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Abstract

This thesis investigates the identifiability of linear Ordinary Differential Equation

(ODE) and Stochastic Differential Equation (SDE) systems within the context of causal

inference. The motivation for this study arises from the widespread use of dynamical sys-

tems to model real-world phenomena in various scientific and engineering fields. Reliable

identification of model parameters or system generators is crucial for understanding un-

derlying mechanisms, predicting system behavior, and informing policy or interventions.

Identifiability for linear ODE systems involves determining when system parameters can

be uniquely recovered from observations, while for linear SDE systems, it focuses on iden-

tifying when the generator of the system can be uniquely recovered from the observational

distribution. Such identifiability is fundamental for meaningful interpretation and reliable

causal inference in dynamical systems modeling.

The thesis addresses three critical challenges: identifiability conditions for linear ODE

systems from discrete observations, identifiability analysis of linear ODE systems with

hidden confounders, and generator identification for linear SDE systems with additive and

multiplicative noise. For linear ODE systems from discrete observations, key contributions

include deriving explicit identifiability conditions, establishing asymptotic properties such

as consistency and asymptotic normality of parameter estimators, and developing methods

for causal structure inference. For linear ODE systems with hidden confounders and

linear SDE systems, the thesis derives explicit identifiability conditions and validates these

results through comprehensive simulations illustrating the correctness and robustness of

the derived theoretical results.

Overall, this research advances the theoretical understanding of identifiability in linear

dynamical systems, providing essential tools and frameworks for reliable causal inference

in scientific and engineering applications.
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Chapter 1

Introduction

1.1 Background and motivations

1.1.1 Motivation and applications of differential equations

Differential equations—including Ordinary Differential Equations (ODEs) and Stochastic

Differential Equations (SDEs)—are fundamental tools for modeling dynamical systems

across a vast array of scientific and engineering disciplines. These equations describe how

system variables evolve over time under deterministic or stochastic laws. Historically

rooted in classical mechanics, differential equations have provided a unified mathematical

framework for modeling continuous-time evolution in physics, biology, chemistry, eco-

nomics, and engineering.

In physics, Newtonian mechanics, electromagnetism, and thermodynamics are all gov-

erned by ODE systems. In biology, gene regulatory networks, neuronal dynamics, and

enzyme kinetics are modeled using ODE or SDE systems. In epidemiology, SIR-type mod-

els governed by ODE systems describe the spread of infectious diseases. In economics,

macroeconomic indicators, interest rate models, and market dynamics are often formal-

ized using SDE systems to capture uncertainties in policy and behavior. In engineering,

both ODE and SDE systems form the backbone of control theory, signal processing, and

system identification.

In all these domains, understanding system dynamics is not just a matter of predict-

ing the future, but also of understanding how variables causally influence each other.

1



Introduction 2

This causal interpretation is critical when we want to intervene in the system, simulate

alternative policies, or derive counterfactual outcomes. Hence, the identifiability of the

underlying ODE or SDE system—whether its structure and parameters/generators can

be uniquely inferred from data—is of foundational importance.

To appreciate the ubiquity and importance of identifiability in continuous-time mod-

eling, we consider several representative examples:

Systems Biology: Gene regulatory networks are often modeled using ODE or SDE sys-

tems to capture the interactions among genes, proteins, and other molecular components

over time [4–6]. For instance, the expression level of one gene may increase in response

to the activation of another. These systems guide experimental interventions, such as

gene knockouts or targeted drug design. However, if the model is not identifiable, we may

infer the wrong regulatory relationship or fail to determine whether a particular gene is

a driver or a responder.

Pharmacokinetics: In drug development and clinical pharmacology, ODE systems

model how drugs are absorbed, distributed, metabolized, and excreted from the body

[7, 8]. Such systems are used to determine safe and effective dosing regimens. If key

parameters like absorption rate or clearance cannot be uniquely determined from clinical

data (i.e., are unidentifiable), physicians may be misled about the drug’s behavior, leading

to underdosing, toxicity, or reduced therapeutic efficacy.

Climate Modeling: Simple energy-balance models and more complex components of

global climate models use ODE or SDE systems to represent temperature changes, carbon

cycle dynamics, and ocean circulation [9–11]. These systems help forecast long-term

climate patterns and assess the impact of interventions such as emission reduction policies.

Identifiability is crucial here: if two models cannot be distinguished based on observational

data, they may suggest contradictory outcomes following policy interventions, making it

difficult to reliably guide environmental decision-making.

Econometrics: Economic indicators such as inflation and interest rates are frequently

modeled using SDE systems to capture both systematic trends and random economic

shocks [12–14]. These systems inform central bank policies and investment decisions. If

a model is not identifiable, economic forecasts and risk assessments based on it may be

fundamentally flawed, affecting national or global financial stability.
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Neural Engineering: In modeling brain activity, ODE or SDE systems are used to

describe how neuronal populations interact [15–17]. These systems underpin applications

such as seizure prediction, neural prosthetics, and brain-computer interfaces. Identifiabil-

ity determines whether we can accurately infer connectivity patterns or predict outcomes

from interventions like electrical stimulation. Without identifiability, such technologies

may misfire or offer misleading diagnostics.

1.1.2 Causal reasoning in dynamical systems

Recent years have witnessed increasing interest in leveraging ODE and SDE systems for

causal reasoning [18–21]. Causal relationships describe how variables actively influence

one another and how the system responds to deliberate interventions—in contrast to

purely statistical associations. This distinction is critical in domains like biology, epi-

demiology, and economics, where interventions such as administering a drug, knocking

out a gene, or changing a monetary policy are common and consequential.

ODE and SDE systems provide a natural framework for capturing time-continuous

causal relationships [22]. In these systems, the structure of the equations reflects how

variables influence each other over time, and interventions can be represented by mod-

ifying specific components of the system. For example, in an ODE system, setting a

state variable to follow an externally imposed trajectory corresponds to a hypotheti-

cal intervention, enabling one to model counterfactual behaviors. In SDE systems, the

generator—which determines how the stochastic process evolves—plays a central role in

characterizing both observational and interventional distributions.

When interpreted causally, the parameters of an ODE system encode direct causal

effects. For instance, replacing the differential equation governing xi(t) with a user-

defined function ui(t) corresponds to an intervention do(xi(t) = ui(t)) in the structural

causal model framework. Identifiability of the system ensures that such inferences are

grounded in a uniquely recoverable model. Without identifiability, causal interpretation

and prediction under intervention become ambiguous.

The role of identifiability. Identifiability is a fundamental prerequisite for meaningful

inference and decision-making in dynamical systems. If a system is not identifiable, then
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multiple models can explain the same observed behavior, leading to ambiguity in param-

eter estimation, uncertainty in causal interpretation, and potentially invalid predictions

under intervention.

For ODE systems, we typically ask whether the parameters of the model (e.g., rate

constants or interaction strengths) can be uniquely determined from observational data.

For SDE systems, we instead focus on whether the generator is uniquely determined by the

observed data distribution. This is because different combinations of drift and diffusion

parameters may produce indistinguishable behavior in the observed data, making the

generator a more fundamental and identifiable representation of the system’s dynamics.

Without identifiability, any attempt to interpret causal relationships, estimate inter-

vention effects, or simulate future behavior becomes unreliable, even when the data are

ideal. Identifiability is thus a necessary condition for trustworthy modeling, particularly

in high-stakes settings such as medicine, climate science, or economic policy.

1.1.3 Problem statement

This thesis addresses the fundamental problem of identifiability in time-continuous

causal models: under what conditions can we uniquely recover the parameters of a linear

ODE system or the infinitesimal generator of a linear SDE system from observational

data?

We focus on three central questions:

1. When can the matrix governing a linear ODE system be identified from discrete,

noise-free observations, possibly without knowledge of the initial condition?

2. In linear ODE systems with latent variables, what assumptions ensure that partial

or full causal structure can be recovered from observations?

3. For linear SDE systems, under what conditions can the generator be uniquely de-

termined from the observational distribution, and does this guarantee identifiability

of post-intervention distributions?
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These questions are crucial for using ODE and SDE systems in causal inference, where

identifying direct influences and predicting the effects of interventions depend critically

on the model being uniquely determined by the data.

Identifiability ensures that model estimation and causal interpretation are meaningful.

Without it, even perfect observational data may be consistent with multiple, indistinguish-

able models—especially in continuous-time systems where feedback and indirect effects

obscure causal structure. Thus, identifiability is a necessary condition for valid causal

discovery and intervention modeling.

This thesis investigates two complementary notions of identifiability. For linear ODE

systems, we derive conditions under which the parameters can be uniquely recovered

from some amount of observations. For linear SDE systems, we establish when the gen-

erator is identifiable from the observational distribution—ensuring that the effects of

interventions are likewise identifiable. These two cases reflect the different mathematical

properties of deterministic versus stochastic systems.

While identifiability has been studied extensively in control theory and systems biology,

several key challenges remain:

• Discrete measurements: Classical identifiability results often assume access to

full, continuous trajectories and known initial conditions. In practice, however,

data are typically sampled at discrete time points, and sometimes degraded through

aggregation or rescaling. Moreover, the initial conditions are often unknown.

• Hidden confounders: Many real-world systems involve latent variables that affect

the dynamics of observed variables. These hidden confounders can induce spurious

correlations and hinder causal inference.

• Stochastic dynamics: In SDE systems, the generator determines both trajectory

distributions and post-intervention behavior. Yet identifiability results have primar-

ily focused on additive noise under strong assumptions like ergodicity, leaving more

general cases largely unexplored.

This thesis addresses these challenges by developing identifiability theory for more

realistic settings and providing statistical tools that support practical causal inference.
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1.1.4 Related work

1.1.4.1 Identifiability and estimation of linear ODE systems

Identifiability of linear ODE systems. Identifiability of parameters in linear ODE

systems has been a long-standing focus in control theory, where key foundational results

were established under full-state observability and known initial conditions [23–27].

Stanhope et al. [28] conducted a systematic identifiability analysis based on a single

continuous trajectory under the assumption of known initial conditions. Our work extends

this framework to more realistic scenarios with discrete observations and unknown initial

conditions. Specifically, our approach allows for explicit computation of system parame-

ters from equally spaced, noise-free observations sampled from a single trajectory. More

importantly, we develop identifiability conditions built entirely on the system parame-

ters, without requiring assumptions such as linear independence among observed vectors.

These advances also enable the derivation of asymptotic properties of the Nonlinear Least

Squares (NLS) estimator, including an analytic form of its asymptotic normality covari-

ance matrix. This facilitates a causal structure inference method based on finite noisy

observations.

Qiu et al. [29] explored practical aspects of identifiability analysis of linear ODE sys-

tems with unknown initial conditions from a single trajectory. They proposed several

quantitative scores for assessing the identifiability of linear ODEs in empirical settings.

While their work is diagnostic in nature, our contributions offer a theoretical basis for

inference in single-trajectory scenarios.

Chapter 3 formalizes these results, establishing when and how the system matrix and

initial condition can be identified from a discretely observed single trajectory. It also

proves that under mild conditions, the NLS estimator is consistent and asymptotically

normal. These results enable valid confidence intervals and hypothesis tests for causal

structure inference.

Parameter estimation in ODE systems. Various methods have been developed for

parameter estimation in ODE systems, including the NLS approach [30–32], two-stage

smoothing [5, 33, 34], and principal differential analysis [35, 36]. Bayesian frameworks [37]

and neural network-based methods [38, 39] have also emerged in recent years. However,
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most neural approaches lack identifiability guarantees and require multiple trajectories.

The NLS method remains a widely used technique, though few works have rigorously

established its asymptotic properties under realistic sampling assumptions. Our work

provides such guarantees with minimal assumptions and demonstrates the theoretical

soundness of the NLS estimator in discrete settings.

ODE systems with hidden confounders. Latent variables present a significant chal-

lenge to causal inference in ODE systems, yet systematic identifiability analysis in this

context is limited. Chapter 4 fills this gap by investigating linear ODE systems under two

general forms of hidden confounding: (i) independent latent inputs with known functional

forms, and (ii) dynamically evolving latent states structured by a Directed Acyclic Graph

(DAG). Sufficient identifiability conditions are derived for each case, supporting causal

discovery in scenarios where full observability is not attainable.

1.1.4.2 Identifiability of linear SDE systems

Identifiability of SDE systems is typically studied in the context of Gaussian diffusions

and continuous trajectories [40–42]. These works often assume strong assumptions such

as ergodicity or stability, and typically focus on parameter estimation from a single long

trajectory. An alternative line of work [43–45] investigates discrete-time analogues by

mapping SDEs to vector autoregressive models. However, these approaches usually impose

restrictive spectral conditions on the drift matrix, limiting their applicability to more

general settings.

In the context of causal inference, Hansen and Sokol [21] established a foundational

framework in which the infinitesimal generator of an SDE plays the role of the system’s

causal mechanism. Specifically, the generator uniquely determines post-intervention dis-

tributions under Lipschitz interventions, thereby linking observational and interventional

dynamics. However, an open and fundamental question remains: under what conditions

can this generator be identified from observational data alone? Chapter 5 of this thesis

addresses this challenge by developing a rigorous identifiability analysis for linear SDE

systems. It establishes necessary and sufficient conditions for identifying the generator

in the additive-noise setting and introduces generic sufficient conditions for systems with

multiplicative noise. These results are accompanied by geometric interpretations that pro-

vide insight into the structural mechanisms underlying identifiability. Importantly, the
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chapter demonstrates that generator identifiability ensures the recovery of all Lipschitz-

continuous post-intervention distributions, thereby offering a robust foundation for causal

reasoning in stochastic dynamical systems.

1.1.4.3 Differential equations and causal reasoning

Differential equations—both deterministic and stochastic—provide a natural formalism

for representing causal relationships in continuous-time systems. A growing body of

work [18–20] has developed formal links between ODEs, Random Differential Equations

(RDEs), and Structural Causal Models (SCMs), showing how differential equations can

encode stable causal mechanisms that generalize to interventions.

In stochastic settings, Hansen and Sokol [21] propose that the infinitesimal generator

of an SDE system uniquely characterizes both observational and interventional behavior,

positioning it as the causal mechanism of the system. This generator-based perspective es-

tablishes a strong theoretical foundation for causal inference in continuous-time stochastic

systems.

On the algorithmic front, causal discovery approaches leveraging neural differential

equations have gained traction. In particular, neural ODE frameworks with sparsity

constraints [46, 47] and neural SDE models [48] offer flexible tools for uncovering causal

structure from data. However, these methods often prioritize predictive accuracy and

model flexibility over identifiability, leaving a gap in understanding when the recovered

structure reflects true causal relationships.

This thesis directly addresses this gap by focusing on the fundamental question of

identifiability. We establish conditions under which the causal mechanisms of a dynami-

cal system—whether encoded through ODE parameters or the generator of an SDE—can

be uniquely recovered from observational data. Our analysis spans a variety of real-

istic observational regimes, including discrete or continuous-time sampling, finite data,

partially-observability, and measurement noise. In certain regimes, we further develop

statistical procedures for consistent estimation and inference. These results provide a

principled foundation for causal reasoning in dynamical systems, complementing algo-

rithmic advances with rigorous identifiability guarantees.
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This thesis advances the field by providing a rigorous identifiability analysis for both

linear ODE and SDE systems with causal interpretation. Chapter 3 develops causal

structure inference methods based on noisy discrete data, Chapter 4 addresses the role

of hidden confounders in dynamical systems, and Chapter 5 formalizes the identifiability

of SDE generators from observational distributions and their link to post-intervention

behavior. These contributions unify and extend the theoretical foundation connecting

differential equations to causal inference.

1.2 Overview and contributions

1.2.1 Main contributions

1. Identifiability of linear ODE systems from discrete observations. Chap-

ter 3 establishes conditions under which a homogeneous linear ODE system is iden-

tifiable from a sequence of discrete observations sampled from a single trajectory,

even when the initial condition is unknown. Under these conditions, the Nonlin-

ear Least Squares (NLS) estimator is shown to be consistent and asymptotically

normal. Confidence intervals and hypothesis tests are derived to support causal

structure inference.

2. Identifiability of linear ODE systems with hidden confounders. Chapter 4

analyzes linear ODE systems affected by hidden confounders. It provides identifia-

bility conditions for two cases: (i) latent inputs with known functional forms, and (ii)

dynamically interacting latent variables following a Directed Acyclic Graph (DAG)

structure. The conditions apply to various data regimes, including continuous and

discrete observations from single or multiple trajectories.

3. Generator identification for linear SDE systems. Chapter 5 studies identifi-

ability of the generator for linear SDE systems. For additive noise, a necessary and

sufficient condition is established. For multiplicative noise, a sufficient condition is

introduced. Both conditions are proved to be generic and interpreted geometrically.

The chapter further shows that generator identifiability ensures the identifiability

of all Lipschitz-continuous post-intervention distributions.
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Together, these results provide a unified theory of identifiability for linear ODE and

SDE systems, accommodating practical data limitations and enabling reliable causal in-

ference from time-series data.

1.2.2 Structure of the thesis

Chapter 2 presents the necessary mathematical preliminaries, including system formu-

lations, observational regimes, and causal semantics. Chapters 3 through 5 contain the

main theoretical results and simulation-based validations. Chapter 6 concludes the thesis

and outlines potential directions for future research.



Chapter 2

Preliminaries

This chapter lays the mathematical and conceptual groundwork for the identifiability

analysis of linear dynamical systems investigated in this thesis. We begin with formal

definitions of linear ODE and SDE systems and their causal semantics, including settings

with hidden confounders. Then we review various observational regimes that affect iden-

tifiability and conclude with a detailed definition of identifiability in both deterministic

and stochastic contexts. These preliminaries set the stage for the identifiability theo-

rems, estimation results, and simulation-based verifications presented in the subsequent

chapters.

2.1 Linear ODE systems

2.1.1 Time-homogeneous formulation

We consider homogeneous linear ODE systems of the form:

ẋ(t) = Ax(t) ,

x(0) = x0 ,
(2.1)

where t ∈ [0,∞), x(t) ∈ Rd denotes the d-dimensional state vector, ẋ(t) is its time

derivative, A ∈ Rd×d is the system matrix, and x0 ∈ Rd is the initial state.

11
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The system admits a unique solution given by:

x(t;x0, A) = eAtx0,

where eAt denotes the matrix exponential. This describes a single trajectory in Rd ini-

tialized at x0 and evolving under the linear flow induced by A.

2.1.2 Systems with hidden confounders

We also study linear ODE systems in which some variables are latent or unobserved. We

consider two types of hidden confounding:

1. Independent latent confounders: Latent variables exhibit no causal relation-

ships among themselves, leading to the following linear ODE system:

ẋ(t)
ż(t)

 =

A B

0 0

x(t)
z(t)

+

 0

f(t)

 ,

x(0)
z(0)

 =

x0

z0

 . (2.2)

2. Causally related latent confounders: Latent variables exhibit causal relation-

ships among themselves, specifically, they follow a DAG structure, represented as:

ẋ(t)
ż(t)

 =

A B

0 G

x(t)
z(t)

 ,

x(0)
z(0)

 =

x0

z0

 . (2.3)

In both systems, x(t) ∈ Rd denotes the state of observable variables x = (x1, x2, . . . , xd),

while z(t) ∈ Rp denotes the state of latent variables z = (z1, z2, . . . , zp). The matrix

B ∈ Rd×p encodes the influence of latent confounders on the observed variables. The

matrix G ∈ Rp×p in (2.3) models the latent causal structure and is assumed to be strictly

upper triangular, reflecting the DAG assumption. f(t) in (2.2) is a general function of

time t. Inference of the parameters A, B, and G from observations of x(t) alone poses

significant challenges due to the unobserved dynamics of z(t).

2.1.3 Causal structure and semantics

When an ODE system captures the underlying causal mechanisms of a dynamical pro-

cess, it offers a natural and principled framework for modeling time-continuous causal
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relationships among variables. The causal structure encoded in such systems can often

be read directly from the differential equations themselves [18, 22].

Let the system variables be denoted by x1, . . . , xd. If the time derivative ẋi depends

on xj , this indicates a direct causal influence from xj to xi, represented as a directed edge

xj → xi in the associated causal graph. For instance, in the linear ODE system (2.1), the

matrix A determines the causal structure among variables: Aij ̸= 0 implies a direct causal

link from xj to xi. Since A is time-invariant, the system corresponds to an autonomous

structural causal model, where causal relations do not change over time.

In systems with latent confounding, the full causal structure includes both observed

and unobserved variables. Figure 2.1 illustrates example causal graphs corresponding to

the ODE systems in (2.2) and (2.3). Notably, cycles and self-loops among observable

variables may arise due to feedback dynamics encoded in A.

Figure 2.1: Example causal structures of the ODE system (2.2) and (2.3).

2.2 Linear SDE systems

We study multidimensional linear SDEs with both additive and multiplicative noise. Let

W := {Wt = [W1,t, . . . ,Wm,t]
⊤ : 0 ⩽ t < ∞} denote an m-dimensional standard Brownian

motion defined on a filtered probability space (Ω,F ,P, {Ft}). Let Xt ∈ Rd denote the

state of the system at time t, and let x0 ∈ Rd be the initial condition. We consider two

classes of linear SDEs.
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2.2.1 Additive noise

The first class involves additive noise and takes the form:

dXt = AXtdt+GdWt ,

X0 = x0 ,
(2.4)

where 0 ⩽ t < ∞, A ∈ Rd×d and G ∈ Rd×m are some constant matrices. This SDE admits

an explicit strong solution (cf. [49]):

Xt := X(t;x0, A,G) = eAtx0 +

∫ t

0
eA(t−s)GdWs . (2.5)

Throughout this work, we refer to the strong solution, in the sense of [50], unless stated

otherwise.

2.2.2 Multiplicative noise

We also consider systems with state-dependent (multiplicative) noise, described by the

following SDE:

dXt = AXtdt+
∑m

k=1GkXtdWk,t , X0 = x0 , (2.6)

where 0 ⩽ t < ∞, A,Gk ∈ Rd×d for k = 1, . . . ,m are some constant matrices. This

formulation captures state-dependent volatility and introduces greater modeling flexibility

but also increases the complexity of theoretical analysis, particularly for identifiability.

