
K

J (K) (4.26a)

subject to Q = A + BK, (4.26b)

BK ◦ S(Γ) = BK, (4.26c)

P = P> > 0, Q>PQ− P < 0, (4.26d)

|1− |Qa,a|| > ∑
∀b∈N (a)

|Qa,b|, ∀a, b ∈ V . (4.26e)

3It implies that Q = A + BK.
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The above optimisation problem is non-convex due to constraint (4.26e). Here, we tackle this

problem by substituting constraint (4.26e) by a convex constraint

α ≥ ∑
∀b∈N (a)∪a

|Qa,b| ∀a, b ∈ V , (4.27)

where 0 < α < 1 indicates the desired convergence rate.

Note that (4.27) is a sufficient condition for (4.26e). After this substitution, the resulting

problem immediately becomes convex. Furthermore, from Gershgorin disk theorem [99], this

tightened condition (4.27) automatically enforces the eigenvalues of Q to be within the unit disk,

implying that the interconnected linear system is stable. Therefore, constraint (4.26d), which is

included to ensure stability, can now be eliminated.

Distributed controller synthesis

Centralised controller design may not be possible for large-scale networks due to limited com-

munication and computation resources, thus a distributed synthesis method is proposed under the

following assumption.

To realise distributed design, the objective function J (K) should be able to express as a sum

of elements depending on local information. For example, J (K) can be ∑ν
a=1 ∑m

b=1 |Ka,b| or the

Frobenius norm ||K||F, both of which are approximations of cardinality of K [97, 98]. Here, we

consider Frobenius norm as an example to realise distributed design. Note that minimising ||K||F
is equivalent to minimising ||K||2F, thus the objective is given as follows:

min
K

||K||2F. (4.28)

By breaking up the centralised optimisation problem (4.28), (4.26b), (4.26c), (4.27) to sub-

problems, subsystem controllers can be designed locally. Given (4.24), the dynamics of subsystem

i can be captured by

xi(k + 1) = ∑
j∈(N (i)∪{i})

Ai,jxj(k) + ∑
a∈Ui

Bi,aua(k) + di(k), (4.29)

where Ui is the set of inputs indices of subsystem i. An input ua is termed as a public input,
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if it affects more than one subsystem, i.e. a ∈ (Ui ∩ Uj ∩ ... ∩ Ug), i 6= j 6= ... 6= g. Let

X (a) := {i, j, ..., g} be the set of indices of subsystems that share input ua
4. Let U p

i denote the

set of public inputs indices of subsystem i, i.e. U p
i := {a|i ∈ X (a)}. On the other hand, if an

input ua affects one subsystem only, then it is termed as a private input. The set of private inputs

indices of subsystem i is given by Ui \ U p
i . Thus, state equation (4.29) can be reposed in terms of

public and private inputs as follows:

xi(k + 1) = ∑
j∈(N (i)∪{i})

Ai,jxj(k) + ∑
a∈U p

i

Bi,aua(k) + ∑
a∈Ui\U p

i

Bi,aua(k) + di(k). (4.30)

By taking an insight of the optimisation problem, one can find that the only coupling between

subsystems comes from the feedback gains associated with public inputs. Hence, to decompose

the problem, we introduce new inputs ũai , ũaj , ..., ũag , which are local versions of public input ua

in subsystems i, j, ..., g, respectively. Note that

ũai = ũaj = ... = ũag . (4.31)

Let card(·) denote the cardinality of a set. Construct ũ ∈ R(∑m
i=1 card(Ui))×1 from the private

inputs and local versions of public inputs of each subsystem. Corresponding to U p
i , denote the set

of local versions of public inputs indices of subsystem i in vector ũ by Ũ p
i . Similarly, the set of

inputs indices in ũ corresponding to the private inputs in Ui is given by Ũi \ Ũ p
i .

The state equation (4.24) can be rewritten in terms of ũ as in

x(k + 1) = Ax(k) + B̃ũ(k) + d(k), (4.32)

where B̃ ∈ Rm×∑m
i=1 card(Ui) is the input matrix, and (4.31) holds for ũ.

The control law for (4.32) is given by

ũ(k) = K̃x(k), (4.33)

where K̃ ∈ R(∑m
i=1 card(Ui))×m is the state feedback matrix.

4X (a) is defined exclusively for public inputs. Therefore, it is assumed that X (a) has at least two elements when it
is used.
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min
K̃

m

∑
i=1
J̃i(K̃) (4.34a)

subject to Q̃(i,:) = A(i,:) + B̃(i,:)K̃, (4.34b)

(B̃(i,:)K̃) ◦ S(i,:)(Γ) = B̃(i,:)K̃, (4.34c)

1 > ∑
∀j∈N (i)∪{i}

|Q̃i,j|, (4.34d)

K̃(ai ,:) = K̃(aj,:), ∀i, j ∈ X (a), (4.34e)

where i = 1, 2, ...m, and

J̃i(K̃) := ∑
ai∈Ũ p

i

1
card(X (a))

K̃(ai ,:)K̃
>
(ai ,:)

+ ∑
a∈Ũi\Ũ p

i

K̃(a,:)K̃
>
(a,:).

Note that (4.34e) is the consensus constraint corresponding to the coupling (4.31) between sub-

systems.

Define a cost function for subsystem i as follows:

Ĵi(K̃) := ∑
b∈(N (i)∪{i})

( ∑
ai∈Ũ p

i

1
card(X (a))

K̃2
ai ,b + ∑

a∈Ũi\Ũ p
i

K̃2
a,b). (4.35)

Note that problem (4.34a)-(4.34e) is still described in terms of global information. To facilitate

distributed design under Assumption 4.1, the following proposition will show that it only requires

local information to solve this problem.

Proposition 4.2. The optimisation problem (4.34a)-(4.34e) is equivalent to

min
K̃

m

∑
i=1
Ĵi(K̃) (4.36a)

subject to Q̃i,b = Ai,b + ∑
a∈Ũ (i)

B̃i,aK̃a,b, b ∈ (N (i) ∪ {i}), (4.36b)

K̃a,b = 0, a ∈ Ũi, b /∈ (N (i) ∪ {i}), (4.36c)

K̃ai ,b = 0, i ∈ X (a), b /∈
⋂

j∈X (a)

(N (j) ∪ {j}), (4.36d)
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1 > ∑
∀j∈N (i)∪{i}

|Q̃i,j|, (4.36e)

K̃(ai ,b) = K̃(aj,b), i, j ∈ X (a), b ∈
⋂

j∈X (a)

(N (j) ∪ {j}), (4.36f)

for i = 1, 2, ..., m.

Proof. The proof includes three parts. Specifically, the first two parts show the equivalence of

the constraints (4.34b), (4.34c), (4.34e) and (4.36b)-(4.36d), (4.36f), and the last part proves the

equivalence of the objectives J̃i(K̃) and Ĵi(K̃).

First, suppose a matrix K̃ satisfies conditions (4.34b), (4.34c), (4.34e). It will show that con-

ditions (4.36b)-(4.36d), (4.36f) must be satisfied for K̃ as well.

Proof of K̃ satisfying (4.36c)

The j-th element of the one-dimensional vector B̃(i,:)K̃ is given by

(B̃(i,:)K̃)j :=
∑m

h=1 card(Uh)

∑
a=1

B̃i,aK̃a,j, j = 1, 2, ..., m. (4.37)

Note that B̃i,a = 0 if a /∈ Ũi. Thus, (4.37) is equivalent to

B̃(i,:)K̃(:,j) := ∑
a∈Ũi

B̃i,aK̃a,j, j = 1, 2, ..., m. (4.38)

Also, notice that the j-th element of vector S(i,:)(Γ) is zero, if j is not a neighbour of i, i.e.

S(Γ)(i,j) = 0, ∀j /∈ (N (i) ∪ {i}). (4.39)

Combining (4.34c), (4.38), and (4.39), condition (4.36c) can be guaranteed.

Proof of K̃ satisfying (4.36b) From (4.36c) and (4.34b), constraint (4.36b) is satisfied.

Proof of K̃ satisfying (4.36d) Given i, j ∈ X (a), the following equations should be satisfied

based on (4.36c):

K̃ai ,b = 0, b /∈ (N (i) ∪ {i}), (4.40)

K̃aj,b = 0, b /∈ (N (j) ∪ {j}). (4.41)

Combining (4.40), (4.41), and (4.34e), condition (4.36d) is satisfied.
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Proof of K̃ satisfying (4.36f) Notice that (4.36f) is a subset of (4.34e), thus it holds naturally.

Second, the other direction of the proof is given as follows.

Suppose K̃ satisfies conditions (4.36b)-(4.36d), and (4.36f).

Proof of K̃ satisfying (4.34c) Combining (4.38) and (4.36c), condition (4.34c) can be ob-

tained.

Proof of K̃ satisfying (4.34b) From (4.34c), it holds that

(A(i,:) + B̃(i,:)K̃)b = 0, b /∈ (N (i) ∪ {i}). (4.42)

Combining (4.42) and (4.36b), constraint (4.34b) is satisfied.

Proof of K̃ satisfying (4.34e) From (4.36d), it stands that

K̃aj,b = 0, j ∈ X (a), b /∈
⋂

i∈X (a)

(N (i) ∪ {i}). (4.43)

Combining (4.36d), (4.43), and (4.36f), constraint (4.34e) is satisfied.

Finally, the proof of the equivalence of objectives J̃i(K̃) and Ĵi(K̃) is given as follows.

From conditions (4.36c) and (4.36d), it stands that

∑
b/∈(N (i)∪{i})

( ∑
ai∈Ũ p

i

1
card(X (a))

K̃2
ai ,b + ∑

a∈Ũi\Ũ p
i

K̃2
a,b) = 0. (4.44)

Therefore, J̃i(K̃) and Ĵi(K̃) are equivalent.

From Proposition 4.2, the centralised optimisation problem (4.28), (4.26b), (4.26c), (4.27), is

reposed in (4.36a)-(4.36f), where both the objective and constraints are expressed in terms of local

information of each subsystem. Therefore, dual decomposition method can be employed to solve

this problem in a distributed manner.
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4.2 Tree approximation of an interconnected system

In this section, a tree approximation approach will be proposed so that the states of an arbitrarily

connected network are close to those of a tree-structured network. With this method, the results in

Chapter 3 and Section 4.1 can be applied to more general cases.

4.2.1 Tree approximation for continuous-time systems

We start by considering an interconnected system with a connection topology G(V , E ′). Suppose

there are ν′ inputs, and the dynamic equation is given by

ϕ̇(t) = H ′ϕ(t) + J′ς(t) + d(t) (4.45)

where ϕ(t) ∈ Rm×1, and ς(t) ∈ Rν′×1 are the state and input vector, respectively; H ′ ∈ Rm×m

and J′ ∈ Rm×ν′ are the system and input matrix, respectively; In particular, matrix H ′ is a G-

structured matrix, i.e. H ′ ◦ S(G) = H ′. The control law is given by

ς(t) = R′ϕ(t). (4.46)

The objective is to find a spanning tree Γ(V , E) of G(V , E ′), i.e. E ⊆ E ′, such that for any

given R′ satisfying J′R′ ◦ S(Γ) = J′R′, the state trajectories of a tree-structured system

ẋ(t) = (H + J′R′)x(t) + d(t), (4.47)

are close to the original closed-loop system

ϕ̇(t) = (H ′ + J′R′)ϕ(t) + d(t), (4.48)

where H := H ′ ◦ S(Γ).

Dynamics (4.48) of the original system can be rewritten in terms of H as in

ϕ̇(t) = (H + J′R′)ϕ(t) + ∆Hϕ(t) + d(t), (4.49)
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where ∆H := H ′ − H.

By comparison, the original system (4.49) can be seen as the closed-loop tree approximation

model (4.47) perturbed by ∆Hϕ(k). Therefore, (4.49) can be well approximated by (4.47) when

||∆H|| is small. Particularly, when ||∆H|| = 0,5 model (4.47) becomes exactly the same as the

original model (4.49).

From this viewpoint, tree approximation problem can be transformed to the following problem.

Problem 4.3. Given a G(V , E ′)-structured matrix H ′, i.e. H ′ ◦ S(G) = H ′, find a spanning tree

Γ in G such that ∑m
i=1 ∑m

j=1 |∆Hi,j| is minimised, i.e.

min
H

m

∑
i=1

m

∑
j=1
|∆Hi,j| (4.50)

s.t. ∆H = H ′ − H, (4.51)

H ′ ◦ S(Γ(V , E)) = H, (4.52)

E ⊆ E ′. (4.53)

To tackle this problem, the definition of a maximum spanning tree (MST) problem is intro-

duced as follows.