In general, an explicit closed-form solution for (2.6) is not available. However, when

the matrices A,G1, . . . , Gm commute pairwise—that is, if

AGk = GkA and GkGl = GlGk

holds for all k, l = 1, . . . ,m, then an explicit solution can be obtained (cf. [51]):

Xt := X(t;x0, A, {Gk}mk=1) = exp

{(
A− 1

2

m∑
k=1

G2
k

)
t+

m∑
k=1

GkWk,t

}
x0 .



Preliminaries 15

2.2.3 Generator and distributional semantics

The generator of a stochastic process provides an infinitesimal characterization of its

evolution and plays a central role in connecting sample path behavior with distributional

properties. For a sufficiently regular function f , the generator L of a stochastic process

Xt is defined as

(Lf)(x) = lim
s→0

E[f(Xt+s)− f(Xt)|Xt = x]

s
,

which captures the instantaneous rate of change in the expected value of f(Xt), condi-

tioned on the current state Xt = x.

Both additive and multiplicative linear SDEs considered above conform to the general

Itô process:

dXt = b(Xt)dt+ σ(Xt)dWt , X0 = x0 . (2.7)

where b : Rd → Rd is the drift term and σ : Rd → Rd×m is the diffusion term, both

assumed to be locally Lipschitz continuous. The generator L of the SDE (2.7) can be

explicitly computed by utilizing Itô’s formula (cf. [49]).

Proposition 2.2.1. Let X be a stochastic process defined by the SDE (2.7). The generator

L of X on C2
b (Rd) is given by

(Lf)(x) :=
d∑

i=1

bi(x)
∂f(x)

∂xi
+

1

2

d∑
i,j=1

cij(x)
∂2f(x)

∂xi∂xj
(2.8)

for f ∈ C2
b (Rd) and x ∈ Rd, where c(x) = σ(x) · σ(x)⊤ is a d × d matrix, and C2

b (Rd)

denotes the space of continuous functions on Rd that have bounded derivatives up to order

two.

2.2.4 Causal interpretation and interventions

In the setting of SDE systems, by applying causal reasoning of the system we focus on

deriving conditions under which the post-intervention distributions can be determined

from the observational distribution. Here, for an observational SDE system, an interven-

tion fixes the l-th coordinate to a Lipschitz control ζ
(
X

(−l)
t

)
, where X(−l) denotes the

(d−1)-dimensional vector that results from the removal of the l-th coordinate of X ∈ Rd,

and produces an post-intervention SDE.
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Let L denote the generator of the observational SDE, we know both drift and diffu-

sion coefficients enter L. Crucially, if two observational SDEs share the same generator,

under mild conditions, their post-intervention distributions coincide (Lemma 5.3 of [21]).

Hence identifying L from the observational distribution is sufficient to determine every

post-intervention law, even though the underlying parameter tuple (A,G) or (A, {Gk})

may itself be non-unique. Chapter 5 derives the concrete conditions that guarantee such

generator-identifiability.

2.3 Observational regimes

Identifiability depends as much on how the system is observed as on its intrinsic dynamics.

In this thesis, we formalize five observational settings that serve as a unifying framework.

All experiments presented in Chapters 3–5 fall within these settings: some use a single

setting, while others combine multiple settings (e.g., partial measurements together with

discrete time points). Not all settings appear in every chapter, but collectively they cover

the full range of experiments in this thesis. They fall into two broad classes.

2.3.1 Direct state observations

i) Full trajectories. Every component of the state x(t) ∈ Rd is recorded continuously

on a time–interval [0, T ] or [0,∞). Each trajectory starting from a given initial state

x0 is a single trajectory.

ii) Discrete time points. Only a finite sequence {x(tk)}nk=0 is available, the spacing

tk+1 − tk = ∆t could be the same or different among different steps, representing

equally-spaced or randomly-spaced discrete observations.

iii) Partial measurements. In addition to observable x(t), there are also unobservable

z(t) interact with the system, making the system only partially observable.

2.3.2 Degraded observations

iv) Temporal aggregation. The observations are the average values of k consecutive,

non-overlapping measurements, with k ≥ 2.
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v) Time scaling. Experiments sometimes normalise time via τ = k t, so the recorded

path is x̃(τ) = x(k−1τ).

The remainder of the thesis analyses identifiability of linear ODE and SDE systems un-

der these observational regimes, always under the idealisation of noise-free measurements

so as to isolate structural from statistical issues.

2.4 Identifiability

Let Θ denote the parameter space of a model family and

Θ ∋ θ 7−→ D(θ)

be the data map, i.e. the ideal, noise-free observational object produced under a fixed

regime from Section 2.3. We now make two target-specific notions of identifiability ex-

plicitly.

2.4.1 Parameter-identifiability for linear ODE systems

Let ΘODE be the parameter space corresponding to the linear ODE systems we consider.

Definition 2.1 (Parameter-identifiability). The linear ODE system is identifiable under

a given observational regime if

D(θ1) = D(θ2) =⇒ θ1 = θ2, ∀ θ1, θ2 ∈ ΘODE.

Here D(θ) is a set of exact state values (full trajectory, discrete samples, aggregated

measurements, etc.). Chapters 3 and 4 establish conditions under which Definition 2.1

holds in each observational regime.
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2.4.2 Generator-identifiability for linear SDE systems

For linear SDE systems (2.4) and (2.6), many distinct parameter tuples (A,G) or (A, {Gk})

can generate the same stochastic law. The causally relevant object is therefore the in-

finitesimal generator. Let L be the corresponding mapping from parameter to generator,

let ΘSDE be the parameter space corresponding to the SDE systems we consider.

Definition 2.2 (Generator-identifiability). The generator of a linear SDE system is iden-

tifiable under a specified observational regime if

D(θ1) = D(θ2) =⇒ L(θ1) = L(θ2), ∀ θ1, θ2 ∈ ΘSDE.

Distinct (A,G) pairs sharing the same L produce identical observational and interven-

tional behaviour; identifying L is both necessary and sufficient for causal prediction, while

identifying each parameter separately is unnecessary and often impossible [21]. Chapter 5

establishes conditions under which Definition 2.2 holds for additive noise and for multi-

plicative noise.

Once either system parameters for ODE systems or generator for SDE systems are

uniquely identified, corresponding continuous-time interventions can be safely made, pro-

viding a reliable causal inference of the dynamical systems.



Chapter 3

Identifiability and Asymptotics in

Learning Linear ODE Systems

from Discrete Observations

Ordinary Differential Equations (ODEs) have recently gained a lot of attention in machine

learning. However, the theoretical aspects, for example, identifiability and asymptotic

properties of statistical estimation are still obscure. This chapter derives a sufficient

condition for the identifiability of homogeneous linear ODE systems from a sequence of

equally-spaced error-free observations sampled from a single trajectory. When observations

are disturbed by measurement noise, we prove that under mild conditions, the parameter

estimator based on the Nonlinear Least Squares (NLS) method is consistent and asymptotic

normal with n−1/2 convergence rate. Based on the asymptotic normality property, we

construct confidence sets for the unknown system parameters and propose a new method

to infer the causal structure of the ODE system, that is, inferring whether there is a

causal link between system variables. Furthermore, we extend the results to degraded

observations, including aggregated and time-scaled ones. We also construct simulations

with various system dimensions to illustrate the established theoretical results.

This chapter is derived from the following publication: Identifiability and Asymptotics in Learning
Homogeneous Linear ODE Systems from Discrete Observations [1]

19
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3.1 Introduction

Ordinary Differential Equations (ODEs) have been widely used to model dynamic systems

in various scientific fields such as physics [52–54], biology [55–58], and economics [59–61].

In recent years, ODEs are also attracting increasing attention in the machine learning

community. For instance, ODEs have been used to build new families of deep neural

networks [62–64] and the connection between ODEs and structural causal models has

been established [18, 19].

Existing works mostly focus on the parameter estimation of ODEs [32, 33, 35, 55, 65–

68]. However, before estimating the unknown parameters, it is essential to perform an

identifiability analysis of an ODE system; that is, uncovering the mathematical conditions

under which the parameters can be uniquely determined from noise-free observations. If a

system is not identifiable, the estimation procedure may produce erroneous and misleading

parameter estimates [29]. This is detrimental in many applications; for example, the

estimated parameter can easily lead to wrong causal structures of non-identifiable ODE

systems.

The contribution of this chapter are summarized as follows:

Derive identifiability condition for linear ODEs from discrete observations.

We derive the condition for the identifiability of homogeneous linear ODE systems from

discrete observations (collected at discrete time points). Specifically, we consider the set-

ting where the observations are sampled from a single trajectory generated from one initial

condition. This setting is prevalent in applications that can only access a single trajectory

due to the unrepeatable process of the measurements collection. Our identifiability anal-

ysis is built upon the work of Stanhope et al. [28], which constructs a systematic study of

the identifiability of homogeneous linear ODE systems from a continuous trajectory with

known initial conditions. Our research extends this framework to more practical scenarios

where we only have discrete observations and do not know the initial conditions.

Derive asymptotic properties for NLS estimator. Based on our identifiability

results, we study the asymptotic properties of parameter estimation from data with mea-

surement noises. We focus on the estimator obtained by the Nonlinear Least Squares

(NLS) method, which is simple and widely used in dynamical systems [69–73]. How-

ever, the asymptotic properties of NLS based estimators for ODE systems have not been
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systematically studied due to the lack of identifiability conditions. We prove that un-

der mild conditions, the NLS estimator is consistent and asymptotic normal with n−1/2

convergence rate. In addition, based on the established asymptotic normality theory, we

construct the confidence sets of unknown parameters and propose a new method to infer

the causal structure of ODE systems, that is, inferring whether there is a causal link

between system variables.

Extend theoretical results to degraded observations. We extend the consistency

and asymptotic normality results to the observations with degraded quality, including

aggregated and time-scaled observations. The aggregated observations are usually caused

by time aggregation in the data collection process [74]. The time-scaled observations result

from data preprocessing to fit the ODE model. We prove that the ODE model generating

the original observations is identifiable from the degraded observations. The asymptotic

properties can be naturally extended given the identifiability results. Simulations with

various system dimensions are constructed to verify the developed theoretical results.

3.2 Identifiability condition of linear ODE systems

Linear ODE systems hold significant importance in modelling and comprehending the

dynamics of various real-world phenomena across diverse disciplines. For instance, well-

established examples such as the Spring-Mass-Damper system [75], the simple population

growth model [76], and the heat cooling problem model [77] all belong to the category of

linear ODE systems. These systems often admit closed-form analytical solutions, thereby

facilitating precise predictions of system behaviour and enabling detailed analysis. More-

over, linear ODE systems serve as a foundation for approximating nonlinear systems

through linearization techniques, providing valuable insights into the more intricate non-

linear system behaviour. In this chapter, we focus on an important special case of linear

ODE systems: the homogeneous linear ODE system.

A homogeneous linear ODE system can be defined as:

ẋ(t) = Ax(t) ,

x(0) = x0 ,
(3.1)
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where t ∈ [0,∞) denotes the independent variable time, x(t) ∈ Rd denotes the state of the

ODE system at time t, ẋ(t) denotes the first derivative of x(t) with respect to time t, and

we refer to both the parameter matrix A ∈ Rd×d and the initial condition x0 ∈ Rd as the

system parameters. In this chapter we focus on ODE systems with complete observation,

that is, all state variables are observable. Therefore, the measurement model can be

described as:

y(t) = x(t) . (3.2)

The solution of ODE system (3.1) can be explicitly expressed as:

x(t;x0, A) = eAtx0 , (3.3)

which is also called a trajectory. The symbol e in Equation (3.3) denotes the matrix

exponential function. In this chapter, we focus on identifiability analysis of the ODEs

from observations sampled from a single d-dimensional trajectory generated with an

initial condition x0. Under the setting of our work, the term identifiability means that

given the error-free observation from a single trajectory of the ODE system, whether the

system parameters A and x0 can be uniquely determined.

3.2.1 Identifiability condition from a whole trajectory

Given a fixed initial condition x0, Stanhope et al. [28] derived a necessary and sufficient

condition for identifying the ODE system (3.1) from a whole trajectory, {eAtx0}t∈[0,∞),

that is, {x0, Ax0, . . . , A
d−1x0} are linearly independent. The notation Ak denotes the

kth power of the matrix A, represented as the product of k copies of matrix A, that

is, Ak = A × A × . . . × A. However, in practice, we cannot usually observe the initial

condition x0. Under this practical circumstance, we need to treat the initial condition

also as a system parameter and identify it from the data. In the following, we extend the

identifiability definition and condition in [28] to the case where both parameter matrix A

and initial condition x0 are system parameters.

Definition 3.1. Let (M0,Ω) be given parameter spaces, with M0 ⊂ Rd and Ω ⊂ Rd×d.

The ODE system (3.1) is said to be identifiable in (M0,Ω), if for all x0,x
′
0 ∈ M0 and all

A,A′ ∈ Ω, with (x0, A) ̸= (x′
0, A

′), it holds that x(·;x0, A) ̸= x(·;x′
0, A

′).
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Here x(·;x0, A) ̸= x(·;x′
0, A

′) means that there exists at least one t ≥ 0 such that

x(t;x0, A) ̸= x(t;x′
0, A

′). Then we establish the condition for identifiability of the ODE

system based on Definition 3.1.

Lemma 3.2. Suppose that M0 ⊂ Rd and Ω ⊂ Rd×d are both open subsets. Then the ODE

system (3.1) is identifiable in (M0,Ω) if and only if {x0, Ax0, . . . , A
d−1x0} are linearly

independent for all x0 ∈ M0 and all A ∈ Ω.

The proof of Lemma 3.2 is a straightforward extension of the proof of Theorem 2.5 in

[28] and can be found in Appendix A.1.1. From the Lemma, we can see that the condition

for identifying the system parameters (A,x0) is the same as that for only identifying A,

except that the linear independence condition needs to hold for all possible x0 in M0.

3.2.2 Identifiability condition from discrete observations

In practice, typically, we can only access a sequence of discrete observations sampled from

a trajectory instead of knowing the whole trajectory. Thus, from now on, we focus on the

case where only discrete observations from a trajectory are available. In particular, We

extend the identifiability definition of the ODE system (3.1) as follows.

Definition 3.3 ((x0, A)-identifiability). For x0 ∈ Rd and A ∈ Rd×d, for any n0 ≥ 1, let

tj , j = 1, . . . , n0 be any n0 time points and xj := x(tj ;x0, A) be the error-free observation

of the trajectory x(t;x0, A) at time tj . We say the ODE system (3.1) is (x0, A) identifiable

from x1, . . . ,xn0 , if for all x′
0 ∈ Rd and all A′ ∈ Rd×d, with (x′

0, A
′) ̸= (x0, A), it holds

that ∃j for j = 1, . . . , n0, such that x(tj ;x
′
0, A

′) ̸= x(tj ;x0, A).

This definition is inspired by [29, Definition 1.6], and it is not a simple extension of

Definition 3.1 to discrete observations when M0 := Rd and Ω := Rd×d. The reason is

that in Definition 3.3, the initial condition x0 and parameter matrix A are fixed, and

x′
0 and A′ are an arbitrary vector and an arbitrary matrix in M0 and Ω respectively.

However, in Definition 3.1, both x0 and x′
0 are arbitrary vectors in M0 and both A

and A′ are arbitrary matrices in Ω. In other words, Definition 3.3 describes an intrinsic

property of a single system instead of a collective property of a set of systems. In dealing

with the identifiability problem of an ODE system, we aim to check whether the true

underlying system parameter (x0, A) is uniquely determined by error-free observations.
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Therefore, (x0, A)-identifiability described in Definition 3.3 is a more natural way to

define the identifiability of the ODE system from the practical perspective, and all of the

other relevant definitions and theorems in the rest of this chapter are derived based on

Definition 3.3.

To derive the identifiability condition from discrete observations, we focus on the

equally-spaced observations. Specifically, data are collected on an equally-spaced time

grid, that is, tj+1− tj = ∆t for a constant ∆t > 0 and j = 1, 2, . . .. The motivation is that

a time series is most commonly collected equally spaced in practice, which follows the stan-

dard rules of collecting data either from a scientific experiment or a natural phenomenon.

Then, based on Definition 3.3, we derive a sufficient condition for the identifiability of the

ODE system from discrete observations.

Theorem 3.4. For x0 ∈ Rd and A ∈ Rd×d, the ODE system (3.1) is (x0, A) identifiable

from any d + 1 equally-spaced error-free observations x1,x2, · · · ,xd+1, if the following

two conditions are satisfied.

A1 {x0, Ax0, . . . , A
d−1x0} are linearly independent.

A2 Parameter matrix A has d distinct real eigenvalues.

The proof of Theorem 3.4 can be found in Appendix A.1.2. Here, any d+ 1 equally-

spaced error-free observations means that the time interval between two consecutive ob-

servations: ∆t can take any positive value. In other words, the identifiability of the ODE

system will not be influenced by the time-space between consecutive observations.

Now, in addition to the identifiability condition from a whole trajectory (condition A1),

when only discrete observations are available, we further require that A has d distinct real

eigenvalues (condition A2). This condition seems to be restrictive, however, due to the lim-

ited observations (a set of equally-spaced observations sampled from a single trajectory),

the condition cannot be relaxed. The reasons are as follows: (1) Distinct eigenvalues:

as discussed in [29], almost every A ∈ Rd×d (with respect to the Lebesgue measure on

Rd×d) has d distinct eigenvalues based on random matrix theory [78, 79]. Therefore, A has

d distinct eigenvalues is a natural and reasonable assumption. In addition, to guarantee

the ODE system (3.1) is (x0, A) identifiable from any d + 1 equally-spaced observations

sampled from a single trajectory, we need d consecutive observations of them to be lin-

early independent. To ensure any d equally-spaced observations sampled from a single
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trajectory are linearly independent, matrix A has d distinct eigenvalues is a necessary

condition. Moreover, in Section 3.3.2, to derive the explicit formula of the asymptotic

covariance matrix of the NLS estimator’s asymptotic normal distribution, we require

the parameter matrix has d distinct eigenvalues. (2) Real eigenvalues: according to

[28, Corollary 6.4], a matrix with complex eigenvalues is not identifiable from any set of

equally-spaced observations sampled from a single trajectory. Therefore, we require the

eigenvalues to be real.

Our identifiability condition here is sufficient but not necessary. However, it allows us

to derive explicit expressions of A and x0 in terms of the observations. To see this, we

set Φ(t) := eAt, and let Xj denote the matrix (xj ,xj+1, . . . ,xj+d−1) ∈ Rd×d for j = 1, 2.

Then X2 = Φ(∆t)X1. We show in the proof that X1 is nonsingular if A has d distinct

eigenvalues, and thus, Φ(∆t) = X2X
−1
1 . Finally, we can obtain a unique real A by taking

logarithm of eA∆t = X2X
−1
1 if A has d distinct real eigenvalues [28, Theorem 6.3]. The

initial condition x0 can then be calculated by e−At1x1. Please refer to Appendix A.1.2

for the detail.

Worth mentioning that we can not check whether the proposed identifiability condi-

tions are satisfied in practice since we do not have access to the real underlying system

parameters in practical applications. Nevertheless, studying the identifiability conditions

of the dynamical system provides us with a better understanding of the system. Moreover,

in practice, we can use models satisfying the conditions (through constrained parameter

estimation) to learn the real-world data to ensure the learned model’s identifiability.

Remark If the ODE system is identifiable from a set of discrete observations sampled

from a single trajectory, the system can also be identifiable from the whole corresponding

trajectory.

3.2.3 Identifiability condition from degraded observations

In practice, there are cases where we have no records of the original observations of

the ODE system and can only access the degraded observations instead. Is the ODE

system still identifiable? Furthermore, will the parameter change? We are interested in

addressing the problem of identifiability under degraded observations. In particular, we

are interested in the aggregated and time-scaled observations.
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According to Theorem 3.4, under assumptions A1 and A2, the ODE system (3.1) is

(x0, A) identifiable from n equally-spaced error-free observations X := {x1,x2, . . . ,xn},

for any n > d. Based on these n observations, in the following, we define the aggregated

and time-scaled observations.

Definition 3.5 (aggregated observations). Let k ≥ 2 be an integer and ñ = ⌊n/k⌋, where

⌊·⌋ denotes the floor function. For each j = 1, 2, . . . , ñ, we define x̃j :=
(
x(j−1)k+1 +

x(j−1)k+2+ · · ·+xjk

)
/k, the average values of k consecutive, non-overlapping observations

inX, starting from time t̃j := t(j−1)k+1. We call X̃ := {x̃1, x̃2, . . . , x̃ñ} a set of aggregated

observations from X.

For notational simplicity, we use the same notation for aggregated and time-scaled

observations from here on.

Definition 3.6 (time-scaled observations). Let k > 0 be a constant and ñ = n. For

each j = 1, 2, . . . , ñ, defining t̃j := ktj be the scaled time, the time-scaled observation at

time t̃j , denoted by x̃j , equals xj . We call X̃ := {x̃1, x̃2, . . . , x̃ñ} the set of time-scaled

observations from X at the scaled time grid {t̃1, . . . , t̃ñ}.

Remark Aggregated/time-scaled observations X̃ follow new ODE systems as (3.1) but

with different initial condition and parameter matrix, denoted respectively by x̃0 and Ã,

and we call the new ODE systems aggregated/time-scaled ODE systems.

Having defined the aggregated/time-scaled observations, we now derive the conditions

for identifying the original ODE system with parameters x0 and A from them. In addition

to conditions A1 and A2, a common identifiability condition from aggregated/time-scaled

observations is

A3 The sample size of the aggregated/time-scaled observations ñ > d.

3.2.3.1 Identifiability condition from aggregated observations

Though the identifiability of vector auto-regressive model from aggregated observations

has been studied [74, 80], the identifiability condition of ODEs from aggregated observa-

tions remains unknown. Based on Theorem 3.4, we derive the following corollary.