Definition 4.1 (MST problem). Given an undirected weighted graph G(V , E ,A), the MST prob-

lem is to find the spanning tree Γ(V ′, E ′,A′) in G with maximum possible total edge weight, i.e.

max
E ′

m

∑
i=1

m

∑
j=1
|A′i,j| (4.54a)

s.t. V ′ = V , (4.54b)

E ′ ⊆ E , (4.54c)

A′i,j = Ai,j, ∀A′i,j 6= 0. (4.54d)

Two undirected weighted graphs Ḡ(V , E ′,A1) and Γ̄(V , E ,A2) are constructed from the un-

weighted graph G(V , E ′) and Γ(V , E), respectively. The edge weighting function Ai, i = 1, 2 is

defined as A1(i, j) := |H′i,j| + |H′j,i|, ∀(i, j) ∈ E ′ and A2(i, j) := |Hi,j| + |Hj,i|, ∀(i, j) ∈ E ,

respectively.
5Due to norm properties, ||∆H|| = 0 implies that H = H ′. In such cases, the original graph G is a tree already.



64 Disturbance attenuating controller design and tree approximation

With above definitions, the solution to Problem 4.3 is presented in the following proposition.

Proposition 4.3. The problem (4.50)-(4.53) is equivalent to the MST problem in Ḡ(V , E ′,A1).

Furthermore, the MST is Γ̄(V , E ,A2).

Proof. From conditions (4.51) to (4.53), ∑m
i=1 ∑m

j=1 |∆Hi,j| can be broken into two components,

i.e.
m

∑
i=1

m

∑
j=1
|∆Hi,j| =

m

∑
i=1

m

∑
j=1
|H′i,j| −

m

∑
i=1

m

∑
j=1
|Hi,j|. (4.55)

Note that given a physical system, ∑m
i=1 ∑m

j=1 |H′i,j| is a constant number. Consequently, the prob-

lem of minimising ∑m
i=1 ∑m

j=1 |∆Hi,j| is transformed to maximizing ∑m
i=1 ∑m

j=1 |Hi,j|. Further-

more, the sum ∑i∈V |Hi,i| is also a constant number, since Hi,i = H′i,i. Thus, the optimisation

problem (4.50) is equivalent to

max
A

∑
(i,j)∈E

|Hi,j| (4.56)

subject to constraints (4.52) and (4.53). Note that this is exactly the mathematical formulation of

the MST problem in Proposition 4.3. Thereby, Proposition 4.3 is proven.

4.2.2 Tree approximation for discrete-time systems

The tree approximation for discrete-time systems follows the same procedure as in Section 4.2.1.

We start by considering an interconnected system with a connection topology G(V , E ′). Sup-

pose there are ν′ inputs, and the dynamic equation is given by

ξ(k + 1) = A′ξ(k) + B′µ(k) + d(k), (4.57)

where ξ(k) ∈ Rm×1, and µ(k) ∈ Rν′×1 are the state and input vector, respectively; A′ ∈ Rm×m

and B′ ∈ Rm×ν′ are the system and input matrix, respectively; In particular, matrix A′ is a G-

structured matrix, i.e. A′ ◦ S(G) = A′. The control law is given by

µ(k) = K′ξ(k). (4.58)

The objective is to find a spanning tree Γ(V , E) of G(V , E ′), i.e. E ⊆ E ′, such that for any
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given K′ satisfying B′K′ ◦ S(Γ) = B′K′, the state trajectories of a tree-structured system

x(k + 1) = (A + B′K′)x(k) + d(k), (4.59)

are close to the original closed-loop system

ξ(k + 1) = (A′ + B′K′)ξ(k) + d(k), (4.60)

where A := A′ ◦ S(Γ).

Dynamics (4.60) of the original system can be rewritten in terms of A as in

ξ(k + 1) = (A + BK)ξ(k) + ∆Aξ(k) + d(k), (4.61)

where ∆A := A′ − A.

By comparison, the original system (4.61) can be seen as the closed-loop tree approximation

model (4.59) perturbed by ∆Aξ(k). Therefore, (4.61) can be well approximated by (4.59) when

||∆A|| is small. Particularly, when ||∆A|| = 0,6 model (4.59) becomes exactly the same as the

original model (4.61).

From this point of view, tree approximation problem for continuous-time systems can be trans-

formed to Problem 4.3, with H ′ := A′, H := A. Furthermore, the solution to this problem is

provided in Proposition 4.3.

4.3 Conclusions

A controller synthesis method is proposed for a tree-structured open-loop system. The controller

is designed under requirements that the resulting closed-loop system is asymptotically stable, dis-

turbance attenuating, and retains a tree topology. The synthesis of the controller is formulated as

an optimisation problem with an objective of minimising cardinality of the state feedback matrix,

subject to constraints which are mathematical descriptions of the three requirements. The convex-

ity of the problem is obtained by replacing the non-convex constraint of disturbance attenuation

6Due to norm properties, ||∆A|| = 0 implies that A = A′. In such cases, the original graph G is a tree already.
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by a convex approximation. From Gershgorin disk theorem, it is shown that the convex approx-

imation also ensures asymptotic stability. Therefore, Lyapunov equation, which is introduced to

guarantee stability, is eliminated. The controller is then ready to be designed in a distributed man-

ner, as only local information is needed for the rest of the problem. The distributed design of

the controller is facilitated by breaking up the overall optimisation problem into local problems

for each subsystem. To handle the coupling between subsystems, dual decomposition method is

employed to solve this problem.

To extend the scope of this research, non-tree networks are focused on and a tree approxi-

mation method is developed in the second half of this chapter. Given an arbitrarily connected

system, the approximation is realised by removing some weak connections, and the objective is to

minimise the difference of the closed-loop state trajectories. From the analysis, tree approxima-

tion is transformed to an MST problem, for which many algorithms are available in the literature

[55, 100, 101].

The theoretical results in Chapters 3 and 4 will be validated through simulation in the next

chapter.



Chapter 5

Application

In this chapter, the main theoretical results proposed in Chapters 3 and 4 are verified through sim-

ulation. Two application examples are considered here. Specifically, an interconnected pumped water

supply system is adopted for the validation of the continuous-time results, and a multi-region perimeter

control system is simulated for discrete-time verification. Both continuous and discrete-time simula-

tions contain three aspects: validation of disturbance attenuating controller design method proposed

in Section 4.1, demonstration of time efficiency for evaluation of sufficient disturbance attenuation

conditions proposed in Chapter 3, and demonstration of the efficacy of tree approximation method

proposed in Section 4.2.

The continuous-time simulation is presented in Section 5.1 with subsections of modelling, set-ups,

and results. Later, the discrete-time simulations are given in Section 5.2.

5.1 Simulation for a continuous-time system: a water supply system

5.1.1 Model description of the water supply system

We consider a pumped water supply system for the simulation of continuous-time systems.

This model can represent the water supply system in buildings, or approximate the pumped irriga-

tion systems, of which the full model can be described by Saint-Venant equations, see reference

[102].

A substantial proportion of the first half (continuous-time system simulation) of this chapter has been published in
[28], and the second half (discrete-time system simulation) of this chapter has been submitted as a journal paper [93]
(under review).

67
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reservoir (equipped with pumps)

public water supply

Figure 5.1: A water supply network with a tree topology.

As shown in Figure 5.1, a group of reservoirs (green) are connected through tubes (red) to

form a tree-structured water supply network, where the transfer flows in tubes are controlled by

pumps equipped in each reservoir. Leakage and evaporation occur in tubes, which can be seen

as a disturbance to the system. These reservoirs are also connected to a public supply system

(blue), which supplies water to these reservoirs. The objective is to maintain the water level of

each reservoir at a desired operating point.

Neighbouring reservoirs i and j are connected through two unidirectional tubes ij and ji, where

the sequence indicates the direction of the water flow. These flows are driven by pumps equipped

inside those reservoirs. The flow qij(t) from reservoir i to j at time t is given by

qij(t) = vij(t)mi(t), (5.1)

where vij(t) is the control input corresponding to tube ij, and mi(t) is the mass of water in

reservoir i at time t.

The flow qpi(t) from the public supply system to a reservoir i at time t is given by

qpi(t) = vpi(t)m̂i, (5.2)

where m̂i is the desired amount of water in reservoir i.
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The conservation equation of water for reservoir i is given by

ṁi(t) = qin,i(t)− qout,i(t) + $i(t), (5.3)

where qin,i(t), qout,i(t) are the inflow and outflow of reservoir i, respectively; $i(t) is the distur-

bance of subsystem i.

By breaking inflow qin,i(t) and outflow qout,i(t) into components, dynamics (3.38) can be

rewritten as

ṁi(t) = ∑
j∈N (i)

qji(t)− ∑
j∈N (i)

qij(t) + qpi(t) + $i(t). (5.4)

Substituting (5.1) and (5.2) into equation (5.4), we have

ṁi(t) = ∑
j∈N (i)

vji(t)mj(t)− ∑
j∈N (i)

vij(t)mi(t) + vpi(t)m̂i + $i(t). (5.5)

Given desired operating points m̂i, v̂hi and $̂i for each reservoir i, the non-linear model (5.5)

can be linearised around the operating point, which yields

∆ṁi(t) = ∑
j∈N (i)

v̂ji∆mj(t) + ∑
j∈N (i)

∆vji(t)m̂j − ∑
j∈N (i)

v̂ij∆mi(t)

− ∑
j∈N (i)

∆vij(t)m̂i + ∆vpi(t)m̂i + ∆$i(t). (5.6)

The state equation (5.6) can be written in a vector form as follows:

∆ṁ(t) = H̃∆m(t) + J̃∆v(t) + ∆$(t), (5.7)

where ∆m(t) ∈ Rm is the state vector; ∆v(t) ∈ Rν is the control input vector; ∆$(t) ∈ Rm

is the disturbance vector; H̃ ∈ Rm×m is a tree-diagonal system matrix; J̃ ∈ Rm×ν is the input

matrix.

Considering that the reservoirs have different capacities, the analysis of disturbance propaga-
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tion should be conducted upon normalised mass x(t), i.e.

x(t) := L̃∆m(t), (5.8)

where L̃ is a diagonal matrix with diagonal elements defined as

L̃i,i :=
1

m̂i
. (5.9)

Combining (5.7) and (5.8), the dynamics of the reservoirs can be represented by (4.1), where

H = L̃H̃ L̃−1, J = L̃ J̃, u(t) = ∆v(t), and d(t) = L̃∆$(t). Therefore, the pumped water supply

system design problem has been translated to a controller design problem as described in Problem

4.1.

5.1.2 Simulation set-up of the water supply system

For the numerical results in this section, the mass of water in each reservoir at the desired point is

set to be uniformly distributed random numbers between 100 kilograms and 150 kilograms. The

control input v̂ at the desired point is selected through trial and error.

It is assumed for all simulation scenarios that the initial states are zero, i.e. x(0) = 0.

5.1.3 Simulation results of the water supply system

Validation of continuous-time disturbance attenuating controller synthesis method

For this simulation scenario, a network with 50 reservoirs is considered. As depicted in Figure

5.2, the topology of the network can be represented by a tree Γ̂.1

1It follows that the system matrix H is a Γ̂ tree-diagonal matrix.
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Figure 5.2: A 50-reservoir water supply network with a tree topology Γ̂.

A controller is developed following the controller synthesis method proposed in Section 4.1.1.

Specifically, the control law is obtained by solving a convex optimisation problem with objective

(4.3a) subject to constraints (4.3b), (4.3c), and (4.6), where ε is chosen to be −0.2.

The disturbance attenuation property of the developed controller is demonstrated via injecting

an uniformly distributed random disturbance between−1 and 1 in a subsystem for 18000 seconds.

Two scenarios are considered for simulation. In the first scenario, the disturbance occurs in an

internal node 30, while in the second scenario it occurs in a leaf node 15.

Let T̂30 be the rooted tree by treating node 30 in Γ̂ as the root. In this simulation scenario,

there exist 16 disturbance propagation paths from root 30 to all the leaves in rooted tree T30. The

energy of a state xi is represented by γ̂ := log10(
∫ 18000

t=0 x2
i (t)dt), where the logarithmic scale is

used due to the rapid decrease of the energy along propagation paths. The results for the energy

following injection of the uniformly distributed disturbance in node 30 are plotted in Figure 5.3,

where the x-axis is the level of a node i in the rooted tree T̂31, and the y-axis is the energy γ̂.