Identifiability of Linear ODE Systems from Discrete Observations 27

Corollary 3.7 (aggregated observations). If conditions A1-A3 are satisfied, where x0 ∈

Rd and A ∈ Rd×d, then the aggregated ODE system parameters x̃0 and Ã can be uniquely

determined by the aggregated observations X̃, and the original ODE system (3.1) (with

parameters x0 and A) is (x0, A) identifiable from the aggregated observations X̃, with

x0 = k(I + eA∆t + · · ·+ eA(k−1)∆t)−1x̃0 and A = Ã.

The proof of Corollary 3.7 can be found in Appendix A.1.3. This corollary implies

that the ODE system (3.1) is still identifiable from the aggregated observations under

mild conditions. Moreover, the new parameter matrix corresponding to the aggregated

ODE system is the same as that of the actual model, that is, Ã = A.

3.2.3.2 Identifiability condition from time-scaled observations

Time plays a critical role in ODE systems. However, in practical applications, using the

actual time of the system directly may cause inconvenience. A common practice is to use

the method defined in Definition 3.6 to scale the actual timeline into a fixed one, such

as [0,1], to simplify the calculation [38, 77]. How will the time scaling affect the causal

relationship between variables, that is, parameter matrix A? This motivates us to derive

the following corollary.

Corollary 3.8 (time-scaled observations). If conditions A1-A3 are satisfied, where x0 ∈

Rd and A ∈ Rd×d, then the time-scaled ODE system parameters x̃0 and Ã can be uniquely

determined by the time-scaled observations X̃, and the original ODE system (3.1) (with

parameters x0 and A) is (x0, A) identifiable from the time-scaled observations X̃, with

x0 = x̃0 and A = kÃ.

The proof of Corollary 3.8 can be found in Appendix A.1.4. This corollary implies

that the ODE system (3.1) is identifiable from the time-scaled observations, and the new

parameter matrix corresponding to the time-scaled ODE system is reduced by a factor of

k from the parameter matrix corresponding to the actual model, that is, Ã = A/k. This

corollary provides theoretical support for time scaling and implies that one can safely

scale the actual timeline into a fixed one for the ODE system (3.1).
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3.3 Asymptotic properties of the NLS estimator

Now that we have established the sufficient condition for the identifiability of the ODE

system from discrete error-free observations. However, in practical applications, the obser-

vations are typically disturbed by measurement noise. In this case, one can not calculate

the true unknown parameters explicitly from eA∆t = X2X
−1
1 and x0 = e−At1x1. Instead,

we resort to parameter estimation procedures to estimate the unknown parameters. In this

section, we will investigate the asymptotic properties of the parameter estimator based on

the Nonlinear Least Squares (NLS) method. First, we introduce the measurement model

and the NLS method.

Measurement model. Suppose the system state x(t) in ODE system (3.1) is measured

with noise at time points t1, . . . , tn, with ti ∈ [0, T ] for all i = 1, . . . , n, and 0 < T < +∞.

Abusing notation a bit, from now on, we use θ := (x0, A) ∈ Rd+d2 to vectorize the

parameters x0, A. We further let Θ := (M0,Ω) to denote the parameter space, where

M0 ⊂ Rd and Ω ⊂ Rd×d. The true parameter is denoted as θ∗ := (x∗
0, A

∗). Then the

measurement model can be described as:

yi = x(ti;θ
∗) + ϵi = eA

∗tix∗
0 + ϵi , (3.4)

for all i = 1, . . . , n, where yi ∈ Rd denotes the noisy observation at time ti and ϵi ∈ Rd is

the measurement error at time ti.

Nonlinear least squares (NLS) method is well used for parameter estimation in

nonlinear regression models including ODEs [32, 81]. In the following, based on the

identifiability condition we build in Section 3.2, with mild assumptions, we show the

consistency and asymptotic normality of the NLS estimator.

Suppose the ODE system (3.1) is (x∗
0, A

∗) identifiable from a set of equally-spaced

error-free observations sampled from a single trajectory: x1, . . . ,xn, with xi = x(ti;θ
∗) =

eA
∗tix∗

0 and ti ∈ [0, T ] for all i = 1, . . . , n, then the true parameter θ∗ = (x∗
0, A

∗) uniquely

minimizes:

M(θ) =
1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt , (3.5)

where ∥ · ∥2 denotes the Euclidean norm. The proof is straightforward, since the ODE

system (3.1) is (x∗
0, A

∗) identifiable from x1, . . . ,xn, the ODE system (3.1) is also (x∗
0, A

∗)
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identifiable from the corresponding trajectory at time [0, T ], which implies that M(θ)

attains its unique global minimum at θ∗. In practical applications, typically, one can only

access the noisy observation yi’s as described in (3.4). Therefore, we propose to estimate

θ∗ by minimizing the empirical version of M(θ), which is

Mn(θ) =
1

n

n∑
i=1

∥ yi − eAtix0 ∥22 . (3.6)

That is, the NLS estimator of θ∗ is defined as

θ̂n = argmin
θ∈Θ

Mn(θ) .

Assumptions. Now we investigate the asymptotic properties of the NLS estimator θ̂n.

We first list all the required assumptions:

A4 Parameter space Θ is a compact subset of Rd+d2 .

A5 Error terms {ϵi} for i = 1, . . . , n are independent and identically distributed random

vectors with mean zero and covariance matrix Σ = diag(σ2
1, . . . , σ

2
d), where 0 < σ2

j <

∞ for all j = 1, . . . , d.

A6 We have n equally-spaced observations Y := {y1, . . . ,yn}, where yi is defined by

measurement model (3.4). Without loss of generality, we assume observation time

starts with t1 = 0, ends with tn = T , and thus the equal time space ∆t = T/(n−1).

A7 θ∗ is an interior point of the parameter space Θ.

In addition to the aforementioned assumptions A4-A7, assumptions A1 and A2 stated

in Theorem 3.4 are required with respect to the true parameter θ∗ = {x∗
0, A

∗}. These

two assumptions guarantee the ODE system (3.1) is (x∗
0, A

∗) identifiable from any d+ 1

equally-spaced error-free observations sampled from the trajectory x(·;x∗
0, A

∗). A1 and

A2 are needed because the identifiability of the system is a prerequisite for obtaining a

consistent parameter estimator. A4 is commonly used in deriving consistency for param-

eter estimators, as demonstrated in references such as [82, Thm 2.1, Thm 2.5, Thm 2.6].

While alternative conditions for consistency exist without the compactness assumption,

they typically require the objective function to be convex [82]. Given that our objective

function Mn(θ) is not convex, the compactness assumption remains indispensable. The
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compactness assumption implicitly requires having known bounds on the true parameter

values, which can be challenging to check in real-world situations since the true param-

eters of the ODE systems are unknown. However, since our derived confidence sets do

not depend on the bounds of the parameter values, we may safely assume enormously

large parameter boundaries. Consequently, in practical applications, there is no need to

verify this assumption, and the derived statistical inferences will remain unaffected. A5

is a common way to define measurement noise, note that we do not require the error

terms follow a normal distribution. It is worth mentioning that the error terms are not

necessarily identically distributed. In other words, one can easily generate our theoretical

results for cases that only require the error terms being independently distributed. A6

ensures the observations are collected at equally-spaced time points, following the rules of

observations collection required by Theorem 3.4. Assumption A7 is a standard condition

for proving asymptotic normality [32, 83, 84].

3.3.1 Consistency

In this subsection, we study the consistency of the NLS estimator. An estimator is said

to be consistent, if it converges in probability to the true value of the parameter.

Theorem 3.9. Suppose assumptions A1, A2 are satisfied with respect to θ∗ and assump-

tions A4-A6 hold, the NLS estimator θ̂n
p−→ θ∗, as n → ∞.

The notation
p−→ stands for convergence in probability. The proof of Theorem 3.9 can

be found in Appendix A.1.5. This theorem shows the consistency of our NLS estimator

θ̂n to the true θ∗. That is, as n goes to infinity, the NLS estimator θ̂n converges to the

true system parameters θ∗ with probability approaching 1. Note that the consistency of

the estimator is a necessary condition for the estimator’s asymptotic normality.

In the case where we only observe degraded data, we let Ỹ := (ỹ1, ỹ2, . . . , ỹñ) denote

the noisy aggregated/time-scaled data, which are collected from the original observations

Y in the same way as the corresponding error-free observations X̃ from X defined in

Definition 3.5/3.6. Then we can estimate the corresponding parameters θ̃
∗
:= (x̃∗

0, Ã
∗)

by minimizing the NLS objective function in (3.6), with the data replaced by Ỹ . Let

such an estimator be
ˆ̃
θ := (ˆ̃x0,

ˆ̃A). Using the relationship between θ̃
∗
and θ∗ found in

Corollary 3.7/3.8, we can define a mapping g : Rd+d2 → Rd+d2 from θ̃
∗
to θ∗, and obtain
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an estimator of θ∗ by θ̂ñ := g(
ˆ̃
θ). In the following, we present the expressions of g and the

consistency of the NLS estimators by using the aggregated and time-scaled observations,

respectively.

Corollary 3.10 (aggregated observations). Suppose assumptions A1, A2 are satisfied

with respect to θ∗ and assumptions A3-A6 hold, the NLS estimator θ̂ñ
p−→ θ∗, as ñ → ∞,

where θ̂ñ := g(
ˆ̃
θ) :=

(
k(I + e

ˆ̃A∆t + · · ·+ e
ˆ̃A(k−1)∆t)−1 ˆ̃x0,

ˆ̃A
)
.

Corollary 3.11 (time-scaled observations). Suppose assumptions A1, A2 are satisfied

with respect to θ∗ and assumptions A3-A6 hold, the NLS estimator θ̂ñ
p−→ θ∗, as ñ → ∞,

where θ̂ñ := g(
ˆ̃
θ) := (ˆ̃x0, k

ˆ̃A).

The proofs of Corollary 3.10 and Corollary 3.11 can be found in Appendix A.1.6 and

Appendix A.1.7, respectively. Now in addition to the assumptions mentioned in Theo-

rem 3.9, assumption A3 is also required for the consistency from degraded observations.

These two corollaries show that the NLS estimators obtained from degraded observations

are consistent to the true parameters of the original ODE (3.1). Since we have estab-

lished the identifiability conditions for the original system parameters of the ODE (3.1)

from the degraded observations in Corollary 3.7/3.8 in Section 3.2, the consistency of

their NLS estimators is a natural result from Theorem 3.9. To see this, we first show

that the NLS estimator from aggregated/time-scaled observations converges to the true

system parameter corresponding to the new ODE system, that is,
ˆ̃
θ

p−→ θ̃
∗
, as ñ → ∞.

Since we have derived the mapping g such that g(θ̃
∗
) = θ∗ in Corollary 3.7/3.8, then by

multivariate continuous mapping theorem, one takes the function g(·) with respect to
ˆ̃
θ

and θ̃
∗
, respectively, one can reach the conclusion g(

ˆ̃
θ)

p−→ g(θ̃
∗
), as ñ → ∞. That is,

θ̂ñ
p−→ θ∗, as ñ → ∞.

3.3.2 Asymptotic normality

After establishing the consistency of our NLS estimators, we can study their asymptotic

distributions.

Theorem 3.12. Suppose assumptions A1, A2 are satisfied with respect to θ∗ and as-

sumptions A4-A7 hold, we have
√
n(θ̂n−θ∗)

d−→ N(0, H−1V H−1), as n → ∞, where H =

∇2
θM(θ∗), is the Hessian matrix of M(θ) at θ∗ and V = limn→∞ var(

√
n∇θMn(θ

∗)),
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with ∇θMn(θ
∗) the gradient of Mn(θ) at θ∗. M(θ) and Mn(θ) are defined in Equations

(3.5) and (3.6), respectively.

The notation
d−→ stands for convergence in distribution. The proof of Theorem 3.12

can be found in Appendix A.1.8. From the theorem, we see that the NLS estimator is

asymptotically normal, and the convergence rate is n−1/2. Here, the rate meets the one

of the standard parametric NLS estimator [71, 81]. This result is reasonable because our

model in (3.4) is a parametric one.

Now, with the asymptotic normality result, if we can estimate the asymptotic co-

variance matrix Σ∗ := H−1V H−1, we can perform statistical inference for the unknown

system parameters. In particular, we derive the explicit expressions of matrices H and V

in (A.47) and (A.42). According to their formulae, they are functions of the true system

parameter θ∗, which are unknown in practice. Therefore, we approximate H and V by

substituting θ∗ with the NLS parameter estimate θ̂n in their formulae. Then the inference

can be performed based on the approximated covariance matrix, denoted by Σ̂n. In the

following two subsections, we introduce the details of the inference. For those who are

not familiar with statistical inference, please refer to [85, 86] for relevant concepts and

methods.

3.3.2.1 Confidence sets for unknown parameters

Based on Theorem 3.12, we can derive the approximate confidence sets for the unknown

true parameters θ∗. In our work, we employ the term “confidence set” as a general

descriptor for a range of values within which we have a certain level of confidence that the

true parameters reside. This umbrella term encompasses two specific types of confidence

sets: confidence intervals (CIs) and confidence regions (CRs). When the parameter under

consideration is one-dimensional, we refer to the confidence set as a confidence interval

(CI). When the parameter is multidimensional, we use the term confidence region (CR)

to describe the confidence set. For the detailed theoretical definition, please refer to [85].

We first construct the simultaneous confidence region (CR) for all the d+d2 parameters

θ∗
i , where θ∗

i denotes the ith entry of θ∗, and i = 1, . . . , d + d2. According to Theorem

3.12, we have

n(θ̂n − θ∗)⊤{Σ∗}−1(θ̂n − θ∗)
d−→ χ2

d+d2 , as n → ∞ .
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Therefore, we approximate the 1− α CR by the set

{
θ : n(θ̂n − θ)⊤Σ̂−1

n (θ̂n − θ) ≤ χ2
d+d2(1− α)

}
, (3.7)

where χ2
m(1 − α) denotes the upper-tail critical value of χ2 distribution with m degrees

of freedom at significance level α. Please note that in statistical hypothesis testing, the

significance level α represents the probability of rejecting the null hypothesis when it is

actually true. Typically set to 5% or lower depending on the field of study, α is chosen

by the experimenter. In the meantime, 1− α denotes the corresponding confidence level,

where CI/CR contains the true parameter value (1− α)% of the time.

We then construct a pointwise confidence interval (CI) for each θ∗
i , i = 1, . . . , d + d2.

Based on Theorem 3.12, we can derive that

√
n(θ̂ni − θ∗

i )
d−→ N(0, Di(Σ

∗)) , as n → ∞ ,

where θ̂ni denotes the ith entry of θ̂n and Di(M) denotes the ith diagonal entry of matrix

M . Then, the 1− α CI for each θ∗
i can be estimated by

[
θ̂ni − zα/2

√
Di(Σ̂n)/n , θ̂ni + zα/2

√
Di(Σ̂n)/n

]
, (3.8)

where zα/2 is the two-tailed critical value of the standard normal distribution at signifi-

cance level α. That is, if Z ∼ N(0, 1), then P(Z < −zα/2) + P(Z > zα/2) = α.

3.3.2.2 Infer the causal structure of the ODE system

Another application of Theorem 3.12 is to infer the causal structure among variables

within the ODE system, specifically by testing the hypothesis a∗jk = 0, where a∗jk denotes

the jk-th entry of the true parameter matrix A∗, with j, k = 1, . . . , d. When a∗jk ̸= 0, as

delineated by the expression of the ODE system (3.1), the derivative of xj(t) is influenced

by xk(t), implying a causal link from variable xk to variable xj , as referenced in Schölkopf

et al. [22]. Here, xj denotes the j-th variable of the ODE system, and xj(t) denotes the

state of the j-th variable at time t. Note that the ODE system is fully observable, that

is, there are no latent variables interacting with the system.
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Then based on the derived 1−α CI for each parameter in (3.8), we propose to conduct

a hypothesis test:

H0 : a
∗
jk = 0 vs H1 : a

∗
jk ̸= 0 (3.9)

by assessing the following inequality:

|âjk| > zα/2

√
Dd+(j−1)d+k(Σ̂n)/n , (3.10)

where âjk denotes the estimator of a∗jk, which is the test statistic and equals the d +

(j − 1)d + k-th entry of θ̂n. If (3.10) holds, we have significant evidence to reject the

null hypothesis at the significance level α, and conclude that a∗jk ̸= 0, thereby affirming a

causal link from variable xk to variable xj .

3.3.2.3 Asymptotic normality of NLS estimators from degraded observations

Here we present the asymptotic normality of NLS estimators from degraded observations.

Recalling the transformation rules from θ̃
∗
to θ∗, g, defined in Corollary 3.10/3.11, we

denote its gradient at θ̃
∗
by G := ∇g(θ̃

∗
). We have derived the explicit formulae of

H(T,θ∗) and V (T,θ∗) as matrix functions of T and θ∗ in (A.47)/(A.42). Then we

establish the following corollaries.

Corollary 3.13 (aggregated observations). Suppose assumptions A1, A2 are satisfied

with respect to θ∗, assumptions A3-A6 hold and assumption A7 is satisfied with respect

to θ̃
∗
, we have

√
ñ(θ̂ñ − θ∗)

d−→ N(0, GH̃−1Ṽ H̃−1G⊤), as ñ → ∞, where θ̂ñ is defined in

Corollary 3.10, H̃ = H(T̃ , θ̃
∗
) and Ṽ = V (T̃ , θ̃

∗
)/k, with T̃ = (⌊n/k⌋− 1)kT/(n− 1) and

θ̃
∗
= (x̃∗

0, Ã
∗) =

(
(I + eA

∗∆t + · · ·+ eA
∗(k−1)∆t)x∗

0/k,A
∗).

Corollary 3.14 (time-scaled observations). Suppose assumptions A1, A2 are satisfied

with respect to θ∗, assumptions A3-A6 hold and assumption A7 is satisfied with respect

to θ̃
∗
, we have

√
ñ(θ̂ñ − θ∗)

d−→ N(0, GH̃−1Ṽ H̃−1G⊤), as ñ → ∞, where θ̂ñ is defined in

Corollary 3.11, H̃ = H(kT, θ̃
∗
) and Ṽ = V (kT, θ̃

∗
), with θ̃

∗
= (x̃∗

0, Ã
∗) = (x∗

0, A
∗/k).

The proofs of Corollary 3.13 and Corollary 3.14 can be found in Appendix A.1.9 and

Appendix A.1.10, respectively. With the consistency property of the NLS estimators,

these two corollaries can be directly derived from Theorem 3.12 by using multivariate
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Delta method. The explicit formulae for matrices G, H̃ and Ṽ for aggregated/time-scaled

observations are derived in the proofs.

Worth to be noted that matrix Ṽ in Corollary 3.13 is not V (T,θ∗) by substituting T

and θ∗ with T̃ and θ̃
∗
, but also reduced by a factor of k. The reason is that, the equation

of V includes the variance matrix Σ of the error term ϵi in (A.42). By the generation

rules of aggregated observations defined in Definition 3.5, the variance of the aggregated

noise term ϵ̃i becomes k times smaller than that of the original one, that is Σ̃ = Σ/k. And

thanks to the reduced variance, we will show that the parameter estimates of aggregated

observations can reach the same level of accuracy as that of the original observations with

a much smaller sample size in the simulation results in subsection 3.4.4.1.

Now that we have derived the asymptotic normality results from aggregated/time-

scaled observations. We can perform statistical inference for the unknown original system

parameters θ∗ using the same way introduced in subsection 3.3.2.1 and 3.3.2.2.

3.4 Simulations

The simulations in this section are designed to illustrate the asymptotic results estab-

lished in Section 3.3. The identifiability conditions in Section 3.2 are deterministic and

established by theoretical proofs, and therefore do not require simulation-based valida-

tion. In contrast, the asymptotic properties of the estimator are statistical in nature and

thus benefit from numerical verification through simulations.

3.4.1 Data simulation

For each d = 2, 3, 4, we first randomly generate a d × d parameter matrix A∗
d and a

d × 1 initial condition x∗
0d as the true system parameters for each d-dimensional ODE

system (3.1). Moreover, to test whether a∗jk = 0, we randomly set several entries to

zero in each A∗
d. Without loss of generality, we set T = 1. Then n equally-spaced noisy

observations are generated based on Equation (3.4) in [0, 1] time interval with error term

ϵi ∼ N(0,diag(0.052, . . . , 0.052)). We tested various sample sizes for each d-dimensional

ODE system. For each configuration, we run 200 random replications. The A∗
d and x∗

0d
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are shown below.

A∗
2 =

1.76 −0.1

0.98 0

, A∗
3 =


1.76 0 0.98

2.24 0 −0.98

0.95 0 −0.1

, A∗
4 =


1.76 0.9 0 2.24

1.87 −0.98 0 −1.15

−1.1 0 0.64 0

1.26 0.12 0.94 0

,

and x∗
02 = [1.87,−0.98]⊤, x∗

03 = [0.41, 0.14, 1.45]⊤, x∗
04 = [−0.42, 1.01, 1.97,−0.38]⊤.

Note that since the NLS loss function (3.6) is a non-convex function, in practical

application, one may require a global optimization technique to obtain the NLS estimates.

However, in this chapter, we focus on the theoretical statistical properties analysis of

the NLS estimator. Theoretically, the non-convexity of the NLS loss function does not

influence our derived theoretical results. Therefore, for the purpose of illustrating our

theoretical results, we do not apply the global optimization technique in our simulation

due to its high computational cost. Instead, we use a bound-constrained minimization

technique [87] to obtain the NLS estimates. In order to get the global minimum NLS

estimate (or a local minimum that is close enough to the global minimum), we apply two

tricks when implementing the optimization method. Firstly, we initialize the parameter

with a value close to the true parameter (for example, θ∗−0.001). Secondly, we constrain

the bounds of the parameter within a reasonable neighbourhood of the true parameter

(for example, [θ∗−0.5,θ∗+0.5]). According to the simulation results below, the attained

NLS estimates are precise enough to illustrate the correctness of our theoretical results.

In other words, suppose we apply a global optimization technique to obtain the NLS

estimates. In that case, the simulation results will be more supportive of the correctness

of our theoretical results with the help of potentially more accurate NLS estimates.