Let T̂15 be the rooted tree by treating node 15 in Γ̂ as the root. In the second scenario, there

exist 15 disturbance propagation paths from root 15 to all the leaves in rooted tree T̂15. Like

Figure 5.3, the energy of the states along these disturbance propagation paths are shown in Figure

5.4.

It can be seen that the energy of the states is attenuated through propagation along all paths in

both scenarios, which demonstrates the disturbance attenuation property of the developed continuous-

time controller. Thereby, the continuous-time disturbance attenuating controller synthesis method

in Section 4.1.1 is validated.
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Figure 5.3: The energy of the states along all paths in T̂30 starting from node 30.
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Figure 5.4: The energy of the states along all paths in T̂15 starting from node 15.

Required computation time for evaluation of continuous-time sufficient disturbance attenu-
ation conditions

Having established that disturbance attenuation can be guaranteed, we now change focus to the

earlier results on efficiency of computation. Specifically, the time efficiency of the sufficient con-

ditions in Proposition 3.2 is demonstrated through a comparison to conditions in Proposition 3.1.

We consider five groups of water supply networks with different number of subsystems: 10,

20, 30, 40, and 50, and each group includes ten different arbitrarily generated tree topologies.

Similar to previous section, disturbance attenuating controllers are designed for each network

following the method introduced in Section 4.1.1.

The disturbance attenuation property of the resulting closed-loop systems is verified through
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Table 5.1: Mean verification times (t) and standard deviation (σ) for continuous-time systems

Network Prop. 3.1 Prop. 3.2
size t [s] σ t [s] σ (×10−6)
10 1.5× 10−1 0.009 0.8× 10−5 0.8
20 7.6× 10−1 0.027 1.7× 10−5 1.0
30 2.4× 100 0.048 2.6× 10−5 2.6
40 6.1× 100 0.127 3.8× 10−5 9.6
50 2.4× 101 0.863 4.4× 10−5 3.1

Propositions 3.1 and 3.2, respectively. Verification time is obtained using timeit function in

MATLAB, and each verification is repeated for ten times.2 The verification results show that

disturbance attenuation conclusions can be drawn for all tested networks both by Propositions 3.1

and 3.2, whereas the time consumption for verification is quite different.

To investigate the influence of network size, the mean verification time t are calculated by

averaging over both different topologies of each group and ten repetitions of each network. The

mean verification times and corresponding standard deviation σ under each network size are given

in Table 5.1. It can be observed in Table 5.1 that for each network size, disturbance attenuation

verification is more time-efficient with Proposition 3.2. It also shows that verification time with

Proposition 3.1 increases rapidly as the number of region grows, whilst time for Proposition 3.2

changes slowly. This numerical result demonstrates an advantage of the conditions in Proposition

3.2, that is, they are more time-efficient than conditions in Proposition 3.1, and this advantage

becomes more obvious when the network size is larger.

Simulation of tree approximation method in continuous-time systems

The tree approximation method proposed in Section 4.2.1 is verified for continuous-time systems

through comparing a series of different tree approximations of a non-tree structured network.

2The configuration of the laptop used for disturbance attenuation verification is as follows. Processor: Intel(R)
Core(TM) i5-6200U CPU @2.3GHz; RAM: 8GB; System: 64-bit Windows 10.
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Figure 5.5: A 50-reservoir network Ĝ with all interconnections (fine) and the maximum spanning
tree (bold).

The tree approximation method proposed in Section 4.2.1 is verified through comparing a

series of different tree approximations of a non-tree structured water supply network.

Consider a pumped water supply system with 50 reservoirs and its topology Ĝ is depicted

in Figure 5.5. A tree-structured system is developed following the tree approximation method

introduced in Section 4.2.1. According to Proposition 4.3, the tree approximation problem can be

transformed into an MST problem in Ĝ. In this paper, Prim’s algorithm [55] is utilised to find the

MST solving Problem 4.3, which is highlighted in Figure 5.5.

To test the efficacy of the proposed method for generating a tree approximation, we now

choose 22 other candidate trees, each of which is an arbitrarily generated spanning tree of Ĝ.

Disturbance attenuating controllers are designed for these tree networks following the controller

synthesis method proposed in Section 4.1.1.

The developed controllers are applied to both the original system and the tree-structured sys-

tems, and the closed-loop models are built in MATLAB/SIMULINK. We consider continuous

injection of 50 independent and uniformly distributed random disturbances between −1 and 1

into every node of the network. Each simulation is run for 18000 seconds.

We use the difference between the original system state ϕ(t) and tree-structured system state

x(t) to indicate the performance of the approximation. Specifically, the difference is measured

by δ̂ :=
√∫ 18000

t=0 ∑50
i=1 |ϕi(t)− xi(t)|2dt, where t is the simulation time. The relationship be-

tween the system matrix difference ∑50
i=1 ∑50

j=1 |∆Hi,j| and the state difference δ̂ is depicted in

Figure 5.6, where each ‘o’ corresponds to a pair of closed-loop tree approximation system and the
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Figure 5.6: The relationship between the system matrix difference and the state difference in
continuous-time systems.

corresponding original system. In particular, the system developed following the proposed tree

approximation method in Section 4.2.1, is in red colour.

It can be seen in Figure 5.6 that there is a general trend of increasing difference of states

between the original system and the tree approximation system when ∑m
i=1 ∑m

j=1 |∆Hi,j| grows.

This observation is consistent with an important hypothesis of the proposed tree approximation

method in Section 4.2.1, which is that the smaller the system matrix difference is, the better the

approximation is.

Furthermore, it also can be seen from Figure 5.6 that the system developed following Section

4.2.1 has the minimum state difference among all the tested tree approximations.

To demonstrate the application of tree approximation in disturbance attenuation, the distur-

bance propagation characteristics of the original system is studied via injecting a uniformly dis-

tributed random disturbance between −1 and 1 into subsystem 30. The states energy γ̂ along all

propagation paths in the best tree approximation under this disturbance is plotted in Figure 5.7.

It is observed that the disturbance is not amplified, even though it is not monotonically decreas-

ing along those paths when it is propagating in the network. Specifically, the peak value of the

disturbance during propagation is more than 8 orders of magnitude smaller than that in the origin

region.
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Figure 5.7: The states energy of the original system along all propagation paths in the best approx-
imated tree (continuous-time systems).