3.4.2 Metrics

Mean Squared Error (MSE) is introduced to check the consistency of the parameter

estimator. It is defined as:

MSE =
1

N

N∑
j=1

∥ θ̂
(j)

n − θ∗ ∥22 ,

where θ̂
(j)

n denotes the estimated parameter of the jth replication, and N is the number

of replications.
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Figure 3.1: Simulation results for d = 2, 3, 4 dimensional ODE system, respectively

Within CR rate is defined as the rate of replications with the true parameters θ∗

included in the CR at 95% confidence level. Whether the 95% CR includes θ∗ at each

replication can be calculated by Equation (3.7). Worth to be mentioned that here we use

this metric aiming to test the correctness of our asymptotic normal theory, for example,

the variance matrix Σ∗, not to infer the confidence region. Therefore, we use the true value

of Σ∗ here rather than the estimated one in Equation (3.7). Since we set the confidence

level at 95%, if our theoretical results are correct, the within CR rate in our simulation

results should approach 95%.

Type I/II error rate is calculated based on the hypothesis test introduced in subsec-

tion 3.3.2.2. We set the significance level α = 0.05. Type I error rate is the rate of

replications rejecting the null hypothesis, for a∗jk = 0. And type II error rate is the rate

of replications not rejecting the null hypothesis, for a∗jk ̸= 0. Whether we reject the null

hypothesis or not is calculated by Equation (3.10). Given the significance level set at 0.05,

the anticipated outcome is that if our theoretical results are correct, the Type I error rate

in our simulation results should approximate 5%, while the Type II error rate should tend

towards zero. It is noteworthy that the lower the type II error rate is, the more powerful

our causal structure inference test is.
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3.4.3 Results analysis

The simulation results are presented in Figure 3.1. We first explain the legend in the figure.

Since A∗
2 only has one zero entry a∗22, the type I error rate is based on a∗22. However, A∗

3

and A∗
4 have multiple zero entries, and the type I error rate for each zero entry is similar.

Therefore, we show the average value of all zero entries in A∗
3 and A∗

4, labelled as avg.

For type II error rate in cases with d = 2 and d = 3, we only show the value of a∗12 and

a∗33, respectively. Because all other non-zero entries in A∗
2 and A∗

3 have zero or close to

zero type II error rate since the sample size n is small. For d = 4, we present the results

of all the 11 non-zero entries in A∗
4, but due to space limitations, we only label entry a∗42,

which has a different trend from others.

It can be seen from the first column in Figure 3.1 that for all three cases where d = 2, 3

and 4, MSE decreases and approaches zero with the increase of sample size n, which

indicates the consistency of the estimators. As can be seen from the figure, for d = 2 and

d = 3 cases, the within CR rate is around 95%, and the type I error rate is around 5%

for all different sample sizes n. Moreover, the type II error rate reduces as the sample

size increases and attains or approaches zero when the sample size is large enough. This

result implies the correctness of our asymptotic normality theory and indicates that the

test of causal structure inference for the ODE system is powerful.

For the 4-dimensional case, we can see that with the increase of sample size, the within

CR rate increases, and the type I error rate decreases, which implies that as the parameter

estimates approach their true parameter values, the within CR rate and type I error rate is

closer to 95% and 5% respectively. They do not attain their ideal values in our simulation

because the parameter estimates are not precise enough under the current sample sizes

due to the high dimension of the system parameters. For the same reason, the type II

error rate of entry a∗42 keeps high. This result is reasonable because a∗42 = 0.12 is close

to zero. When the parameter estimate is not accurate enough, it is easy to get a wrong

result that does not reject the null hypothesis. The type II error rates for d = 2 and

d = 3 cases also support this conclusion. We can see that the absolute values of a∗12 in

A∗
2 and a∗33 in A∗

3 are also small. Nevertheless, as sample size increases, with the help of

sufficiently accurate parameter estimates, their type II error rates approach zero.

It is worth noting that in the 4-dimensional case, the type II error rates of other entries

approach zero when the sample size is much smaller compared to the case of a∗42. This
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result implies that when the causal effect between variables, that is, |a∗jk|, is significant,

the causal structure can be easily and correctly discovered using our method. However,

for cases where the causal effect is small or negligible, we need a sufficiently large sample

to discover the causal relationship.

3.4.4 Simulation results from degraded observations

In this subsection, we illustrate the corollaries built on aggregated/time-scaled observa-

tions in Section 3.3 by simulation.

We chose the d = 3 case with the true system parameters (x∗
03, A

∗
3) the same as the one

we used in subsection 3.4.1. The original noisy observations are generated using the same

way we introduced in subsection 3.4.1. And then the aggregated/time-scaled observations

are generated from the original ones based on Definition 3.5/Definition 3.6 with various

k.

3.4.4.1 Simulation results from aggregated observations

In the following, we show the simulation results for aggregated observations with k =

5, 10, and 20, respectively. Moreover, to compare the results from the aggregated and the

original observations, we also present the simulation results from the original observations

in Table 3.1. We use n and ñ to denote the sample size of the original observations and

the aggregated observations, respectively.

Table 3.1: Simulation results from original observations

Sample Size
MSE CR

Type I Error Rate% Type II Error Rate%

n ñ Rate% a12 a22 a32 a11 a13 a21 a23 a31 a33

100 - 0.480 94 3 2 5.5 0 0 0 0 0 82.5
200 - 0.243 97.5 5.5 4.5 4 0 0 0 0 0 75.5
500 - 0.093 97 3.5 4 2.5 0 0 0 0 0 38.5
1000 - 0.045 95 5 4.5 2 0 0 0 0 0 8.5
2000 - 0.023 98 7 4 3.5 0 0 0 0 0 0

The results show that for all three cases where k = 5, 10 and 20, MSE decreases and

approaches zero with the increase of sample size ñ, which indicates the consistency of the

estimators. As can be seen from the tables, the within CR rate is around 95% and the
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Table 3.2: Simulation results from aggregated observations with k = 5

Sample Size
MSE CR

Type I Error Rate% Type II Error Rate%

n ñ Rate% a12 a22 a32 a11 a13 a21 a23 a31 a33

100 20 0.498 95.5 1.5 2 2.5 0 0 0 0 0 88.5
200 40 0.247 99 4.5 3.5 3 0 0 0 0 0 81
500 100 0.092 97.5 3.5 4 2.5 0 0 0 0 0 42
1000 200 0.045 95.5 5 4.5 2 0 0 0 0 0 9.5
2000 400 0.023 98.5 6.5 4 3.5 0 0 0 0 0 0

Table 3.3: Simulation results from aggregated observations with k = 10

Sample Size
MSE CR

Type I Error Rate% Type II Error Rate%

n ñ Rate% a12 a22 a32 a11 a13 a21 a23 a31 a33

100 10 0.536 84 1 0.5 2.5 0 0 0 0 0 94.5
200 20 0.262 98 3 2.5 2.5 0 0 0 0 0 85.5
500 50 0.093 98 3 3 1.5 0 0 0 0 0 47
1000 100 0.045 96 5 4.5 2 0 0 0 0 0 8.5
2000 200 0.023 98.5 6.5 3.5 3.5 0 0 0 0 0 0

Table 3.4: Simulation results from aggregated observations with k = 20

Sample Size
MSE CR

Type I Error Rate% Type II Error Rate%

n ñ Rate% a12 a22 a32 a11 a13 a21 a23 a31 a33

100 5 0.858 30.5 0.5 1 0.5 0 0 0 0 3.5 99
200 10 0.301 86 0.5 3 1.5 0 0 0 0 0 91
500 25 0.093 98 3.5 2.5 1 0 0 0 0 0 53.5
1000 50 0.045 96.5 4 3.5 2 0 0 0 0 0 11.5
2000 100 0.023 99 6 4 3.5 0 0 0 0 0 0

type I error rate for each of the zero entries in A is around 5% when the sample size ñ is

large enough in all k = 5, 10 and 20 cases. In addition, the type II error rate reduces to

zero as the sample size ñ increases. This result implies the correctness of our asymptotic

normality theory and indicates the test of causal structure inference for the ODE system

is powerful.

As can be seen from the tables, the type II error rate from the aggregated observations

tend to be slightly greater than that of the original observations for each n. Specifically,

with the greater the k being, the greater the type II error rate is. This is reasonable,

because the sample size of the aggregated observations (ñ) is much smaller than that of

the original ones (n), which causes the lack of accuracy of the parameter estimates when

the sample size ñ is not large enough. Thus leading to a higher MSE and a higher type



Identifiability of Linear ODE Systems from Discrete Observations 41

II error rate.

However, it can be seen from the last two rows in each of the four tables, the MSEs and

type II error rates are almost same for each case, which implies that when the sample size of

the aggregated observations ñ is large enough, the parameter estimates of the aggregated

observations can reach the same level of accuracy as that of the original observations. In

addition, the power of inferring the causal structure of the ODE system from aggregated

observations can be as good as that from the original observations. The reason why the

aggregated observations with a much smaller sample size ñ = n/k can still perform as

good as the original observations with the corresponding size n is that, the variance of the

aggregated noise term ϵ̃i becomes k times smaller than that of the original one ϵi, that is

Σ̃ = Σ/k

based on the generation rules of the aggregated observations. Therefore, with a much

smaller noise variance, the parameter estimates from aggregated observations can reach

the same level of accuracy as that of the original observations with a much smaller sample

size.

3.4.4.2 Simulation results from time-scaled observations

In the following, we show the simulation results for time-scaled observations with k =

0.01, 0.1, 1, 10, and 100, respectively. Since for all the metrics except MSE, under all

cases the simulation results are identical, we present their results in one table. The

MSE for each k are the same up to 10−5, therefore, the differences of MSE are negligible

and one can safely conclude that the simulation results for time-scaled observations with

various k is the same as that of the original observations (that is, k = 1). This implies

the correctness of our theoretical results of the time-scaled observations established in

Section 3.3.

3.5 Related work

In this section, we introduce the related work from three closely related aspects.
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Table 3.5: Simulation results from time-scaled observations with k = 0.01, 0.1, 1, 10, 100

Sample Size
MSE CR

Type I Error Rate% Type II Error Rate%

n ñ Rate% a12 a22 a32 a11 a13 a21 a23 a31 a33

100 100 0.419 96 2 2.5 2 0 0 0 0 0 85.5
200 200 0.269 94 7 6 4.5 0 0 0 0 0 72.5
500 500 0.104 91.5 5.5 5.5 6 0 0 0 0 0 38.5
1000 1000 0.050 92.5 5 6 3 0 0 0 0 0 9
2000 2000 0.022 95 3.5 4.5 0.5 0 0 0 0 0 1

Identifiability Analysis of Linear ODE systems Most current studies for iden-

tifiability analysis of parameters in linear dynamical systems are in the control theory

[23–27]. In the applied mathematics area, Stanhope et al. [28], Qiu et al. [29] provided

systematic studies of the identifiability analysis of linear ODE systems from a single

trajectory. Our identifiability analysis is built upon [28]. However, instead of building

identifiability based on the entire continuous trajectory, we extend the identifiability work

to more practical scenarios where we only have discrete observations sampled from the

trajectory and do not know the initial conditions. The authors in [28] also discussed using

equally-spaced error-free observations to calculate the system parameters explicitly. Our

work’s main distinction is that we build the identifiability condition entirely on the param-

eter of interest, that is, (A and x0), without further linearly independent assumption on

the observations. With the help of our identifiability condition, the parameter estimator’s

asymptotic properties can be established with mild assumptions. Specifically, the covari-

ance matrix of the asymptotic normality distribution can be explicitly expressed. Thus,

we can perform statistical inference for the unknown parameters. Moreover, we treat the

initial condition x0 as a parameter while x0 is a given fixed value in their setting. In the

most recent work [29], the authors proposed several quantitative scores for identifiability

analysis of linear ODEs in practice.

Parameter Estimation Methods for ODE systems The NLS method is applied

to estimate parameters in ODE systems in [30–32]. However, to our knowledge, no ex-

isting work provides a systematic asymptotic analysis of the NLS estimator for the ODE

system (3.1). The closest related work is that of Xue et al. [32], who studied asymptotic

properties of the NLS estimator based on approximating ODEs’ solutions by using the

Runge-Kutta algorithm [88]. Nonetheless, their work requires strong assumptions, which

are complex and cumbersome to verify. In contrast, our approach necessitates milder
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assumptions and yields an analytic covariance matrix for the asymptotic normal distribu-

tion. In addition to the NLS method, the two-stage smoothing-based estimation method

is also well used for parameter estimation in ODE systems and its asymptotic properties

have been extensively explored [5, 33, 34, 89, 90]. This method usually applies smoothing

approaches such as penalized splines to estimate the state variables and their derivatives

at the first stage. Thus a large number of observations are needed to ensure the esti-

mates’ accuracy. Principal differential analysis [35, 36, 68, 91] and Bayesian approaches

[37] were also proposed to estimate unknown parameters in ODE systems. In recent years,

several neural-network-based parameter estimation methods for ODE systems have been

proposed [38, 39, 92]. In these works, the authors use multiple (usually a large number)

trajectories instead of a single trajectory to train the neural network model and aim to

perform trajectory prediction. No identifiability is guaranteed.

Connection between Causality and Differential Equations Aalen et al. [93]

suggested, differential equations allow for a natural interpretation of causality in dynamic

systems. The authors in [18–20] built an explicit bridge between the differential equations

and the causal models by establishing the relationship between ODEs/Random Differen-

tial Equations (RDEs) and structural causal models. Hansen and Sokol [21] and Wang

et al. [3] proposed causal interpretations and identifiability analysis of Stochastic Differ-

ential Equations (SDEs). Bellot et al. [48] proposed a method to consistently discover the

causal structure of SDE systems based on penalized neural ODEs [62]. These works aim

to build a theoretical connection between causality and differential equations in various

ways. Our work contributes to this body of literature by proposing a method for infer-

ring the causal structure of ODEs from a statistical perspective. To our knowledge, our

approach represents the first application of hypothesis testing in ODE systems for the

inference of causal structure.

3.6 Conclusion of chapter

In this chapter, we derived a sufficient condition for identifiability of homogeneous linear

ODE systems from a sequence of equally-spaced error-free observations. Specifically, the

observations lie on a single trajectory. Furthermore, we studied the consistency and

asymptotic normality of the NLS estimator. The inference of unknown parameters based

on the established theoretical results was also investigated. In particular, we proposed a
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new method to infer the causal structure of the ODE system. Finally, we extended the

identifiability and asymptotic properties results to cases with aggregated and time-scaled

observations.

A time series is most commonly collected at equally-spaced time points in practice,

which motivates us to focus on the study over equally-spaced observations from a single

trajectory in this chapter. However, as the authors pointed out in [94], using irregularly-

spaced observations can be advantageous in obtaining more information from the dynam-

ical system. Therefore, extending the study to cases with irregularly-spaced observations

from a single trajectory is a possible direction for future work.



Chapter 4

Identifiability Analysis of Linear

ODE Systems in the Presence of

Hidden Confounders

The identifiability analysis of linear Ordinary Differential Equation (ODE) systems is a

necessary prerequisite for making reliable causal inferences about these systems. While

identifiability has been well studied in scenarios where the system is fully observable, the

conditions for identifiability remain unexplored when latent variables interact with the

system. This chapter aims to address this gap by presenting a systematic analysis of

identifiability in linear ODE systems incorporating hidden confounders. Specifically, we

investigate two cases of such systems. In the first case, latent confounders exhibit no

causal relationships, yet their evolution adheres to specific functional forms, such as poly-

nomial functions of time t. Subsequently, we extend this analysis to encompass scenarios

where hidden confounders exhibit causal dependencies, with the causal structure of latent

variables described by a Directed Acyclic Graph (DAG). The second case represents a more

intricate variation of the first case, prompting a more comprehensive identifiability anal-

ysis. Accordingly, we conduct detailed identifiability analyses of the second system under

various observation conditions, including both continuous and discrete observations from

single or multiple trajectories. To validate our theoretical results, we perform a series of

simulations, which support and substantiate our findings.

This chapter is derived from the following publication: Identifiability Analysis of Linear ODE Systems
with Hidden Confounders [2]

45
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4.1 Introduction

Understanding the dynamics of systems governed by Ordinary Differential Equations

(ODEs) is fundamental in various scientific disciplines, from physics [95–98], biology [99–

103] to economics [59, 60, 104, 105]. These ODE systems provide a natural framework for

modeling causal relationships among system variables, enabling us to make reliable inter-

pretations and interventions [18, 19, 22]. Central to unraveling the causal mechanisms of

such systems is the concept of identifiability analysis, which aims to uncover conditions

under which system parameters can be uniquely determined from error-free observations.

Identifiability is crucial for ensuring reliable parameter estimates, thereby guaranteeing

reliable causal inferences about the system [3]. The motivation for our research on the

identifiability analysis of ODE systems arises from the necessity of making reliable causal

inferences about these systems.

Our research focuses on the homogeneous linear ODE system, represented as:

ẋ(t) = Ax(t) , x(0) = x0 , (4.1)

where t ∈ [0,∞) denotes time, x(t) ∈ Rd represents the system’s state at time t, ẋ(t)

denotes the first derivative of x(t) w.r.t. time, and x0 represents the initial condition of

the system. The solution (trajectory) of the system, denoted as x(t;x0, A) for t ∈ [0,∞),

is a single d-dimensional trajectory initialized with x0.

Existing literature has extensively examined the identifiability of linear ODE systems

under the assumption of complete observability, where all state variables are directly ob-

servable [1, 23–26, 28, 29]. Specifically, researchers have investigated identifiability of

the ODE system (4.1) from a single whole trajectory [28, 29], and extended analysis to

discrete observations sampled from the trajectory [1]. However, practical scenarios often

entail systems with latent variables, rendering them not entirely observable. In this chap-

ter, we explore the identifiability analysis of this ODE system under latent confounders,

particularly examining cases where no causal relationships exist from observable vari-

ables to latent variables, a commonly assumed condition in causality analysis with hidden

variables [106–111].

In this chapter, we focus on two scenarios:



Identifiability of Linear ODE Systems with Hidden Confounders 47

1. Independent latent confounders: Latent variables exhibit no causal relation-

ships among themselves, leading to the following linear ODE system:

ẋ(t)
ż(t)

 =

A B

0 0

x(t)
z(t)

+

 0

f(t)

 ,

x(0)
z(0)

 =

x0

z0

 . (4.2)

2. Causally related latent confounders: Latent variables exhibit causal relation-

ships among themselves, specifically, they follow a DAG structure, represented as:

ẋ(t)
ż(t)

 =

A B

0 G

x(t)
z(t)

 ,

x(0)
z(0)

 =

x0

z0

 . (4.3)

In these two ODE systems, x(t) ∈ Rd denotes the state of observable variables x =

(x1, x2, . . . , xd), while z(t) ∈ Rp denotes the state of latent variables z = (z1, z2, . . . , zp).

Example causal structures of these two ODE systems are illustrated in Figure 4.1. It

is noteworthy that the structure may include cycles and self-loops within the observable

variables. Additionally, two real-world examples are provided in Appendix B.2.

Figure 4.1: Example causal structures of the ODE system (4.2) and (4.3).

This chapter provides an identifiability analysis for the ODE system (4.2) under specific

latent variable evolutions, such as polynomial functions of time t. Additionally, we conduct

a systematic identifiability analysis of the ODE system (4.3) when the causal structure of

the latent variables can be described by a DAG.
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4.2 Background

4.2.1 Causal interpretation of ODE systems

When an ODE system describes the underlying causal mechanisms governing a dynamic

system, it provides a natural framework for modeling causal relationships among system

variables. The causal structure inherent in such systems can be directly read off [18, 22].

For instance, in the ODE system (4.1), where the ij-th entry of the parameter matrix A

is denoted as Aij , the presence of Aij ̸= 0 signifies that the derivative of xi(t) is influenced

by xj(t), thus indicating a causal link from xj to xi. Here, xi denotes the i-th variable of

the ODE system (4.1), and xi(t) represents its state at time t. Since the system matrix A

in the ODE system (4.1) is constant and does not explicitly depend on time t, the causal

structure of this system is time-invariant.

An essential prerequisite for reliably inferring the causal structure and effects of an

ODE system, for purposes of interpretation or intervention, is the identifiability analysis

of such systems. To underscore this necessity, we provide an illustrative example. Consider

the ODE system (4.3). Set

x0 =

1
1

 , z0 =

1
1

 , B =

1 1

1 1

 , G =

0 1

0 0

 ,

A =

1 0

0 1

 , A′ =

0 1

1 0

 , M =

A B

0 G

 , M ′ =

A′ B

0 G

 .

Calculations reveal that the solutions (trajectory) of the ODE system (4.3) with parameter

matrices M or M ′ are identical, i.e.,

x(t)
z(t)

 = eMt

x0

z0

 = eM
′t

x0

z0

 .

This indicates that using observations sampled from this trajectory to estimate param-

eter matrix M may end up yielding M ′, which exhibits a fundamentally distinct causal

relationship between x1 and x2, see Figure 4.2. This discrepancy in parameter estimation,

wherein M ′ is obtained instead of the true underlying parameter matrix M , may lead to

misleading interpretations and causal inferences, potentially influencing decision-making,
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Figure 4.2: Causal structures of the ODE system (4.3) with parameter matrix M and
M ′.

particularly regarding interventions. For instance, intervention with x1(t) = 1, under the

true underlying parameter matrix M , yields the trajectory x2(t) = 4et − t − 3 (post-

intervention), whereas under matrix M ′, the trajectory becomes x2(t) = t2/2 + 3t + 1

(post-intervention). Detailed calculations are provided in Appendix B.3.

4.2.2 Identifiability analysis of the linear ODE system (4.1)

The identifiability analysis of the ODE system (4.1) has been well studied. Here, we

present a fundamental definition and theorem essential for understanding identifiability

in the ODE system (4.1). Denoting its solution as x(t;x0, A), it is noteworthy that the

system is fully observable, without latent variables interacting with it. We present the

identifiability definition and theorem as follows.

Definition 4.1. For x0 ∈ Rd, A ∈ Rd×d, the ODE system (4.1) is said to be (x0, A)-

identifiable, if for all x′
0 ∈ Rd and all A′ ∈ Rd×d, with (x0, A) ̸= (x′

0, A
′), it holds that

x(·;x0, A) ̸=x(·;x′
0, A

′).1

Lemma 4.2. For x0 ∈ Rd, A ∈ Rd×d, the ODE system (4.1) is (x0, A)-identifiable if and

only if condition A0 is satisfied.