5.2 Simulation for a discrete-time system: multi-region perimeter
control

5.2.1 Model description of the traffic network

Multi-region perimeter control has been introduced in Section 2.3. In particular, a typical mod-

elling method [74, 90, 91] is described in Section 2.3.1.

The perimeter control model used for this research is based on [74, 90, 91] with slight modifi-

cations. Particularly, the modifications are given as follows:

1. A partitioned traffic network with a geographical tree topology Γ(V , E) is considered here.

2. If a region is located at the periphery of the network, it is assumed that the exterior demand

flow qei of region i is a constant value and is controlled by βei(t).

3. Instead of assuming that the outflow is given by the MFD (2.14), a more realistic outflow

description is adopted here:

qi,out(t) = ∑
h∈N (i)

βih(t)Oi(ni(t)), (5.10)

where N (i) is the set of neighbouring regions of region i.
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With the above modifications, the inflow of region i is given by

qi,in(t) = r(i)βei(t)qei + ∑
h∈N (i)

βhi(t)Oh(nh(t)), (5.11)

where r(i) = 1 if i is located at the periphery of the network, and r(i) = 0 otherwise.

By substituting (5.11) and (5.10) into (2.13), the system dynamics are presented in the follow-

ing non-linear state equation:

ṅi(t) = r(i)βei(t)qei + ∑
h∈N (i)

βhi(t)Oh(nh(t))− ∑
h∈N (i)

βih(t)Oi(ni(t)) + ζi(t), (5.12)

where ζi(t) = ζi,in(t)− ζi,out(t).

Given desired operating points ζ̂i, β̂hi, and d̂i for each region i ∈ V , the non-linear model

(5.12) can be linearised around the operating point, which yields

∆ṅi(t) =r(i)∆βei(t)qei + ∑
h∈N (i)

Oh(n̂h)∆βhi(t) + ∑
h∈N (i)

β̂hiO′h(n̂h)∆nh(t)

−Oi(n̂i) ∑
h∈N (i)

∆βih(t)−O′i(n̂i)∆ni(t) ∑
h∈N (i)

β̂ih + ∆ζi(t). (5.13)

The state equation (5.13) can be written in a vector form as follows

∆ṅ(t) = Ā∆n(t) + B̄∆β(t) + ∆ζ(t), (5.14)

where ∆n(t) ∈ Rm is the state vector; ∆β(t) ∈ Rν is the control input vector; ∆ζ(t) ∈ Rm is the

disturbance vector; Ā ∈ Rm×m is a tree-diagonal system matrix; B̄ ∈ Rm×ν is the input matrix.

When multi-region perimeter controllers are applied to a traffic network, the control inputs

∆β(t) are translated into signal settings of the traffic lights at the border of each region. The

evolution of the real system cannot be faster than the cycle time of the traffic light. Thus, the

continuous-time system description (5.14) of the multi-region traffic network may be translated to

a discrete-time description, through first-order Euler discretization with sample time T, as follows

∆n(k + 1) = Ã∆n(k) + B̃u(k) + T∆ζ(k), (5.15)
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where k is the discrete-time index; Ã := I + TĀ is the system matrix; B̃ := TB̄ is the input

matrix; u(k) := ∆β(k) is the input vector for the discrete-time system. Note that the first-order

Euler approximation is valid when ||ĀT2|| � 1.

Considering that the regions have different sizes and capacities, the analysis of disturbance

propagation should be conducted upon the normalized variable, i.e. the relative accumulation error.

The relative accumulation error xi(k) in region i is defined as the ratio of the accumulation error

to the maximum accumulation error, i.e.

xi(k) :=
∆ni(k)

ni,max − n̂i
. (5.16)

The above linear transformation can be written in the following vector form

x(k) := L∆n(k), (5.17)

where L ∈ Rm×m is a diagonal matrix with non-zero diagonal elements Lii =
1

ni,max−n̂i
, ∀i = V .

By substituting (5.17) into (5.15), the dynamics of the relative accumulation error can be captured

by (4.24), where A = LÃL−1, B = LB̃, and d(k) = TL∆ζ(k). Therefore, the multi-region

perimeter control problem for a large-scale traffic network is translated to a controller design

problem as described in Problem 4.2.

Both tree-structured and arbitrarily connected transportation systems will be simulated, and a

common set-up is given in the following section.

5.2.2 Simulation set-up of the traffic network

For the numerical results in this section, the MFD is based on Yokohama data [78]: O(n) =

(1.4877 · 10−7n3 − 2.9815 · 10−3n2 + 15.0912n)/3600, and the traffic light cycle time T is set

to be 60 seconds. To introduce different capacities of these regions, the MFD of each region i is

randomly scaled from O(n) as Oi(ni) = ko(i)O(ni/kn(i)), where ko(i) and kn(i) are random

coefficients between 0.3 to 0.5.

The accumulation at the operating point is chosen to be 80% of the critical accumulation, i.e.

n̂i = 0.8n∗i . The exterior demand flow is assumed to be qei = 0.4Oi(n̂i), and the control input β̂ei

is chosen to be 0.5 for all i. Furthermore, the control input at the operating point β̂ij is selected by
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Figure 5.8: A 50-region traffic network with a geographical topology Γ′.

trial and error.

With the above parameters, system matrix A and input matrix B are determined.

It is assumed for all cases that the initial states are zero, i.e. x(0) = 0, which implies that the

accumulation of all the regions are n̂ at k = 0.

5.2.3 Simulation results of the traffic network

Validation of discrete-time disturbance attenuating controller design method

A traffic network partitioned into 50 regions is considered for the first simulation scenario. As

shown in Figure 5.8, the network can be represented by a tree Γ′.3

A controller is designed following the controller synthesis method proposed in Section 4.1.2.

Specifically, the control law is obtained by solving a convex optimisation problem with objec-

tive (4.26a) subject to constraints (4.26b), (4.26c), and (4.27), where α is chosen to be 0.8.

The disturbance attenuation property of the developed controller is demonstrated via injecting

a uniformly distributed random disturbance between−1 and 1 in a region for 18000 seconds. Two

scenarios are simulated here. In the first scenario, the disturbance occurs in an internal node 39,

whilst in the second scenario it is injected in a leaf node 36.