A0 the set of vectors {x0, Ax0, . . . , A
d−1x0} is linearly independent.

Definition 4.1 and Theorem 4.2 are adapted from [1, Definition 1] and [1, Lemma2].

We use x′
0 and A′ to distinguish other system parameters from the true system parameters

x0 and A; x′
0 and A′ can represent any d-dimensional initial conditions and any d × d

1x(·;x0, A) = {x(t;x0, A) : 0 ⩽ t < ∞}, this inequation means that there exists at least one t ⩾ 0 such
that x(t;x0, A) ̸= x(t;x′

0, A
′).
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parameter matrices, respectively. Here instead of describing a collective property of a set

of systems, we describe an intrinsic property of a single system with parameters (x0, A). In

practice, the aim is to ascertain whether the true underlying system parameter (x0, A) is

uniquely determined by observations. Hence, (x0, A)-identifiability offers a more intuitive

description of the identifiability of the ODE system from a practical perspective.

From a geometric perspective, condition A0 stated in Lemma 4.2 indicates that the

initial condition x0 is not contained in an A-invariant proper subspace of Rd. Intuitively,

this means the trajectory of this system started from x0 spans the entire d-dimensional

state space. That is, our observations cover information on all dimensions of the state

space, thus rendering the identifiability of the system. Additionally, condition A0 is

generic, as noted in [3], meaning that the set of system parameters violating this condition

has Lebesgue measure zero. Thus, condition A0 is satisfied for almost all combinations

of x0 and A.

4.3 Identifiability analysis of the linear ODE system (4.2)

In this section, we present the identifiability condition for the linear ODE system (4.2).

We consider the function f(t) in (4.2) as a specific function of time t. Here we first define

f(t) as a r-degree polynomial function of time t, expressed as follows:

f(t) =
r∑

k=0

vkt
k , vk ∈ Rp . (4.4)

Simple calculations show that

z(t) =

r∑
k=0

vk

k + 1
tk+1 + z0 .

Thus,

ẋ(t) = Ax(t) +Bz(t) = Ax(t) +
r∑

k=0

Bvk

k + 1
tk+1 +Bz0 . (4.5)

We denote the unknown parameters of the ODE system (4.2) as θ, specifically, θ :=

(x0, z0, A,B, {vk}r0), where {vk}r0 denotes all the vk’s for k = 0, . . . , r. Let [xT (t;θ), zT (t;θ)]T
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denote the solution of the ODE system (4.2). It is important to note that under our hid-

den variables setting, only x(t;θ) is observable. Based on Equation (4.5), we present the

following identifiability definition.

Definition 4.3. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and {vk}r0 ∈ Rp, for

all x′
0 ∈ Rd, all z′

0 ∈ Rp, all A′ ∈ Rd×d, all B′ ∈ Rd×p, and all {v′
k}r0 ∈ Rp, we

denote θ′ := (x′
0, z

′
0, A

′, B′, {v′
k}r1), we say the ODE system (4.2) is θ-identifiable: if

(x0, A,Bz0, {Bvk}r0) ̸= (x′
0, A

′, B′z′
0, {B′v′

k}r0), it holds that x(·;θ) ̸= x(·;θ′).

In the ODE system (4.2), where only variables x are observable, we will, with some

terminological leniency, refer to x(·;θ) as the trajectory of the ODE system (4.2) with

parameters θ. According to Definition 4.3, if the ODE system (4.2) with a polynomial f(t)

is θ-identifiable, then the trajectory of the system can uniquely determine the values of

(x0, A,Bz0, {Bvk}r0). This determination is sufficient to identify the causal relationships

between observable variables x as described by Equation (4.5). Consequently, one can

safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem 4.4. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p, {vk}r0 ∈ Rp, the ODE system

(4.2) is θ-identifiable if and only if assumption A1 is satisfied.

A1 the set of vectors {β, Aβ, . . . , Ad−1β} is linearly independent, where β = Ar+1(Ax0+

Bz0) +
∑r

j=0 j!A
r−jBvj, and j! denotes the factorial of j.

The proof of Theorem 4.4 can be found in Appendix B.4.1. Condition A1 is both

sufficient and necessary, indicating, from a geometric perspective, that the vector β is not

contained in an A-invariant proper subspace of Rd [28, Lemma 3.1].
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The key point of the proof is the introduction of an augmented state y(t) = [xT (t), 1, t, t2, . . . , tr+1]T

with a corresponding ODE system:

ẏ(t) =



A Bz0 Bv0 . . . Bvr−1/r Bvr/(r + 1)

0d 0 0 . . . 0 0

0d 1 0 . . . 0 0
...

...
...

. . .
...

...

0d 0 0 . . . r + 1 0


︸ ︷︷ ︸

denoted as F

y(t) ,

y(0) = [xT
0 , 1, 0, . . . , 0]

T := y0 ,

(4.6)

where 0d is a d-dimensional zero row vector, and matrix F ∈ R(d+r+2)×(d+r+2). The

ODE system (4.6) is a homogeneous linear ODE system analogous to (4.1) but with fully

observable variables y. In other words, we transform our system of interest, (4.2), which

includes hidden confounders, into a fully observable ODE system (4.6). This allows us to

leverage existing identifiability results for homogeneous linear ODE systems, specifically

Lemma 4.2, to derive the identifiability condition for the ODE system (4.2).

Based on this approach, if the state of the hidden variables z(t), as determined by

the function f(t) in the ODE system (4.2), can be described by some linear combinations

of observable functions of time t, then the identifiability condition of the ODE system

(4.2) can be derived. For an illustration, in the Appendix B.5, we provide identifiability

conditions for the ODE system (4.2) when f(t) = vet and f(t) = v1sin(t) + v2cos(t).

While we do not enumerate all functions f(t) that meet this condition, our primary

objective is to demonstrate a method for deriving the identifiability condition for the

ODE (4.2) when the evolution of its hidden variables conforms to certain specific functions.

Researchers can apply this approach to find appropriate functions f(t) according to their

specific requirements.

4.4 Identifiability analysis of the linear ODE system (4.3)

In this section, we extend the identifiability analysis to linear ODE systems with causally

related latent confounders. Specifically, we assume that the causal structure of latent

variables satisfies the following latent DAG assumption.
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Latent DAG: the causal structure of latent variables can be described by a DAG.

The DAG assumption is commonly employed in causality studies [106, 107, 109, 110,

112, 113]. Under the latent DAG assumption, the matrix G can be permuted to be

a strictly upper triangular matrix, i.e., an upper triangular matrix with zeros along the

main diagonal [107, 114]. Without loss of generality, we set G as a strictly upper triangular

matrix.

Since G is a strictly upper triangular matrix, by the Cayley–Hamilton theorem [115],

G is a nilpotent matrix with an index ⩽ p. Consequently, Gk = 0 for all k ⩾ p.

Based on [28, 116], the solution of z(t) can be expressed as:

z(t) = eGtz0 =

∞∑
k=0

Gkz0

k!
tk =

p−1∑
k=0

Gkz0

k!
tk .

Thus,

ẋ(t) = Ax(t) +Bz(t) = Ax(t) +

p−1∑
k=0

BGkz0

k!
tk . (4.7)

We observe that Equation (4.7) has the same function form as Equation (4.5), but with

different coefficients (system parameters) for the polynomial of time t. Therefore, the

ODE system (4.3) under the latent DAG assumption can be considered a more complex

version of the ODE system (4.2) when f(t) follows a polynomial function of time t. Since

the ODE system (4.3) incorporates causally related latent confounders, which is a more

interesting and practical case, we will provide a more comprehensive identifiability analysis

of the ODE system (4.3). The derived identifiability results can be easily generated to

the case of the ODE system (4.2).

4.4.1 Identifiability condition from a single whole trajectory

We denote the unknown parameters of the ODE system (4.3) as η, that is, η := (x0, z0, A,B,G).

We further denote the solution of the ODE system (4.3) as [xT (t;η), zT (t;η)]T ; note that

under our latent variables setting, only x(t;η) is observable. Thus, based on Equation

(4.7), we present the following identifiability definition.

Definition 4.5. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p, under the

latent DAG assumption, for all x′
0 ∈ Rd, all z′

0 ∈ Rp, all A′ ∈ Rd×d, all B′ ∈ Rd×p,
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and all G′ ∈ Rp×p, we denote η′ := (x′
0, z

′
0, A

′, B′, G′), we say the ODE system (4.3) is η-

identifiable: if (x0, A,Bz0, BGz0, . . . , BGp−1z0) ̸= (x′
0, A

′, B′z′
0, B

′G′z′
0, . . . , B

′G′p−1z′
0),

it holds that x(·;η) ̸= x(·;η′).

Similar to the case of the ODE system (4.2), we refer to x(·;η) as the trajectory of

the ODE system (4.3) with parameters η. Definition 4.5 defines the identifiability of the

ODE system (4.3) from a single whole trajectory x(·;η). Once the ODE system (4.3) is η-

identifiable, the causal relationships among the observable variables x can be determined

through Equation (4.7). We then establish the condition for the identifiability of the ODE

system (4.3) based on Definition 4.5.

Theorem 4.6. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p, under the

latent DAG assumption, the ODE system (4.3) is η-identifiable if and only if assumption

B1 is satisfied.

B1: the set of vectors {γ, Aγ, . . . , Ad−1γ} is linearly independent, where γ = Apx0 +∑p−1
j=0 A

p−1−jBGjz0.

The proof of Theorem 4.6 can be found in Appendix B.4.2. Condition B1 is both

sufficient and necessary, and from a geometric perspective, it indicates that the vector γ

is not contained in an A-invariant proper subspace of Rd [28, Lemma 3.1].

4.4.2 Identifiability condition from discrete observations sampled from

a single trajectory

In practice, we often have access only to a sequence of discrete observations sampled

from a trajectory rather than knowing the whole trajectory. Therefore, we also derive

the identifiability conditions under the scenario where only discrete observations from a

trajectory are available. Firstly, we extend the identifiability definition of the ODE system

(4.3) as follows.

Definition 4.7. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p. For any

n ⩾ 1, let tj , j = 1, . . . , n be any n time points and xj := x(tj ;η) be the error-free ob-

servation of the trajectory x(·;η) at time tj . Under the latent DAG assumption, we say

the ODE system (4.3) is η-identifiable from x1, . . . ,xn, if for all x
′
0 ∈ Rd, all z′

0 ∈ Rp, all
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A′ ∈ Rd×d, all B′ ∈ Rd×p, and all G′ ∈ Rp×p with (x0, A,Bz0, BGz0, . . . , BGp−1z0) ̸=

(x′
0, A

′, B′z′
0, B

′G′z′
0, . . . , B

′G′p−1z′
0), it holds that ∃j ∈ {1, . . . , n} such that x(tj ;η)̸=x(tj ;η

′).

Definition 4.7 defines the identifiability of the ODE system (4.3) from n observations

sampled from the trajectory x(·;η). Then we establish the condition for the identifiability

of the ODE system (4.3) from discrete observations based on Definition 4.7.

Theorem 4.8. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p. We define new

observation yj := [xT
j , 1, tj , t

2
j , . . . , t

p−1
j ]T ∈ Rd+p, for j = 1, . . . , n. Under the latent DAG

assumption, the ODE system (4.3) is η-identifiable from discrete observations x1, . . . ,xn,

if and only if assumption C1 is satisfied.

C1: there exists (d + p) yj’s with indices denoting as {j1, j2, . . . , jd+p} ⊆ {1, 2, . . . , n},

such that the set of vectors {yj1 ,yj2 , . . . ,yjd+p
} is linearly independent.

The proof of Theorem 4.8 can be found in Appendix B.4.3. Condition C1 is both

sufficient and necessary. This theorem states that as long as there are d+ p observations

xj ’s such that the corresponding augmented new observations yj ’s are linearly indepen-

dent, the ODE system (4.3) is η-identifiable from these discrete observations. Under

the latent DAG assumption, we can transfer the ODE system (4.3), which includes hid-

den confounders, into a (d + p)-dimensional fully observable ODE system (4.1) through

the augmented state y(t). Condition C1 indicates that our observations span the entire

(d+ p)-dimensional state space, thus rendering the system identifiable.

Both Definition 4.5 and Definition 4.7 define the identifiability of the ODE system

(4.3) to some extent of the unknown parameters. In other words, given the available

observations, under Definition 4.5 and Definition 4.7, one can only identify the values of

(x0, A,Bz0, BGz0, . . . , BGp−1z0), but not the values of (z0, B,G). Based on Equation

(4.7), this level of identifiability is sufficient to identify the causal relationships between

observable variables x, enabling safe intervention on the observable variables with reliable

causal inferences. However, in scenarios where practitioners can intervene in the latent

variables and require inferring the causal effects of the intervened system, identifying

the matrices B and G becomes essential for reliable causal references. For instance, in

chemical kinetics, where the evolution of chemical concentrations over time can often be

modeled by an ODE system [117, 118], some chemicals may not be measurable during
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the reaction, rendering them latent variables. Nonetheless, practitioners can intervene in

these latent variables by setting specific initial concentrations. Therefore, we provide an

identifiability analysis of the linear ODE system (4.3) when practitioners can control the

initial condition of the latent variables: z0.

4.4.3 Identifiability condition from p controllable whole trajectories

Assuming the initial condition of the latent variables z0 is controllable, which means that

the values of z0 can be treated as given values, we denote it as z∗
0. In the following, we

provide the identifiability condition of the ODE system (4.3) when we are given p initial

conditions z∗
0, denoting as z∗i

0 . We first present the definition.

Definition 4.9. Given z∗i
0 ∈ Rp for i = 1, . . . , p, for x0 ∈ Rd, A ∈ Rd×d, B ∈ Rd×p and

G ∈ Rp×p, under the latent DAG assumption, for all x′
0 ∈ Rd, all A′ ∈ Rd×d, all B′ ∈ Rd×p,

and all G′ ∈ Rp×p, we denote ηi := (x0, z
∗i
0 , A,B,G) and η′

i := (x′
0, z

∗i
0 , A

′, B′, G′), we

say the ODE system (4.3) is {ηi}
p
1-identifiable: if (x0, A,B,G) ̸= (x′, A′, B′, G′), it holds

that ∃i such that x(·;ηi) ̸= x(·;η′
i).

Definition 4.9 defines the identifiability of the ODE system (4.3) from p whole tra-

jectories x(·;ηi) with i = 1, . . . , p, and under this definition, matrix B and G are also

identifiable. Based on this definition, we provide the identifiability condition.

Theorem 4.10. Given z∗i
0 ∈ Rp for i = 1, . . . , p, for x0 ∈ Rd, A ∈ Rd×d, B ∈ Rd×p and

G ∈ Rp×p, under the latent DAG assumption, the ODE system (4.3) is {ηi}
p
1-identifiable

if assumptions B2, B3 and B4 are all satisfied.

B2: each z∗i
0 for i = 1, . . . , p, satisfies assumption B1. That is, if we set γi = Apx0 +∑p−1

j=0 A
p−1−jBGjz∗i

0 , then the set of vectors {γi, Aγi, . . . , A
d−1γi} is linearly inde-

pendent for all i = 1, . . . , p.

B3: the set of vectors {z∗1
0 , z∗2

0 , . . . ,z∗p
0 } is linearly independent.

B4: the matrix composed by vertically stack the matrices {B,BG, . . . , BGp−1} has rank

p.

The proof of Theorem 4.10 can be found in Appendix B.4.4. Assumption B2 en-

sures that the ODE system (4.3) is ηi-identifiable for all i = 1, . . . , p. Consequently,
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(x0, A,Bz∗i
0 , BGz∗i

0 , . . . , BGp−1z∗i
0 ) for all i = 1, . . . , p is identifiable. Then, under as-

sumption B3, the identifiability of matrix B is established. To identify matrix G, as-

sumption B4 is required. While the ability to control the initial condition of the latent

variables may appear strict, it is a reasonable assumption in our context. This is be-

cause identifying matrices B and G is necessary only when practitioners can intervene in

the latent variables, thereby allowing control over their initial conditions. An alternative

approach to identifying B and G involves intervening in the initial condition of each la-

tent variable zi independently, rather than controlling the initial condition of all latent

variables z simultaneously. This method draws inspiration from the ”genetic single-node

intervention” proposed by [119], where one can intervene at each latent node individually.

Further details of this method can be found in Appendix B.6.

4.4.4 Identifiability condition from discrete observations sampled from

p controllable trajectories

We also extend the identifiability analysis of the ODE system (4.3) to cases where only

discrete observations from p controllable trajectories are available.

Definition 4.11. Given z∗i
0 ∈ Rp for i = 1, . . . , p, for x0 ∈ Rd, A ∈ Rd×d, B ∈ Rd×p and

G ∈ Rp×p. For any n ⩾ 1, let tj , j = 1, . . . , n be any n time points and xij := x(tj ;ηi)

be the error-free observation of the trajectory x(·;ηi) at time tj . Under the latent DAG

assumption, we say the ODE system (4.3) is {ηi}
p
1-identifiable from xi1, . . . ,xin, i =

1, . . . , p, if for all x′
0 ∈ Rd, all A′ ∈ Rd×d, all B′ ∈ Rd×p, and all G′ ∈ Rp×p with

(x0, A,B,G) ̸= (x′
0, A

′, B′, G′), it holds that ∃i ∈ {1, . . . , p} and j ∈ {1, . . . , n} such that

x(tj ;ηi) ̸=x(tj ;η
′
i).

Based on Definition 4.11 we present the identifiability condition.

Theorem 4.12. Given z∗i
0 ∈ Rp for i = 1, . . . , p, for x0 ∈ Rd, A ∈ Rd×d, B ∈ Rd×p

and G ∈ Rp×p. We define new observation yij := [xT
ij , 1, tj , t

2
j , . . . , t

p−1
j ]T ∈ Rd+p, for

i = 1, . . . , p and j = 1, . . . , n. Under the latent DAG assumption, the ODE system (4.3)

is {ηi}
p
1-identifiable from discrete observations xi1, . . . ,xin, i = 1, . . . , p, if assumptions

C2, B3 and B4 are all satisfied.
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C2: for each i ∈ {1, . . . , p} there exists (d+p) yij’s with indexes denoting as {ji1, ji2, . . . , ji,d+p} ⊆

{1, 2, . . . , n}, such that the set of vectors {yiji1 ,yiji2 , . . . ,yiji,d+p
} is linearly inde-

pendent.

The proof of Theorem 4.12 can be found in Appendix B.4.5. Assumption C2 ensures

that the ODE system (4.3) is ηi-identifiable from discrete observations xi1, . . . ,xin for all

i = 1, . . . , p. As in Subsection 4.4.3, under assumptions B3 and B4, the matrices B and

G are also identifiable.

4.5 Simulations

To evaluate the validity of the identifiability conditions established in Section 3 and 4,

we present the results of simulations. As previously indicated, the ODE system (4.3) can

be treated as a more intricate version of the ODE system (4.2); hence, our simulation

experiments are centered on the former.

Simulation design. We conduct four sets of simulations, which include one identi-

fiable case and one unidentifiable case for both the η-identifiable check and the {ηi}
p
1-

identifiable check. The dimensions of both observable variables, d, and latent variables,

p, are set to 3. The true underlying parameters of the systems are provided below. Ob-

servations are simulated from the true ODE systems for each case, with n equally-spaced

observations generated from the time interval [0, 1] for each trajectory, and we only keep

the values of the observable variables x.

A =


2 −2 1

1 1 −1

1 0 2

 , B =


−2 −2 2

0 −1 −2

−1 −1 −2

 , G =


0 2 1

0 0 −2

0 0 0

 , A′ =


1 0 0

0 1 0

0 0 1

 ,

x0 =


−1

1

1

 , z0 =


1

−2

−1

 , z∗1
0 =


1

0

0

 , z∗2
0 =


0

1

0

 , z∗3
0 =


0

0

1

 .

η-identifiable: η = (x0, z0, A,B,G), unidentifiable: η = (x0, z0, A
′, B,G) .

{ηi}
p
1-identifiable: ηi = (x0, z

∗i
0 , A,B,G), unidentifiable: ηi = (x0, z

∗i
0 , A

′, B,G), i = 1, 2, 3 .
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Parameter estimation. The Nonlinear Least Squares (NLS) method is employed for

parameter estimation, a widely used technique for estimating parameters in nonlinear

regression models, including ODEs [30, 32, 81]. The ”least squares” function from the

”scipy.optimize” Python module, with default hyperparameter settings, is utilized for

implementation. Given that the NLS loss function for our simulation is non-convex,

parameter initialization is performed near the true values to promote convergence to the

global minimum. Specifically, for the η-(un)identifiable cases, initial parameter values

are set to the true parameters plus a random value drawn from a uniform distribution

U(−0.1, 0.1) for each replication. For {ηi}
p
1-(un)identifiable cases, initial parameter values

are set to the true values plus a random value from U(−0.3, 0.3).

Evaluation metric. Mean Squared Error (MSE) is adopted as the metric to assess the

accuracy of the parameter estimator. To ensure the reliability of the estimation results,

100 independent random replications are run for each configuration, and we report the

mean and variance of the squared error.

Results analysis. Table 4.1 and Table 4.2 present the simulation results for the

η-(un)identifiable cases and the {ηi}
p
1-(un)identifiable cases, respectively. According to

Definition 4.5 and Definition 4.9, for the η-(un)identifiable cases, the identifiability of

(x0, A,Bz0, BGz0, BG2z0) needs to be checked, while for the {ηi}
p
1-(un)identifiable cases,

we need to check the identifiability of (x0, A,B,G). Since x0 is consistently identifiable

(with MSE less than 1.00E-10) across all (un)identifiable cases, its results are not pre-

sented.

In both Tables, for identifiable cases, as the number of samples n increases, the MSEs

for all parameters of interest decrease and approach zero. However, in the unidenfiable

cases, where the identifiability condition B1/B2 stated in Theorem 4.6/4.10 is unmet,

the MSEs for certain parameters remain high irrespective of sample size. These results

offer strong empirical support for the validity of the identifiability conditions outlined in

Theorem 4.6 and Theorem 4.10. It is noteworthy that in the {ηi}
p
1 case, where obser-

vations are sampled from p = 3 controllable trajectories, remarkably accurate parameter

estimates can be obtained even with a limited number of samples.

For the η-(un)identifiable cases, assumption C1 stated in Theorem 4.8 holds true for

all values of n in the identifiable cases, while it is violated across all n in the unidentifiable

cases. In the {ηi}
p
1-(un)identifiable cases, condition C2 stated in Theorem 4.12 is satisfied
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Table 4.1: MSEs of the η-(un)identifiable cases of the ODE (4.3)

n
Identifiable Unidentifiable

A Bz0 BGz0 BG2z0 A Bz0 BGz0 BG2z0

10
6.00E-05 0.0004 0.0044 0.0007 0.0994 0.0494 0.9185 0.6482
(±5.40E-08) (±3.45E-06) (±0.0004) (±3.91E-06) (±0.0157) (±0.1243) (±8.3148) (±1.4306)

100
4.15E-05 0.0003 0.0029 0.0005 0.0372 0.0174 0.3517 0.5767
(±1.62E-08) (±8.52E-07) (±9.42E-05) (±2.90E-06) (±0.0032) (±0.0087) (±0.3460) (±1.4055)

500
2.65E-05 0.0002 0.0019 0.0002 0.0461 0.1071 0.5783 0.3648
(±8.71E-09) (±4.38E-07) (±4.84E-05) (±8.38E-07) (±0.0099) (±0.1768) (±2.5747) (±0.4507)

Table 4.2: MSEs of the {ηi}
p
1-(un)identifiable cases of the ODE (4.3)

n
Identifiable Unidentifiable

A B G A B G

10
5.83E-22 2.85E-21 2.27E-21 0.6349 0.1913 0.0044
(±7.41E-42) (±2.75E-40) (±5.69E-41) (±0.7464) (±0.0686) (±0.0011)

30
1.50E-22 7.80E-22 5.76E-22 0.6169 0.1850 0.0045
(±3.23E-43) (±1.14E-41) (±5.28E-42) (±0.7194) (±0.0657) (±0.0007)

50
5.16E-23 3.01E-22 2.39E-22 0.5876 0.1761 0.0045
(±6.20E-44) (±3.27E-42) (±8.46E-43) (±0.6895) (±0.0627) (±0.0008)

for all values of n in the identifiable cases, but is found to be violated for all values of n

in the unidentifiable cases. These findings provide strong empirical evidence supporting

the validity of the identifiability conditions proposed in Theorem 4.8 and Theorem 4.12.

In Appendix B.7, we present additional simulation results for higher-dimensional cases,

along with simulations that incorporate a variety of ground-truth parameter configura-

tions. These results consistently affirm the validity of our proposed identifiability condi-

tions. For further details, please refer to Appendix B.7.

4.6 Related work

Identifiability analysis of linear ODE systems. Within control theory, extensive

research has been conducted on the identifiability analysis of linear dynamical systems

governed by ODEs [23–26]. In the applied mathematics area, Stanhope et al. [28] and

Qiu et al. [29] have systematically investigated the identifiability of linear ODE systems
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based on a single trajectory. Furthermore, Wang et al. [1] have extended these findings

to scenarios where only discrete observations sampled from a single trajectory are avail-

able. However, existing studies primarily concentrate on linear ODE systems with fully

observable variables. To the best of our knowledge, our work represents the inaugural en-

deavor to systematically analyze the identifiability of linear ODE systems in the presence

of hidden confounders.

Connection between causality and differential equations. Differential equa-

tions provide a natural framework for understanding causality within dynamic systems,

particularly in the context of continuous-time processes [22, 93]. Consequently, signifi-

cant efforts have been directed towards establishing a theoretical link between causality

and differential equations. In the deterministic case, Mooij et al. [18] and Rubenstein et

al. [19] have established a mathematical connection between ODEs and Structural Causal

Models (SCMs). Wang et al. [1] have proposed a method for inferring the causal structure

of linear ODEs. In the domain of neural ODEs, Aliee et al. [46, 47] have applied various

regularization techniques to enhance the recovery of the causal relationships. Turning

to the stochastic case, Hansen et al. [21] and Wang et al. [3] have proposed causal

interpretations and identifiability analysis of Stochastic Differential Equations (SDEs).

Additionally, Bellot et al. [48] have introduced a method for consistently discovering

the causal structure of SDE systems using penalized neural ODEs. These works aim to

establish a theoretical connection between causality and differential equations in various

ways. Our contribution to this scholarly landscape lies in the systematic analysis of the

identifiability of linear ODEs, particularly in the presence of hidden confounders.

4.7 Conclusion of chapter

This chapter presents a systematic identifiability analysis of linear ODE systems incor-

porating hidden confounders. Specifically, we establish a sufficient and necessary identifi-

ability condition for the linear ODE system with independent latent confounders. Addi-

tionally, we provide four identifiability conditions for the linear ODE system with causally

related latent confounders, wherein the causal structure of the latent confounders adheres

to a DAG.
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A notable limitation of our work lies in the practical verification of these identifiability

conditions, given that the true underlying system parameters are often unavailable in real-

world scenarios. However, our study significantly contributes to the understanding of the

intrinsic structure of linear ODE systems with hidden confounders. By providing insights

into the identifiability aspects, our findings empower practitioners to utilize models that

adhere to the proposed conditions (e.g., through constrained parameter estimation) for

learning from real-world data while ensuring identifiability.



Chapter 5

Generator Identification for

Linear SDE Systems with

Additive and Multiplicative Noise

In this chapter, we present conditions for identifying the generator of a linear stochas-

tic differential equation (SDE) from the distribution of its solution process with a given

fixed initial state. These identifiability conditions are crucial in causal inference using

linear SDEs as they enable the identification of the post-intervention distributions from

its observational distribution. Specifically, we derive a sufficient and necessary condition

for identifying the generator of linear SDEs with additive noise, as well as a sufficient

condition for identifying the generator of linear SDEs with multiplicative noise. We show

that the conditions derived for both types of SDEs are generic. Moreover, we offer geomet-

ric interpretations of the derived identifiability conditions to enhance their understanding.

To validate our theoretical results, we perform a series of simulations, which support and

substantiate the established findings.

5.1 Introduction

Stochastic differential equations (SDEs) are a powerful mathematical tool for modelling

dynamic systems subject to random fluctuations. These equations are widely used in

This chapter is derived from the following publication: Generator Identification for Linear SDEs with
Additive and Multiplicative Noise [3]

63
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various scientific disciplines, including finance [120–122], physics [123–125], biology [126–

128] and engineering [124, 129, 130]. In recent years, SDEs have garnered growing interest

in the machine learning research community. Specifically, they have been used for tasks

such as modelling time series data [131–133] and estimating causal effects [48, 134, 135].

To enhance understanding we first introduce the SDEs of our interest, which are

multidimensional linear SDEs with additive and multiplicative noise, respectively. Con-

sider an m-dimensional standard Brownian motion defined on a filtered probability space

(Ω,F ,P, {Ft}), denoted by W := {Wt = [W1,t, . . . ,Wm,t]
⊤ : 0 ⩽ t < ∞}. Let Xt ∈ Rd be

the state at time t and let x0 ∈ Rd be a constant vector denoting the initial state of the

system, we present the forms of the aforementioned two linear SDEs.

1. Linear SDEs with additive noise.

dXt = AXtdt+GdWt , X0 = x0 , (5.1)

where 0 ⩽ t < ∞, A ∈ Rd×d and G ∈ Rd×m are some constant matrices.

2. Linear SDEs with multiplicative noise.

dXt = AXtdt+
∑m

k=1GkXtdWk,t , X0 = x0 , (5.2)

where 0 ⩽ t < ∞, A,Gk ∈ Rd×d for k = 1, . . . ,m are some constant matrices.

Linear SDEs are wildly used in financial modeling for tasks like asset pricing, risk

assessment, and portfolio optimization [136–138], where they are used to model the evo-

lution of financial variables, such as stock prices and interest rates. Furthermore, linear

SDEs are also used in genomic research, for instance, they are used for modeling the gene

expression in the yeast microorganism Saccharomyces Cerevisiae [21]. The identifiabil-

ity analysis of linear SDEs is essential for reliable causal inference of dynamic systems

governed by these equations. For example, in the case of Saccharomyces Cerevisiae, one

aims to identify the system such that making reliable causal inference when interventions

are introduced. Such interventions may involve deliberate knockout of specific genes to

achieve optimal growth of an organism. In this regard, identifiability analysis plays a

pivotal role in ensuring reliable predictions concerning the impact of interventions on the

system.
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Previous studies on identifiability analysis of linear SDEs have primarily focused on

Gaussian diffusions, as described by the SDE (5.1) [41–45, 139]. These studies are typically

based on observations located on one trajectory of the system and thus require restric-

tive identifiability conditions, such as the ergodicity of the diffusion or other restrictive

requirements on the eigenvalues of matrix A. However, in practical applications, multiple

trajectories of the dynamic system can often be accessed [38, 39, 140, 141]. In particular,

these multiple trajectories may start from the same initial state, e.g., in experimental

studies where repeated trials or experiments are conducted under the same conditions

[142–145] or when the same experiment is performed on multiple identical units [146].

To this end, this work presents an identifiability analysis for linear SDEs based on the

distribution of the observational process with a given fixed initial state. Furthermore, our

study is not restricted to Gaussian diffusions (5.1), but also encompasses linear SDEs with

multiplicative noise (5.2). Importantly, the conditions derived for both types of SDEs are

generic, meaning that the set of system parameters that violate the proposed conditions

has Lebesgue measure zero.

Traditional identifiability analysis of dynamic systems focuses on deriving conditions

under which a unique set of parameters can be obtained from error-free observational

data. However, our analysis of dynamic systems that are described by SDEs aims to

uncover conditions that would enable a unique generator to be obtained from its ob-

servational distribution. Our motivation for identifying generators of SDEs is twofold.

Firstly, obtaining a unique set of parameters from the distribution of a stochastic process

described by an SDE is generally unfeasible. For example, in the SDE (5.1), parameter

G cannot be uniquely identified since one can only identify GG⊤ based on the distribu-

tion of its solution process [21, 41]. Secondly, the identifiability of an SDE’s generator

suffices for reliable causal inferences for this system. Note that, in the context of SDEs,

the main task of causal analysis is to identify the post-intervention distributions from the

observational distribution. As proposed in [21], for an SDE satisfying specific criteria,

the post-intervention distributions are identifiable from the generator of this SDE. Conse-

quently, the intricate task of unraveling causality can be decomposed into two constituent

components through the generator. This chapter aims to uncover conditions under which

the generator of a linear SDE attains identifiability from the observational distribution.

By establishing these identifiability conditions, we can effectively address the causality

task for linear SDEs.
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In this chapter, we present a sufficient and necessary identifiability condition for the

generator of linear SDEs with additive noise (5.1), along with a sufficient identifiability

condition for the generator of linear SDEs with multiplicative noise (5.2).

5.2 Background knowledge

In this section, we introduce some background knowledge of linear SDEs. In addition, we

provide a concise overview of the causal interpretation of SDEs, which is a critical aspect

of understanding the nature and dynamics of these equations. This interpretation also

forms a strong basis for the motivation of this research.

5.2.1 Background knowledge of linear SDE systems

The solution to the SDE (5.1) can be explicitly expressed as (cf. [49]):

Xt := X(t;x0, A,G) = eAtx0 +

∫ t

0
eA(t−s)GdWs . (5.3)

Note that in the context of our study, the solution stands for the strong solution, refer to

[50] for its detailed definition.

In general, obtaining an explicit expression for the solution to the SDE (5.2) is not

feasible. In fact, an explicit solution can be obtained when the matrices A,G1, . . . , Gk

commute, that is when

AGk = GkA and GkGl = GlGk (5.4)

holds for all k, l = 1, . . . ,m (cf. [51]). However, the conditions described in (5.4) are too

restrictive and impractical. Therefore, this study will focus on the general case of the

SDE (5.2).

We know that both the SDE (5.1) and the SDE (5.2) admit unique solutions that

manifest as continuous stochastic processes [50]. A d-dimensional stochastic process is a

collection of Rd-valued random variables, denoted as X = {Xt; 0 ⩽ t < ∞} defined on

some probability space. When comparing two stochastic processes, X and X̃, that are
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defined on the same probability space (Ω,F ,P), various notions of equality may be con-

sidered. In this study, we adopt the notion of equality with respect to their distributions,

which is a weaker requirement than strict equivalence, see [50] for relevant notions. We

now present the definition of the distribution of a stochastic process.

Definition 5.1. Let X be a random variable on a probability space (Ω,F ,P) with values

in a measurable space (S,B(S)), i.e., the function X : Ω → S is F/B(S)-measurable.

Then, the distribution of the random variable X is the probability measure PX on

(S,B(S)) given by

PX(B) = P(X ∈ B) = P{ω ∈ Ω : X(ω) ∈ B} , B ∈ B(S) .

When X := {Xt; 0 ⩽ t < ∞} is a continuous stochastic process on (Ω,F ,P), and S =

C[0,∞), such an X can be regarded as a random variable on (Ω,F ,P) with values in

(C[0,∞),B(C[0,∞))), and PX is called the distribution of X. Here C[0,∞) stands for

the space of all continuous, real-valued functions on [0,∞].

It is noteworthy that the distribution of a continuous process can be uniquely deter-

mined by its finite-dimensional distributions. Hence, if two stochastic processes, labelled

as X and X̃, share identical finite-dimensional distributions, they are regarded as equiv-

alent in distribution, denoted by X
d
= X̃. Relevant concepts and theories regarding this

property can be found in [50].

The generator of a stochastic process is typically represented by a differential operator

that acts on functions. It provides information about how a function evolves over time

in the context of the underlying stochastic process. Mathematically, the generator of a

stochastic process Xt can be defined as

(Lf)(x) = lim
s→0

E[f(Xt+s)− f(Xt)|Xt = x]

s
,

where f is a suitably regular function.

In the following, we present the generator of the SDEs under consideration. Obviously,

both the SDE (5.1) and the SDE (5.2) conform to the general form:

dXt = b(Xt)dt+ σ(Xt)dWt , X0 = x0 . (5.5)
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where b and σ are locally Lipschitz continuous in the space variable x. The generator L

of the SDE (5.5) can be explicitly computed by utilizing Itô’s formula (cf. [49]).

Proposition 5.2.1. Let X be a stochastic process defined by the SDE (5.5). The generator

L of X on C2
b (Rd) is given by

(Lf)(x) :=
d∑

i=1

bi(x)
∂f(x)

∂xi
+

1

2

d∑
i,j=1

cij(x)
∂2f(x)

∂xi∂xj
(5.6)

for f ∈ C2
b (Rd) and x ∈ Rd, where c(x) = σ(x) · σ(x)⊤ is a d × d matrix, and C2

b (Rd)

denotes the space of continuous functions on Rd that have bounded derivatives up to order

two.

5.2.2 Causal interpretation of SDE systems

An important motivation for the identification of the generator of an SDE lies in the desire

to infer reliable causality within dynamic models described by SDEs. In this subsection,

we aim to provide some necessary background knowledge on the causal interpretation of

SDEs. Consider the general SDE framework described as:

dXt = a(Xt)dZt , X0 = x0 , (5.7)

where Z is a p-dimensional semimartingale and a : Rd → Rd×p is a continuous mapping.

By writing the SDE (5.7) in integral form

Xi
t = xi

0 +
∑p

j=1

∫ t
0 aij(Xs)dZ

j
s , i ⩽ d . (5.8)

The authors of [21] proposed a mathematical definition of the SDE resulting from an

intervention to the SDE (5.8). In the following, X(−l) denotes the (d − 1)-dimensional

vector that results from the removal of the l-th coordinate of X ∈ Rd.

Definition 5.2. [21, Definition 2.4.] Consider some l ⩽ d and ζ : Rd−1 → R. The

SDE arising from (5.8) under the intervention X l
t := ζ(X

(−l)
t ) is the (d − 1)-dimensional

equation

(Y (−l))it = xi
0 +

∑p
j=1

∫ t
0 bij(Y

(−l)
s )dZj

s , i ̸= l , (5.9)

where b : Rd−1 → R(d−1)×p is defined by bij(y) = aij(y1, . . . , ζ(y), . . . , yd) for i ̸= l and

j ⩽ p and the ζ(y) is on the l-th coordinate.
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Definition 5.2 presents a natural approach to defining how interventions should affect

dynamic systems governed by SDEs. We adopt the same notations as used in [21]. As-

suming (5.8) and (5.9) have unique solutions for all interventions, we refer to (5.8) as

the observational SDE, to its solution as the observational process, to the distribution of

its solution as observational distribution, to (5.9) as the post-intervention SDE, to the

solution of (5.9) as the post-intervention process, and to the distribution of the solution

of (5.9) as the post-intervention distribution. The authors in [21] related Definition 5.2

to mainstream causal concepts by establishing a mathematical connection between SDEs

and structural equation models (SEMs). Specifically, the authors showed that under

regularity assumptions, the solution to the post-intervention SDE is equal to the limit

of a sequence of interventions in SEMs based on the Euler scheme of the observational

SDE. Despite the fact that the parameters of the SDEs are generally not identifiable from

the observational distribution, the post-intervention distributions can be identified, thus

enabling causal inference of the system. To this end, Sokol and Hansen [21] derived a

condition under which the generator associated with the observational SDE allows for the

identification of the post-intervention distributions. We present the corresponding theory

as follows.

Lemma 5.3. [21, Theorem 5.3.] Consider the SDEs

dXt = a(Xt)dZt , X0 = x0 , (5.10)

dX̃t = ã(X̃t)dZ̃t , X̃0 = x̃0 , (5.11)

where Z is a p-dimensional Lévy process and Z̃ is a p̃-dimensional Lévy process. Assume

that (5.10) and (5.11) have the same generator, that a : Rd → Rd×p and ζ : Rd−1 → R are

Lipschitz and that the initial values have the same distribution. Then the post-intervention

distributions of doing X l := ζ(X(−l)) in (5.10) and doing X̃ l := ζ(X̃(−l)) in (5.11) are

equal for any choice of ζ and l.

A main task in the causality research community is to uncover the conditions under

which the post-intervention distributions are identifiable from the observational distribu-

tion. In the context of dynamic systems modelled in SDEs, similar conditions need to be

derived. Lemma 5.3 establishes that, for SDEs with a Lévy process as the driving noise,

the post-intervention distributions can be identifiable from the generator. Nevertheless,
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a gap remains between the observational distribution and the SDE generator’s identifi-

ability. This chapter aims to address this gap by providing conditions under which the

generator is identifiable from the observational distribution.

5.3 Main results

In this section, we present some prerequisites first, and then we present the main theoreti-

cal results of our study, which include the condition for the identifiability of generator that

is associated with the SDE (5.1) / SDE (5.2) from the distribution of the corresponding

solution process.

5.3.1 Prerequisites

We first show that both the SDE (5.1) and the SDE (5.2) satisfy the conditions stated in

Lemma 5.3.

Lemma 5.4. Both the SDE (5.1) and the SDE (5.2) can be expressed as the form of

(5.10), with Z being a p-dimensional Lévy process, and a : Rd → Rd×p being Lipschitz.

The proof of Lemma 5.4 can be found in Appendix C.1.1. This lemma suggests that

Lemma 5.3 applies to both the SDE (5.1) and the SDE (5.2), given that they meet

the specified conditions. Therefore, for either SDE, deriving the conditions that allow

for the generator to be identifiable from the observational distribution is sufficient. By

applying Lemma 5.3, when the intervention function ζ is Lipschitz, the post-intervention

distributions can be identified from the observational distribution under these conditions.

We then address the identifiability condition of the generator L defined by (5.6).

Proposition 5.3.1. Let L and L̃ be generators of stochastic processes defined by the form of

the SDE (5.5) on C2
b (Rd), where L is given by (5.6) and L̃ is given by the same expression,

with b̃(x) and c̃(x) substituted for b(x) and c(x). It then holds that the two generators

L = L̃ if and only if b(x) = b̃(x) and c(x) = c̃(x) for all x ∈ Rd.

The proof of Proposition 5.3.1 can be found in Appendix C.1.2. This proposition states

that for stochastic processes defined by the SDE (5.5), the generator is identifiable from

functions associated with its coefficients: b(x) and c(x) = σ(x) · σ(x)⊤.
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5.3.2 Conditions for identifying generators of linear SDE systems with

additive noise

Expressing the SDE (5.1) in the form given by (5.5) yields b(x) = Ax and c(x) = GG⊤.

By defining b̃(x) = Ãx and c̃(x) = G̃G̃⊤, it can be easily checked that b(x) = b̃(x)

and c(x) = c̃(x) for all x ∈ Rd if and only if (A,GG⊤) = (Ã, G̃G̃⊤). Therefore, based on

Proposition 5.3.1, we define the identifiability of the generator of the SDE (5.1) as follows.

Definition 5.5 ((x0, A,G)-identifiability). For x0 ∈ Rd, A ∈ Rd×d and G ∈ Rd×m, the

generator of the SDE (5.1) is said to be identifiable from x0, if for all Ã ∈ Rd×d and all

G̃ ∈ Rd×m, with (A,GG⊤) ̸= (Ã, G̃G̃⊤), it holds that X(·;x0, A,G)1
d
̸= X(·;x0, Ã, G̃).

In the following, we begin by introducing two lemmas that serve as the foundation for

deriving our main identifiability theorem.

Lemma 5.6. For x0 ∈ Rd, A, Ã ∈ Rd×d and G, G̃ ∈ Rd×m, let Xt := X(t;x0, A,G), X̃t :=

X(t;x0, Ã, G̃), then X(·;x0, A,G)
d
= X(·;x0, Ã, G̃) if and only if the mean E[Xt] = E[X̃t]

and the covariance E{(Xt+h−E[Xt+h])(Xt−E[Xt])
⊤} = E{(X̃t+h−E[X̃t+h])(X̃t−E[X̃t])

⊤}

for all 0 ⩽ t < ∞ and 0 ⩽ h < ∞.