Let T ′39 be the rooted tree by treating node 39 in Γ′ as the root. There exist 18 paths from root

39 to all the leaves in T ′39. The energy of a state xi is represented by γ := log10(∑18000/T
k=1 x2

i (k)),

3It follows that the system matrix A is Γ′ tree-diagonal.
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Figure 5.9: The energy of the states along all 18 paths in T ′39 starting from node 39.
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Figure 5.10: The energy of the states along all 17 paths in T ′36 starting from node 36.

where logarithmic scale is used due to the rapid decrease of the states energy along each propaga-

tion path. The results for the energy following injection of the uniformly distributed disturbance

in node 39 are plotted in Figure 5.9, where the x-axis is the level of a node i in the rooted tree T ′39,

and the y-axis is the energy γ.

Let T ′36 be the rooted tree by treating node 36 in Γ′ as the root. There are 17 paths from root 36

to all the leaves in T ′36. Like Figure 5.9, the energy of the states along all disturbance propagation

paths is shown in Figure 5.10.

Disturbance attenuation along all paths is demonstrated in both Figures 5.9 and 5.10. Thereby,

the disturbance attenuating controller synthesis method in Section 4.1.2 is validated.
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Table 5.2: Mean verification times (t) and standard deviation (σ) for discrete-time systems

Network Prop. 3.3 Prop. 3.4
size t [s] σ t [s] σ (×10−5)
10 1.6× 10−1 0.01 8.6× 10−6 0.1
20 8.5× 10−1 0.07 1.8× 10−5 0.2
30 2.5× 100 0.14 2.6× 10−5 0.4
40 6.5× 100 0.54 4.0× 10−5 1.2
50 1.7× 101 1.74 5.0× 10−5 1.4

Required computation time for evaluation of discrete-time sufficient disturbance attenuation
conditions

Similar to continuous-time simulations, the time efficiency of the sufficient conditions in Proposi-

tion 3.4 is demonstrated through a comparison to conditions in Proposition 3.3.

We consider five groups of traffic networks with different number of partitions: 10, 20, 30, 40,

and 50, and each group includes ten different arbitrarily generated tree topologies. Discrete-time

disturbance attenuating controllers are designed for each network following the method proposed

in Section 4.1.2. The disturbance attenuation property of the resulting closed-loop systems is

verified through Propositions 3.3 and 3.4, respectively. The verification procedures are the same

as in continuous-time simulation, except that they are tested by Propositions 3.3 and 3.4.

The verification results show that disturbance attenuation conclusions can be drawn for all

tested networks by both Propositions. The mean verification times and corresponding standard

deviation σ under each network size are given in Table 5.2. It can be observed in Table 5.2 that

for each network size, disturbance attenuation verification is more time-efficient with Proposition

3.4. It also shows that verification time with Proposition 3.3 increases rapidly as the number of

region grows, whilst time for Proposition 3.4 changes slowly. This numerical result demonstrates

an advantage of the conditions in Proposition 3.4, as described in Remark 3.1.2, that they are more

time-efficient than conditions in Proposition 3.3, and this advantage becomes more obvious when

the network size is larger.

Simulation of tree approximation method in discrete-time systems

The tree approximation method proposed in Section 4.2 is verified through comparing a series of

different tree approximations of a non-tree structured traffic network.
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Figure 5.11: A 50-region traffic network G ′ with all interconnections (fine) and the maximum
spanning tree (bold).
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Figure 5.12: The relationship between the system matrix difference and the state difference in
discrete-time systems.

Consider a perimeter controlled transportation system partitioned into 50 regions and the geo-

graphical topology G ′ is depicted in Figure 5.11. A tree-structured system is developed following

the tree approximation method introduced in Section 4.2.2. According to Proposition 4.3, the tree

approximation problem can be transformed into an MST problem in G ′. Here, we also use Prims

algorithm [55] to find the MST, which is highlighted in Figure 5.11.

To test the efficacy of the proposed tree approximation method, we extract 22 other candidate

trees and repeat the procedures and simulation set-ups in Section 5.1.3.

The performance of approximation is still indicated by the difference between the original

system state ξ(k) and tree-structured system state x(k). Specifically, the difference is measured
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Figure 5.13: The states energy of the original system along all propagation paths in the best
approximated tree (discrete-time systems).

by δ :=
√

∑18000/T
k=1 ∑m

i=1 |ξi(k)− xi(k)|2. The relationship between the system matrix difference

∑m
i=1 ∑m

j=1 |∆Ai,j| and the state difference δ is depicted in Figure 4.2.1, where each ‘o’ corre-

sponds to a pair of closed-loop tree approximation system and the corresponding original system.

In particular, the system developed following the proposed tree approximation method in Section

4.2.2, is in red colour.

Similar conclusions can be made from Figure 5.12 as for Figure 5.6. Specifically, it can be

seen in Figure 5.12 that the state difference between the original system and the tree approxima-

tion system increases with ∑m
i=1 ∑m

j=1 |∆Ai,j|. Moreover, it also can be observed that the system

developed following Section 4.2.2 has the minimum state difference among all the tested tree

approximations.

To investigate the application of tree approximation in disturbance attenuation, the disturbance

propagation characteristics of the original system using the controller designed for the best approx-

imated tree is studied. A uniformly distributed random disturbance between −1 and 1 is injected

into node 30, and the results are plotted in Figure 5.13. It is shown that the disturbance is not

amplified, even though it is not monotonically decreasing along those paths when it is propagating

in the network. Specifically, the peak value of the disturbance during propagation is more than 3

orders of magnitude smaller than that in the origin subsystem.
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5.3 Conclusions

In this chapter, simulations are conducted to validate the theoretical results in Chapters 3 and 4.

The continuous-time results are verified through an interconnected pumped water supply system,

and the discrete-time results is based on a traffic application.