The proof of Lemma 5.6 can be found in Appendix C.1.3. This lemma states that for

stochastic processes modelled by the SDE (5.1), the equality of the distribution of two

processes can be deconstructed as the equality of the mean and covariance of the state

variables at all time points. Calculation shows

E[Xt] = eAtx0 ,

V (t, t+ h) :=E{(Xt+h − E[Xt+h])(Xt − E[Xt])
⊤}

= eAhV (t) ,

(5.12)

where V (t) := V (t, t). Please refer to the proof C.1.5 of Theorem 5.8 for the detailed

calculations. It can be easily checked that E[Xt] follows the linear ordinary differential

equation (ODE)

ṁ(t) = Am(t), m(0) = x0 , (5.13)

where ṁ(t) denotes the first derivative of function m(t) with respect to time t. Similarly,

each column of the covariance V (t, t + h) also follows the linear ODE (5.13) but with a

1X(·;x0, A,G) = {X(t;x0, A,G) : 0 ⩽ t < ∞}
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different initial state: the corresponding column of V (t). This observation allows us to

leverage not only the characteristics of the SDE (5.1), but also the established theories [28,

29] on identifiability analysis for the ODE (5.13), to derive the identifiability conditions

for the generator of the SDE (5.1).

We adopt the same setting as in [29], discussing the case where A has distinct eigenval-

ues. Because random matrix theory suggests that almost every A ∈ Rd×d has d distinct

eigenvalues with respect to the Lebesgue measure on Rd×d [29]. And the Jordan decom-

position of such a matrix A follows a straightforward form which is helpful for deriving

the geometric interpretation of the proposed identifiability condition. The Jordan decom-

position can be expressed as A = QΛQ−1, where

Λ =


J1

. . .

JK

 ,with Jk =


λk, if k = 1, . . . ,K1 ,ak −bk

bk ak

 , if k = K1 + 1, . . . ,K .

Q = [Q1| . . . |QK ] = [v1| . . . |vd] ,

Qk =

 vk, if k = 1, . . . ,K1 ,[
v2k−K1−1|v2k−K1

]
, if k = K1 + 1, . . . ,K ,

where λk is a real eigenvalue of A and vk is the corresponding eigenvector of λk, for k =

1, . . . ,K1. For k = K1+1, . . . ,K, [v2k−K1−1|v2k−K1 ] are the corresponding “eigenvectors”

of complex eigenvalues ak±bki. Inspired by [29, Definition 2.3., Lemma 2.3.], we establish

the following Lemma.

Lemma 5.7. Assuming A ∈ Rd×d has d distinct eigenvalues, with Jordan decomposition

A = QΛQ−1. Let γj ∈ Rd and γ̃j := Q−1γj ∈ Rd for all j = 1, . . . , n with n ⩾ 2. We

define

wj,k :=

 γ̃j,k ∈ R1, for k = 1, . . . ,K1 ,

(γ̃j,2k−K1−1, γ̃j,2k−K1)
⊤ ∈ R2, for k = K1 + 1, . . . ,K ,

where γ̃j,k denotes the k-th entry of γ̃j. rank([γ1|Aγ1| . . . |Ad−1γ1| . . . |γn|Aγn| . . . |Ad−1γn]) <

d if and only if there exists k ∈ {1, . . . ,K}, such that |wj,k| = 0 for all j = 1, . . . , n, where

|wj,k| is the absolute value of wj,k for k = 1, . . . ,K1, and the Euclidean norm of wj,k for

k = K1 + 1, . . . ,K.
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The proof of Lemma 5.7 can be found in Appendix C.1.4. From a geometric perspec-

tive, γj can be decomposed into a linear combination of Qk’s

γj = Qγ̃j =
∑K

k=1Qkwj,k .

Let Lk := span(Qk). According to [29, Theorem 2.2], each Lk is an A-invariant subspace

of Rd. Recall that a space L is called A-invariant, if for all γ ∈ L, Aγ ∈ L. We say L is

a proper subspace of Rd if L ⊂ Rd and L ̸= Rd. If |wj,k| = 0 (i.e., wj,k = 0 in R1 or R2),

then γj does not contain any information from Lk. In this case, γj is contained in an A-

invariant proper subspace of Rd that excludes Lk, denoted as L−k. It is worth emphasizing

that L−k ⊂ Rd is indeed a proper subspace of Rd. This further implies that the trajectory

of the ODE (5.13) generated from initial state γj is confined to L−k [28, Lemma 3.2].

Lemma 5.7 indicates that if rank([γ1|Aγ1| . . . |Ad−1γ1| . . . |γn|Aγn| . . . |Ad−1γn]) < d then

all γj for j = 1, . . . , n are confined to an A-invariant proper subspace of Rd, denoted as

L. Therefore, all trajectories of the ODE (5.13) generated from initial states γj are also

confined to L. Furthermore, based on the identifiability conditions proposed in [28], the

ODE (5.13) is not identifiable from observational data collected in these trajectories. This

lemma provides an approach to interpreting our identifiability conditions from a geometric

perspective.

Now we are ready to present our main theorem.

Theorem 5.8. Let x0 ∈ Rd be fixed. Assuming that the matrix A in the SDE (5.1) has

d distinct eigenvalues. The generator of the SDE (5.1) is identifiable from x0 if and only

if

rank([x0|Ax0| . . . |Ad−1x0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d]) = d ,

(5.14)

where H := GGT , and H·j stands for the j-th column vector of matrix H, for all j =

1, · · · , d.

The proof of Theorem 5.8 can be found in Appendix C.1.5. The condition in Theorem

5.8 is both sufficient and necessary when the matrix A has distinct eigenvalues. It is worth

noting that almost every A ∈ Rd×d has d distinct eigenvalues concerning the Lebesgue

measure on Rd×d. Hence, this condition is both sufficient and necessary for almost every
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A in Rd×d. However, in cases where A has repetitive eigenvalues, this condition is solely

sufficient and not necessary.

Remark. The identifiability condition stated in Theorem 5.8 is generic, that is, let

S := {(x0, A,G) ∈ Rd+d2+dm : condition (5.14) is violated} ,

S has Lebesgue measure zero in Rd+d2+dm. Refer to Appendix C.2.2 for the detailed

proof.

From the geometric perspective, suppose matrix A has distinct eigenvalues, the gener-

ator of the SDE (5.1) is identifiable from x0 when not all of the vectors: x0, H·1, . . . ,H·d

are confined to an A-invariant proper subspace of Rd. A key finding is that when all

the vectors H·j , j = 1, . . . , d are confined to an A-invariant proper subspace L of Rd,

each column of the covariance matrix V (t) in Equation (5.12) is also confined to L, for

all 0 ⩽ t < ∞. Thus, the identifiability of the generator of the SDE (5.1) can be fully

determined by x0 and the system parameters (A,GG⊤). Further details can be found in

the proof C.1.5 of Theorem 5.8.

By rearranging the matrix in (5.14), the identifiability condition can also be expressed

as

rank([x0|Ax0| . . . |Ad−1x0|GG⊤|AGG⊤| . . . |Ad−1GG⊤]) = d . (5.15)

Based on the identifiability condition (5.15), we derive the following corollary.

Corollary 5.9. Let x0 ∈ Rd be fixed. If rank([G|AG| . . . |Ad−1G]) = d, then the generator

of the SDE (5.1) is identifiable from x0 .

The proof of Corollary 5.9 can be found in Appendix C.1.6. This corollary indicates

that the generator of the SDE (5.1) is identifiable from any initial state x0 ∈ Rd when

the pair [A,G] is controllable (rank([G|AG| . . . |Ad−1G]) = d). Notably, this identifiability

condition is stricter than that proposed in Theorem 5.8, as it does not use the information

of x0.
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5.3.3 Conditions for identifying generators of linear SDE systems with

multiplicative noise

Expressing the SDE (5.2) in the form given by (5.5) yields b(x) = Ax and σ(x) =

[G1x| . . . |Gmx] ∈ Rd×m, thus, c(x) = σ(x)σ(x)⊤ =
∑m

k=1Gkxx
⊤G⊤

k . By defining b̃(x) =

Ãx and c̃(x) =
∑m

k=1 G̃kxx
⊤G̃⊤

k , it can be easily checked that b(x) = b̃(x) and c(x) =

c̃(x) for all x ∈ Rd if and only if (A,
∑m

k=1Gkxx
⊤G⊤

k ) = (Ã,
∑m

k=1 G̃kxx
⊤G̃⊤

k ) for all

x ∈ Rd. Let X(t;x0, A, {Gk}mk=1) denote the solution to the SDE (5.2), then based on

Proposition 5.3.1, we define the identifiability of the generator of the SDE (5.2) as follows.

Definition 5.10 ((x0, A, {Gk}mk=1)-identifiability). For x0 ∈ Rd, A,Gk ∈ Rd×d for all k =

1, . . . ,m, the generator of the SDE (5.2) is said to be identifiable from x0, if for all Ã, G̃k ∈

Rd×d, there exists an x ∈ Rd, such that (A,
∑m

k=1Gkxx
⊤G⊤

k ) ̸= (Ã,
∑m

k=1 G̃kxx
⊤G̃⊤

k ), it

holds that X(·;x0, A, {Gk}mk=1)
d
̸= X(·;x0, Ã, {G̃k}mk=1).

Based on Definition 5.10, we present the identifiability condition for the generator of

the SDE (5.2).

Theorem 5.11. Let x0 ∈ Rd be fixed. The generator of the SDE (5.2) is identifiable

from x0 if the following conditions are satisfied:

A1 rank([x0|Ax0| . . . |Ad−1x0]) = d ,

A2 rank([v|Av| . . . |A(d2+d−2)/2v]) = (d2 + d)/2 ,

where A = A ⊕ A +
∑m

k=1Gk ⊗ Gk ∈ Rd2×d2, ⊕ denotes Kronecker sum and ⊗ denotes

Kronecker product, v is a d2-dimensional vector defined by v := vec(x0x
⊤
0 ), where vec(M)

denotes the vectorization of matrix M .

The proof of Theorem 5.11 can be found in Appendix C.1.7. This condition is only suffi-

cient but not necessary. Specifically, condition A1 guarantees that matrix A is identifiable,

and once A is identifiable, condition A2 ensures that the identifiability of
∑m

k=1Gkxx
⊤G⊤

k

holds for all x ∈ Rd.

Remark. The identifiability condition stated in Theorem 5.11 is generic, that is, let

S := {(x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 : either condition A1 or A2 in Theorem 5.11 is violated} ,
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S has Lebesgue measure zero in Rd+(m+1)d2 . This signifies that the conditions are satisfied

for most of the combinations of x0, A and Gk’s, except for those that lie in a set of

Lebesgue measure zero. The corresponding proposition and detailed proof can be found

in Appendix C.2.1.

Since obtaining an explicit solution for the SDE (5.2) is generally infeasible, we resort

to utilizing the first- and second-order moments of this SDE to derive the identifiability

conditions. Let m(t) := E[Xt] and P (t) := E[XtX
⊤
t ], it is known that these moments

satisfy ODE systems. Specifically, m(t) satisfies the ODE (5.13), while P (t) satisfies the

following ODE (cf. [147]):

Ṗ (t) = AP (t) + P (t)A⊤ +
∑m

k=1GkP (t)G⊤
k , P (0) = x0x

⊤
0 . (5.16)

An important trick to deal with the ODE (5.16) is to vectorize P (t), then it can be

expressed as:

vec(Ṗ (t)) = Avec(P (t)) , vec(P (0)) = v , (5.17)

where A and v are defined in Theorem 5.11. In fact, the ODE (5.17) follows the same

mathematical structure as that of the ODE (5.13), which is known as homogeneous linear

ODEs. Thus, in addition to the inherent properties of the SDE (5.2), we also employ some

existing identifiability theories for homogeneous linear ODEs to establish the identifiability

condition for the generator of the SDE (5.2).

From the geometric perspective, condition A1 indicates that the initial state x0 is not

confined to an A-invariant proper subspace of Rd [28, Lemma 3.1.]. And condition A2

implies that the vectorization of x0x
⊤
0 is not confined to an A-invariant proper subspace

of W , with W ⊂ Rd2 , and dim(W ) = (d2 + d)/2, where dim(W ) denotes the dimension

of the subspace W , that is the number of vectors in any basis for W . In particular, one

can construct a basis for W as follows:

{vec(E11), vec(E21), vec(E22), . . . , vec(Edd)} ,

where Eij denotes a d × d matrix whose ij-th and ji-th elements are 1, and all other

elements are 0, for all i, j = 1, . . . , d and i ⩾ j. Refer to the proof C.1.7 of Theorem 5.11

for more details.
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5.4 Simulations and examples

In order to assess the validity of the identifiability conditions established in Section 5.3, we

present the results of simulations. Specifically, we consider SDEs with system parameters

that either satisfy or violate the proposed identifiability conditions. We then apply the

maximum likelihood estimation (MLE) method to estimate the system parameters from

discrete observations sampled from the corresponding SDE. The accuracy of the resulting

parameter estimates serves as an indicator of the validity of the proposed identifiability

conditions.

Simulations. We conduct five sets of simulations, which include one identifiable

case and one unidentifiable case for the SDE (5.1), and one identifiable case and two

unidentifiable cases with either condition A1 or A2 in Theorem 5.11 unsatisfied for the

SDE (5.2). We set both the system dimension, d, and the Brownian motion dimension,

m, to 2. Details on the true underlying system parameters for the SDEs can be found in

Appendix C.3. We simulate observations from the true SDEs for each of the five cases

under investigation. Specifically, the simulations are carried out for different numbers of

trajectories (N), with 50 equally-spaced observations sampled on each trajectory from the

time interval [0, 1]. We employ the Euler-Maruyama (EM) method [148], a widely used

numerical scheme for simulating SDEs, to generate the observations.

Estimation. We use MLE [49, 149] to estimate the system parameters. The MLE

method requires knowledge of the transition probability density function (pdf) that gov-

erns the evolution of the system. For the specific case of the SDE (5.1), the transition

density follows a Gaussian distribution, which can be computed analytically based on the

system’s drift and diffusion coefficients (cf. [49]). To compute the covariance, we employ

the commonly used matrix fraction decomposition method [49, 150, 151]. However, in

general, the transition pdf of the SDE (5.2) cannot be obtained analytically due to the

lack of a closed-form solution. To address this issue, we implement the Euler-Maruyama

approach [148, 152], which has been shown to be effective in approximating the transition

pdf of SDEs.

Metric. We adopt the commonly used metric, mean squared error (MSE), to assess

the accuracy of parameter estimates. For each configuration, we conduct 100 indepen-

dent random replications and present the MSEs along with their variances to evaluate
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estimation reliability.

Table 5.1: Simulation results of the SDE (5.1)

N
Identifiable Unidentifiable

MSE-A MSE-GG⊤ MSE-A MSE-GG⊤

5 0.0117± 0.0115 5.28E-05± 4.39E-05 3.66± 0.10 0.05± 0.03
10 0.0063± 0.0061 2.39E-05± 1.82E-05 3.88± 0.06 0.64± 0.59
20 0.0029± 0.0027 1.87E-05± 1.51E-05 3.70± 0.06 0.09± 0.07
50 0.0013± 0.0010 8.00E-06± 5.68E-06 3.76± 0.07 0.11± 0.08
100 0.0007± 0.0004 4.34E-06± 2.70E-06 3.66± 0.02 2.09± 1.98

Results analysis. Table 5.1 and Table 5.2 present the simulation results for the SDE

(5.1) and the SDE (5.2), respectively. In Table 5.1, the simulation results demonstrate

that in the identifiable case, as the number of trajectories N increases, the MSE for both

A and GG⊤ decreases and approaches zero. However, in the unidentifiable case, where

the identifiable condition (5.14) stated in Theorem 5.8 is not satisfied, the MSE for both

A and GG⊤ remains high regardless of the number of trajectories. These findings provide

strong empirical evidence supporting the validity of the identifiability condition proposed

in Theorem 5.8. The simulation results presented in Table 5.2 show that in the identifiable

case, the MSE for both A and Gsx decreases and approaches zero with the increase of

the number of trajectories N . Here, Gsx :=
∑m

k=1Gkxx
⊤G⊤

k , where x is a randomly

generated vector from R2 (in these simulations, x = [1.33, 0.72]⊤). Interestingly, even in

unidentifiable case 1, the MSE for both A and Gsx decreases with an increasing number

of trajectories N , indicating that the generator of the SDE utilized in this particular

case is still identifiable, although a larger number of trajectories is required compared

to the identifiable case to achieve the same level of accuracy. This result is reasonable,

because it aligns with our understanding that condition A1 is only sufficient but not

necessary for identifying A, as the lack of an explicit solution for the SDE (5.2) results in

condition A1 not incorporating any information from Gk’s. The identifiability condition

derived for the SDE (5.1) in Theorem 5.8 leverages the information of G, similarly, if

information regarding Gk’s is available, a weaker condition for identifying A could be

obtained. For illustration, in Appendix C.5, we present such a condition assuming the

SDE (5.2) has a closed-form solution. In the case of unidentifiable case 2, the MSE for

A decreases with an increasing number of trajectories N ; however, the MSE for Gsx

remains high, indicating that A is identifiable, while Gsx is not, albeit requiring more

trajectories compared to the identifiable case to achieve the same level of accuracy of A

(since the Gsx is far away from its true underlying value). This finding is consistent with
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the derived identifiability condition, as condition A1 is sufficient to identify A, whereas

condition A2 governs the identifiability of Gsx. Worth noting that in cases where neither

condition A1 nor condition A2 is satisfied, the estimated parameters barely deviate from

their initial values, implying poor estimation of both A and Gsx. These results indicate

the validity of the identifiability condition stated in Theorem 5.11.

Table 5.2: Simulation results of the SDE (5.2)

Identifiable
Unidentifiable

N
case1: A1-False, A2-True case2: A1-True, A2-False

MSE-A MSE-Gsx MSE-A MSE-Gsx MSE-A MSE-Gsx

10 0.069± 0.061 0.3647± 0.3579 0.509± 0.499 0.194± 0.140 2.562± 2.522 9763± 8077

20 0.047± 0.045 0.1769± 0.1694 0.195± 0.180 0.088± 0.058 0.967± 0.904 8353± 6839

50 0.018± 0.018 0.1703± 0.1621 0.132± 0.131 0.081± 0.045 0.423± 0.410 4779± 4032

100 0.006± 0.006 0.0015± 0.0012 0.065± 0.065 0.068± 0.036 0.207± 0.198 3569± 3150

500 0.001± 0.001 0.0004± 0.0001 0.008± 0.008 0.059± 0.004 0.046± 0.046 4490± 3991

Illustrative instances of causal inference for linear SDEs (with interven-

tions). To illustrate how our proposed identifiability conditions can guarantee reliable

causal inference for linear SDEs, we present examples corresponding to both the SDE (5.1)

and the SDE (5.2). In these examples, we show that under our proposed identifiability

conditions, the post-intervention distributions are identifiable from their corresponding

observational distributions. Please refer to Appendix C.4.1 and C.4.2 for the details of

the examples.

5.5 Related work

Most current studies on the identifiability analysis of SDEs are based on the Gaussian

diffusion processes that conform to the form described in the SDE (5.1). In particular, the

authors of [40–42] have conducted research on the identifiability or asymptotic properties

of parameter estimators of Gaussian diffusions in view of continuous observations of one

trajectory, and have highlighted the need for the diffusion to be ergodic. A considerable

amount of effort has also been directed towards the identifiability analysis of Gaussian

diffusions, relying on the exact discrete models of the SDEs [43–45, 139, 153]. Typically,

these studies involve transferring the continuous-time system described in the SDE (5.1)

to a discrete-time model such as a vector autoregressive model, based on equally-spaced

observations sampled from one trajectory, and then attempting to determine conditions

under which (A,GG⊤) is identifiable from the parameters of the corresponding exact
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discrete models. These conditions often have requirements on eigenvalues of A among

other conditions, such as requiring the eigenvalues to have only negative real parts, or

the eigenvalues to be strictly real. Due to the limitation of the available observations

(continuous or discrete observations located on one trajectory of the SDE system), the

identifiability conditions proposed in these works are restrictive.

Causal modelling theories have been well-developed based on directed acyclic graphs

(DAGs), which do not explicitly incorporate a time component [112]. In recent years,

similar concepts of causality have been developed for dynamic systems operating in both

discrete and continuous time. Discrete-time models, such as autoregressive processes, can

be readily accommodated within the DAG-based framework [154, 155]. On the other hand,

differential equations offer a natural framework for understanding causality in dynamic

systems within the context of continuous-time processes [22, 93]. Consequently, consid-

erable effort has been devoted to establishing a theoretical connection between causality

and differential equations. In the deterministic case, Mooij et al. [18] and Rubenstein

et al. [19] have established a mathematical link between ODEs and structural causal

models (SCMs). Wang et al. [1] have proposed a method to infer the causal structure

of linear ODEs. Turning to the stochastic case, Boogers and Mooij have built a bridge

from random differential equations (RDEs) to SCMs [20], while Hansen and Sokol have

proposed a causal interpretation of SDEs by establishing a connection between SDEs and

SEMs [21].

5.6 Conclusion of chapter

In this chapter, we present an investigation into the identifiability of the generators of

linear SDEs under additive and multiplicative noise. Specifically, we derive the conditions

that are fully built on system parameters and the initial state x0, which enables the

identification of a linear SDE’s generator from the distribution of its solution process with

a given fixed initial state. We establish that, under the proposed conditions, the post-

intervention distribution is identifiable from the corresponding observational distribution

for any Lipschitz intervention ζ.

The main limitation of our work is that the practical verification of these identifiabil-

ity conditions poses a challenge, as the true underlying system parameters are typically
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unavailable in real-world applications. Nevertheless, our study contributes to the under-

standing of the intrinsic structure of linear SDEs. By offering valuable insights into the

identifiability aspects, our findings empower researchers and practitioners to employ mod-

els that satisfy the proposed conditions (e.g., through constrained parameter estimation)

to learn real-world data while ensuring identifiability. We believe the paramount signif-

icance of this work lies in providing a systematic and rigorous causal interpretation of

linear SDEs, which facilitates reliable causal inference for dynamic systems governed by

such equations. It is worth noting that in our simulations, we employed the MLE method

to estimate the system parameters. This necessitates the calculation of the transition pdf

from one state to the successive state at each discrete temporal increment. Consequently,

as the state dimension and Brownian motion dimension increase, the computational time

is inevitably significantly increased, rendering the process quite time-consuming. To expe-

dite parameter estimation for scenarios involving high dimensions, alternative estimation

approaches are required. The development of a more efficient parameter estimation ap-

proach remains an important task in the realm of SDEs, representing a promising direction

for our future research.