Both continuous-time and discrete-time simulations include three aspects. First, a controller is

designed for a 50-subsystem network following the synthesis method proposed in Section 4.1. By

injecting a disturbance into a subsystem, it is shown that the system is able to attenuate disturbance

along all propagation paths. Therefore, the attenuating controller synthesis method developed in

Section 4.1 is validated. Second, the required computation time for evaluation of sufficient dis-

turbance attenuation conditions is compared to that of necessary and sufficient conditions. The

results show that sufficient conditions are more time efficient. Finally, the efficacy of the tree

approximation method proposed in Section 4.2 is demonstrated via a 50-subsystem non-tree net-

work. The performance of approximation is indicated by the state difference between the original

non-tree system and the tree approximation. The tree-structured system obtained by following

the method in Section 4.2 is compared to 22 other candidate spanning trees. It is observed from

the simulation results that the system developed following Section 4.2 has the best approximation

performance among all tested candidates. Furthermore, a disturbance attenuating controller is de-

veloped for the approximation tree and applied in the original non-tree network. The results show

that the disturbance is not amplified in the non-tree network, and the peak value of the disturbance

is sufficiently small compared to the subsystem where the disturbance originally occurs.



Chapter 6

Contributions and further work

6.1 Summary of contributions

This research has investigated disturbance attenuation in tree-structured interconnected systems,

and an approach to relax the requirements of network topology to “tree-like” systems is proposed.

In particular, the four research aims outlined in Section 2.4 have been achieved and lead to the

following contributions:

1. Development of disturbance attenuation conditions

(a) Necessary and sufficient conditions

Based on Definitions 3.1 and 3.3, necessary and sufficient disturbance attenuation con-

ditions are derived for an interconnected system with a tree topology. These conditions

guarantee that a disturbance is attenuated when it is propagating in the network.

(b) Sufficient conditions

It is found that the verification of the proposed necessary and sufficient conditions

requires global information. Furthermore, the number of operations with those con-

ditions for a network of size m is at least O(m3). When network size increases, the

verification may become difficult due to limited communication and computation re-

sources.

Therefore, sufficient conditions are developed by taking advantage of the tree topology

of the network. These sufficient conditions can be checked locally by each subsystem.

Moreover, the verification is more time efficient, as onlyO(m2) operations need to be

taken.

85
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2. Development of disturbance attenuating controllers

The proposed sufficient disturbance attenuation conditions are incorporated into a controller

design problem, in order to guarantee that the resulting closed-loop system attenuates dis-

turbance.

(a) Centralised controller design

A centralised controller synthesis method is developed by formulating a convex op-

timisation problem. This problem considers minimum number of requirements for a

tree-structured disturbance attenuating system: tree topology, disturbance attenuation,

and stability. In particular, the disturbance attenuation constraint is guaranteed by a

convex approximation of the proposed sufficient disturbance attenuation conditions.

(b) Distributed controller design

As discussed in Section 2.4, centralised design may not be possible, when the net-

work is in large-scale and computation resources are limited. Therefore, the opti-

misation problem formulated for centralised controller design is broken up to sub-

problems, which can be solved locally by each subsystem through communication

between neighbouring subsystems. The decentralisation of the problem is mainly

facilitated by taking advantage of the sufficient disturbance attenuation conditions.

Specifically, it is found that the stability condition requiring global information can

be removed, as disturbance attenuation conditions which depend on local information

can also guarantee asymptotic stability according to Gershgorin theorem.

3. Development of a tree approximation method

This work proposes a tree approximation method, which is facilitated by extracting the

MST from a non-tree network, such that given any controllers that accepts the selected tree

structure, the state trajectories of the resulting non-tree closed-loop system are close to the

tree system. This method can widen the scope of this research by applying Contributions 1

and 2 to more general cases.

4. Validation of results through numerical examples

Water supply systems and multi-region perimeter controlled transportation networks are
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simulated to verify the theoretical results proposed for continuous-time and discrete-time

systems in this thesis, respectively. The simulation mainly includes three aspects, and simi-

lar conclusions are drawn for both examples:

(a) Validation of the attenuating controller design method

A controller is designed for a 50-subsystem network following the synthesis method

in Contribution 2. It is shown that the resulting system is able to attenuate disturbance

along all disturbance propagation paths.

(b) Demonstration of time efficiency of sufficient disturbance attenuation conditions

The time efficiency of the sufficient conditions is demonstrated via a comparison to

necessary and sufficient conditions. The simulation results show that the sufficient

conditions outperform the necessary and sufficient conditions in terms of verification

time consumption, especially when the network size is large.

(c) Performance demonstration of the tree approximation method

A tree approximation system is obtained from a non-tree network following the tree

approximation method, and its approximation performance is compared to various

arbitrarily selected tree approximation candidates. The performance is indicated by

the state difference between the original system and the approximation system. The

simulation results show that the tree approximation system following the developed

method outperforms other candidates under this performance metric.

6.2 Publications

The outcomes of this thesis are published or under review for publication in the following journals

and conferences.

– Y. Zhu, I. Shames, C. Manzie “Stability analysis for distributed perimeter controlled traffic

networks” In American Control Conference (ACC), 2016, pp. 809–814, Boston, USA, July

2016.
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– Z. Hao, R. Boel, Y. Zhu, C. Manzie, S. Iman, Z. Li “Flexible hierarchical feedback control

of urban traffic” In EUROCAST, pp. 294.

– Y. Zhu, I. Shames, C. Manzie “Disturbance Attenuation in Discrete-time Tree-Structured

Interconnected Systems” In Automatica, under review.

6.3 Further work

Opportunities for further work, both theoretical and applied, are outlined in the following discus-

sion.

1. Disturbance propagation analysis for high-order subsystems

This research considers a network with first-order subsystems. The disturbance attenuation

analysis is substantially simplified by the first-order state equation. Although such systems

can be found in a large variety of applications, the disturbance attenuation results in this

work can be extended to more general cases with high-order descriptions by generalising

some of the ideas introduced in this research.

2. Further investigation of tree approximation

In this research an approach is proposed to provide the best tree approximation for a non-

tree network. From the simulation results, it is observed that the disturbance is not amplified

in the original non-tree network for a given example. Further research could investigate that

how to extend the proposed controller synthesis method to “tree-like” systems such that the

non-tree system can attenuate disturbance.

3. Realistic traffic simulation environment

In this work, the simulations are conducted in MATLAB/SIMULINK. In particular, the

MFD is based on the observations from Yokohama and is captured by a polynomial func-

tion. However, as introduced in Section 2.3.1, the shape of MFD can be affected by signal

settings and the infrastructure characteristics, etc. Therefore, it would be beneficial to imple-

ment the disturbance attenuation controllers in realistic traffic simulators such as SUMO or
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AIMSUN. The performance of the controller could be demonstrated under more complex

and realistic scenarios.
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