Chapter 6

Conclusion and Discussion

6.1 Summary of contributions

This thesis investigates fundamental identifiability problems in continuous-time causal

models, focusing on linear ODE and SDE systems under various observational settings.

The contributions span three complementary dimensions:

1. Identifiability of linear ODE systems from discrete observations. In Chap-

ter 3, we establish that a homogeneous linear ODE system is identifiable from a

single sequence of equally spaced observations, even when the initial condition is

unknown. We prove that under mild regularity conditions, the Nonlinear Least

Squares (NLS) estimator is consistent and asymptotically normal. These results

provide a rigorous statistical foundation for constructing confidence intervals and

performing hypothesis testing on causal structures.

2. Identifiability of linear ODE systems with hidden confounders. Chap-

ter 4 extends the analysis to settings where part of the dynamical system is unob-

served. We consider two classes of latent confounding: (i) independent latent vari-

ables evolving according to a known functional form, and (ii) dynamically evolving

latent states structured by a DAG. For both cases, we establish identifiability condi-

tions—sufficient, and in some instances also necessary—that guarantee partial/full

recovery of the causal mechanism from observed data. These results enable valid

causal inference even in the presence of latent confounders.

82
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3. Generator identification for linear SDE systems. Chapter 5 addresses identi-

fiability in stochastic dynamics. For linear SDEs with additive noise, we prove that

the generator is generically identifiable under a structural condition on the drift and

diffusion matrices, which is both sufficient and necessary. For multiplicative noise,

we establish a generic sufficient identifiability condition. Both conditions ensure

that the infinitesimal generator—which determines all Lipschitz-continuous post-

intervention distributions—can be uniquely recovered from observational data. In

both cases, we provide geometric insights to aid interpretation and understanding.

6.2 Future directions

The results in this thesis open several promising directions for further research:

1. Beyond linearity. Extending identifiability analysis to nonlinear ODE and SDE

systems remains an important challenge. Approaches such as local linearization,

Lie algebraic methods, or kernel-based representations may offer tractable paths

forward.

2. Finite-sample and robust inference. The theoretical results in this thesis as-

sume idealized noise-free observations or asymptotic regimes. Bridging these with

robust finite-sample estimators that retain identifiability guarantees under bounded

noise or model misspecification is essential for real-world applications.

3. Empirical validation and benchmarks. Developing benchmark datasets and

empirical protocols for validating identifiability conditions in scientific domains (e.g.,

systems biology, finance, climate science) will provide a testbed for assessing prac-

tical applicability.

4. Causal discovery under SDE generators. In stochastic settings, identifiability

of the generator opens avenues for causal discovery frameworks that directly operate

on observational distributions. Leveraging recent developments in score-based or

generative modeling may prove fruitful.
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5. Interventional design and control. Building on identifiability, one can explore

how to optimally design interventions or control inputs to improve inference ef-

ficiency or disambiguate latent causal structure—especially in adaptive or online

settings.

6. Irregularly spaced discrete observations. In our analysis of identifiability for

linear ODE systems from discrete observations, we focused on the case of equally

spaced sampling from a single trajectory. While this setting is common in practice,

extending the results to irregularly spaced discrete observations would be valuable.

As noted in [94], irregular sampling can sometimes provide richer information about

the underlying dynamics.

7. Applications to real-world datasets. While this thesis has focused on theo-

retical results supported by simulation studies, an important next step is to apply

the proposed methods to suitable real-world datasets. Such applications would help

assess the empirical utility of the identifiability conditions and demonstrate their

relevance in scientific domains.

6.3 Concluding remarks

Reliable causal inference in continuous-time systems hinges critically on whether the un-

derlying dynamical model is uniquely recoverable from data. This thesis provides theo-

retical and statistical tools to address this challenge for linear ODE and SDE systems,

even in the presence of latent confounding and stochasticity.

By formalizing parameter-identifiability or generator-identifiability under various ob-

servational regimes, we offer a principled framework for causal reasoning and prediction

in time-dependent domains. We hope these results contribute to a deeper understand-

ing of causal mechanisms in dynamical systems, and serve as a foundation for future

methodological and applied research.



Appendix A

Appendix of Chapter 3

A.1 Detailed proofs

In this appendix, we present the detailed proofs of all our lemmas, theorems and corol-

laries.

A.1.1 Proof of Lemma 3.2

Proof. For A,A′,x0,x
′
0 defined in Definition 3.1, if x0 ̸= x′

0, one sees that x(·;x0, A) ̸=

x(·;x′
0, A

′), because x(0;x0, A) ̸= x(0;x′
0, A

′). Therefore, one only needs to consider the

case where x0 = x′
0 and A ̸= A′. Under this circumstance, the Definition 3.1 and Lemma

3.2 are similar to [28, Definition 2.3, Theorem 2.5], with the only difference is that the

identifiability of ODE system (3.1) not only applies to a fixed initial condition x0 but an

open set M0 ⊂ Rd. According to [28, Proof of Theorem 2.5], we can directly get the proof

for Lemma 3.2.

A.1.2 Proof of Theorem 3.4

Proof. Let Φ(t) denote the principal matrix solution of model (3.1), that is, Φ(t) := eAt.

Let Xq denote the matrix (xq,xq+1, . . . ,xq+d−1) ∈ Rd×d, for q = 1, 2. As defined in the

statement of Theorem 3.4, we have d + 1 equally-spaced observations xj = x(tj ;x0, A),

with the tj ’s denoting equally-spaced time points, for j = 1, . . . , d+1, we denote the equal
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time space as ∆t := tj+1 − tj , for all j = 1, . . . , d. According to the solution function

(3.3), one obtains

xj+1 = x(tj+1;x0, A) = x(tj +∆t;x0, A) = eA∆teAtjx0 = eA∆tx(tj ;x0, A) = Φ(∆t)xj ,

for all j = 1, . . . , d. Therefore,

X2 = Φ(∆t)X1 .

Then the proof can be broken down into three steps.

Step i: We show that X1 is invertible, thus Φ(∆t) = X2X
−1
1 .

Suppose that X1 = (x1,x2, . . . ,xd) ∈ Rd×d is singular, that is, x1,x2, . . . ,xd are linearly

dependent, then there exists a non-zero vector c = [c1, c2, . . . , cd]
⊤ ̸= 0d satisfying X1c =

0d, that is,

c1x1 + c2x2 + · · ·+ cdxd = 0d ,

where 0d denotes the d-dimensional zero vector. By plugging the solution of xj in the

above equation, one obtains that

c1e
At1x0 + c2e

A∆teAt1x0 + · · ·+ cde
A(d−1)∆teAt1x0 = 0d ,

which is

(c1I + c2e
A∆t + · · ·+ cde

A(d−1)∆t)eAt1x0 = 0d . (A.1)

Under condition A2 stated in Theorem3.4, one gets the Jordan decomposition of param-

eter matrix A, denoting as A = QΛQ−1, with Λ = diag(λ1, λ2, . . . , λd), a d-dimensional

diagonal matrix, where λ1, λ2, . . . , λd are d distinct real eigenvalues of the parameter ma-

trix A. Then Equation (A.1) is equivalent to

Q(c1I + c2e
Λ∆t + · · ·+ cde

Λ(d−1)∆t)eΛt1Q−1x0 = 0d .

Since matrix Q is invertible, by multiplying Q−1 in both hand sides of the equation, one

sees that

(c1I + c2e
Λ∆t + · · ·+ cde

Λ(d−1)∆t)eΛt1Q−1x0 = 0d ,
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which is
c1 + c2e

λ1∆t + · · ·+ cde
λ1(d−1)∆t

. . .

c1 + c2e
λd∆t + · · ·+ cde

λd(d−1)∆t

 eΛt1Q−1x0 = 0d ,

Let

ui := eλit1(c1 + c2e
λi∆t + · · ·+ cde

λi(d−1)∆t) ,

for all i = 1, . . . , d and matrix U := diag(u1, . . . , ud), Equation (A.1) is equivalent to

UQ−1x0 = 0d . (A.2)

We next show that if Equation (A.2) holds, then U is a zero matrix. Let

Λ̃ =


1 λ1 · · · λd−1

1

1 λ2 · · · λd−1
2

...
...

. . .
...

1 λd · · · λd−1
d

 .

Since, by condition A2, Λ̃ is a square Vandermonde matrix with all the λi’s distinct, Λ̃ is

invertible. Thus, for any c, there always exists a unique vector l = [l1, l2, . . . , ld]
⊤ ∈ Rd

such that

l = Λ̃−1


u1

u2
...

ud

 .

That is l1 + l2λi + . . .+ ldλ
d−1
i = ui for all i = 1, . . . , d. Using the Jordan decomposition

form of A, we then have

l1x0 + l2Ax0 + · · ·+ ldA
d−1x0 = Q(l1I + l2Λ + · · ·+ ldΛ

d−1)Q−1x0 = QUQ−1x0 .

Thus, if Equation (A.2) holds, then we have

l1x0 + l2Ax0 + · · ·+ ldA
d−1x0 = 0d . (A.3)
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Under condition A1 stated in Theorem 3.4, if Equation (A.3) holds, one obtains l = 0d

since {x0, Ax0, . . . , A
d−1x0} are linearly independent. Then ui = 0 for all i = 1, . . . , d

and U is a zero matrix, which means
c1 + c2e

λ1∆t + · · ·+ cde
λ1(d−1)∆t = 0 ,

· · ·

c1 + c2e
λd∆t + · · ·+ cde

λd(d−1)∆t = 0 .

(A.4)

Equation (A.4) can be written in matrix form as:


1 eλ1∆t e2λ1∆t · · · e(d−1)λ1∆t

1 eλ2∆t e2λ2∆t · · · e(d−1)λ2∆t

...
...

...
. . .

...

1 eλd∆t e2λd∆t · · · e(d−1)λd∆t




c1

c2
...

cd

 = 0d ,

where, by condition A2, the first matrix on the left-hand side is again an invertible square

Vandermonde matrix. This implies that c = [c1, c2, . . . , cd]
⊤ = 0d, which contradicts the

assumption (c ̸= 0d) made at the beginning of the proof. Therefore, one concludes that

X1 is invertible, and thus

Φ(∆t) = X2X
−1
1 .

Step ii: We prove that under conditions A1 and A2, there always exists a unique loga-

rithm of matrix Φ(∆t)(= eA∆t), thus, A is identifiable from Φ(∆t).

We first present a lemma we will use for our proof.

Lemma A.1. [28, Theorem 6.3] Let C be a real square matrix. Then there exists a unique

real solution Y to the equation C = eY if and only if all the eigenvalues of C are positive

real and no Jordan block of C belonging to any eigenvalue appears more than once.

The Jordan decomposition of eA∆t is

eA∆t = QeΛ∆tQ−1 = Q


eλ1∆t

. . .

eλd∆t

Q−1 .
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Under condition A2, λ1, λ2, . . . , λd are d distinct real values, therefore, eA∆t has d distinct

positive real eigenvalues eλj∆t, for all j = 1, 2, . . . , d. Then by Lemma A.1, one obtains

A∆t by taking logarithm of eA∆t , thus one obtains A.

Step iii: We show the initial condition x0 is identifiable.

One sees that

det(eAt) = det(QeΛtQ−1) = det(Q−1)det(eΛt)det(Q)

= det(Q−1Q)det(eΛt) = det(eΛt) = e
∑d

i=1 λit ̸= 0 ,

for any t > 0. Therefore, eAt is nonsingular for any t > 0. Since x1 = eAt1x0, one obtains

that x0 = e−At1x1.

Therefore, we have proved that both A and x0 can be explicitly calculated by using

any d + 1 equally-spaced error-free observations, which means the ODE system (3.1) is

identifiable from these observations.

A.1.3 Proof of Corollary 3.7

Proof. By definition of the aggregated observations in Definition 3.5, one sees that

x̃j = (x(j−1)k+1 + x(j−1)k+2 + · · ·+ xjk)/k

= (eAt(j−1)k+1x0 + eAt(j−1)k+2x0 + · · ·+ eAtjkx0)/k

= eAt(j−1)k+1(I + eA∆t + · · ·+ eA(k−1)∆t)x0/k ,

(A.5)

where ∆t = tj+1 − tj , for all j = 1, . . . , n− 1, denotes the equal time space of the original

observations.

If we set the time of the aggregated observation x̃j as the time of the first origi-

nal observation (that is, x(j−1)k+1) of these k consecutive, non-overlapping observations.

Then according to Equation (A.5), one sees that the solution function of the aggregated

observations follows the structure of

x̃(t; x̃0, Ã) = eÃtx̃0 , (A.6)

with

x̃0 = (I + eA∆t + · · ·+ eA(k−1)∆t)x0/k and Ã = A .
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This implies that the aggregated observations follow a new ODE system as (3.1) but with

a different system parameter (x̃0, Ã). To see whether (x̃0, Ã) are the true parameters

corresponding to the new ODE system, one has to prove the identifiability of the new

ODE system from the aggregated observations.

According to Theorem 3.4, one needs to prove {x̃0, Ãx̃0, . . . , Ã
d−1x̃0} are linearly

independent first, that is, proving {x̃0, Ax̃0, . . . , A
d−1x̃0} are linearly independent. Let

l = [l1, l2, . . . , ld]
⊤ be such that

l1x̃0 + l2Ax̃0 + · · ·+ ldA
d−1x̃0 = 0d , (A.7)

we want to show that l = 0d. If one sets

B := (I + eA∆t + · · ·+ eA(k−1)∆t)/k ,

then one sees x̃0 = Bx0. Taking Jordan decomposition of A in B, one obtains that

B = Q(I + eΛ∆t + · · ·+ eΛ(k−1)∆t)Q−1/k .

If one sets sj = 1 + eλj∆t + · · · + eλj(k−1)∆t, for all j = 1, . . . , d, and denotes S as the

diagonal matrix with the jth element being sj , one obtains that

B = QSQ−1/k . (A.8)

Substituting x̃0 in Equation (A.7) with Bx0, one obtains that

(l1I + l2A+ · · ·+ ldA
d−1)Bx0 = 0d .

By further taking Jordan decomposition of A, one obtains that

Q(l1I + l2Λ + · · ·+ ldΛ
d−1)Q−1Bx0 = 0d .

By plugging B expressed in Equation (A.8) into the previous equation, and multiply kQ−1

in both-hand sides of the equation, one obtains that

(l1I + l2Λ + · · ·+ ldΛ
d−1)SQ−1x0 = 0d ,
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that is,


s1(l1 + l2λ1 + · · ·+ ldλ

(d−1)
1 )

. . .

sd(l1 + l2λd + · · ·+ ldλ
(d−1)
d )

Q−1x0 = 0d. (A.9)

According to the proof process of Theorem 3.4 in Appendix A.1.2, one obtains that
s1(l1 + l2λ1 + · · ·+ ldλ

d−1
1 ) = 0 ,

· · ·

sd(l1 + l2λd + · · ·+ ldλ
d−1
d ) = 0 .

(A.10)

Since sj > 0 for all j = 1, . . . , d, the system of equations (A.10) is equivalent to


l1 + l2λ1 + · · ·+ ldλ

d−1
1 = 0 ,

· · ·

l1 + l2λd + · · ·+ ldλ
d−1
d = 0 .

(A.11)

Now Equation (A.11) can be written in matrix form as:


1 λ1 λ2

1 · · · λd−1
1

1 λ2 λ2
2 · · · λd−1

2

...
...

...
. . .

...

1 λd λ2
d · · · λd−1

d




l1

l2
...

ld

 = 0d ,

where, by condition A2, the first matrix on the left-hand side is an invertible square

Vandermonde matrix. This implies that l = 0d. Therefore, {x̃0, Ax̃0, . . . , A
d−1x̃0} are

linearly independent.

Obviously, the aggregated observations are equally-spaced, since

t̃j+1 − t̃j = t1+jk − t1+(j−1)k = k∆t , (A.12)

for all j = 1, . . . , ñ− 1. Under condition A2, Ã(that is, A) has d distinct real eigenvalues,

and under condition A3, ñ > d. Therefore, by Theorem 3.4, one concludes that the new

ODE system is identifiable from aggregated observations with x̃0 = (I + eA∆t + · · · +
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eA(k−1)∆t)x0/k and Ã = A. Since

I + eA∆t + · · ·+ eA(k−1)∆t = Q(I + eΛ∆t + · · ·+ eΛ(k−1)∆t)Q−1

is invertible, one obtains that

x0 = k(I + eA∆t + · · ·+ eA(k−1)∆t)−1x̃0 ,

and obviously,

A = Ã .

Therefore, the original ODE system with initial condition x0 and parameter matrix A is

fully identifiable from the aggregated observations.

A.1.4 Proof of Corollary 3.8

Proof. By Definition of the time-scaled observations in Definition 3.6, one sees that

x̃j = xj = x(tj ;x0, A) = eAtjx0 = e(A/k)·ktjx0 . (A.13)

By definition the time of the time-scaled observation x̃j is ktj . Therefore, according to

Equation A.13, one sees that the solution function of the time-scaled observations follows

the structure of

x̃(t; x̃0, Ã) = eÃtx̃0 ,

with x̃0 = x0 , and Ã = A/k. This implies that the time-scaled observations follow a

new ODE system as (3.1) but with a different system parameter (x̃0, Ã). To see whether

(x̃0, Ã) are the true parameters corresponding to the new ODE system, one has to prove

the identifiability of the new ODE system from the time-scaled observations.

Obviously, {x̃0, Ãx̃0, . . . , Ã
d−1x̃0} = {x0, Ax0/k, . . . , A

d−1x0/k
d−1} are linearly in-

dependent, since {x0, Ax0, . . . , A
d−1x0} are linearly independent under condition A1.

Moreover, Ã has d distinct real eigenvalues since A has d distinct real eigenvalues under

condition A2.

Based on the generation rules of the time-scaled observations, one sees that the new

time-scaled observations are also equally-spaced. And under condition A3, ñ = n > d.
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Then by Theorem 3.4, one concludes that the new ODE system is identifiable from the

time-scaled observations, with x̃0 = x0 and Ã = A/k.

Since k ̸= 0, simple calculation shows that

x0 = x̃0, A = kÃ .

Therefore, the original ODE system with initial condition x0 and parameter matrix A is

fully identifiable from the time-scaled observations.

A.1.5 Proof of Theorem 3.9

We first present two Lemmas we will use for our proof.

Lemma A.2. [82, Lemma 2.9] Suppose M1, Mn: Rdp → Rd′p for some finite integer

dp, d
′
p ≥ 1. If Θ is compact, M1(θ) is continuous,

Mn(θ)
p−→ M1(θ) , as n → ∞ (A.14)

for all θ ∈ Θ, and there exist α > 0 and Bn = Op(1) such that for all θ1,θ2 ∈ Θ,

∥ Mn(θ1)−Mn(θ2) ∥2≤ Bn ∥ θ1 − θ2 ∥α2 (A.15)

almost surely, then

sup
θ∈Θ

∥ Mn(θ)−M1(θ) ∥2
p−→ 0 , as n → ∞ .

Lemma A.3. [156, Theorem 5.7] Let Mn be random functions and let M1 be a fixed

function of θ such that for every ϵ > 0

sup
θ∈Θ

∥ Mn(θ)−M1(θ) ∥2
p−→ 0 , (A.16)

sup
θ:d(θ,θ∗)≥ε

M1(θ) > M1(θ
∗) . (A.17)

Then any sequence of estimators θ̂n with

Mn(θ̂n) ≤ Mn(θ
∗) + op(1) (A.18)



Appendix of Chapter 3 94

converges in probability to θ∗. d(θ,θ∗) denotes the distance between θ and θ∗.

Proof. Recall that we have defined M(θ) and Mn(θ) in Equations (3.5) and (3.6), respec-

tively. Here, we set

M1(θ) :=M(θ) + E[∥ ϵ ∥22] =
1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt+ E[∥ ϵ ∥22] . (A.19)

In order to prove the NLS estimator θ̂n
p−→ θ∗, as n → ∞, by Lemma A.3, we need to prove

that all three conditions (A.16), (A.17) and (A.18) are satisfied w.r.t Mn(θ) and M1(θ).

Therefore, the proof can be broken down into three steps based on the proofs of each of

these three conditions. In the following, we will show that all these three conditions are

satisfied.

Step i: We prove that condition (A.16) in Lemma A.3 is satisfied based on Lemma A.2.

According to Lemma A.2, to prove the uniform convergence of Mn(θ) to M1(θ) in param-

eter space Θ, that is, condition (A.16), we first need to prove the point-wise convergence

of Mn(θ) to M1(θ), that is, condition (A.14).

According to Equation (3.6), one sees that

Mn(θ) =
1

n

n∑
i=1

∥ yi − eAtix0 ∥22

=
1

n

n∑
i=1

∥ eA
∗tix∗

0 − eAtix0 ∥22 +
1

n

n∑
i=1

∥ ϵi ∥22 +
2

n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0) .

(A.20)

Let n tend to infinity, one obtains that

lim
n→∞

1

n

n∑
i=1

∥ eA
∗tix∗

0 − eAtix0 ∥22

= lim
n→∞

n− 1

nT

n∑
i=1

T

n− 1
∥ eA

∗tix∗
0 − eAtix0 ∥22=

1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt .

(A.21)
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By weak law of large numbers, one sees that

1

n

n∑
i=1

∥ ϵi ∥22
p−→ E[∥ ϵ ∥22] , as n → ∞ , (A.22)

where we set E[∥ ϵ ∥22] := E[∥ ϵi ∥22] =
∑d

j=1 σ
2
j , for all i = 1, . . . , n. Since

E

[ 2
n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0)

]
= 0 ,

then by Chebyshev’s inequality, for any ε > 0, one has

P

(∣∣∣∣ 2n
n∑

i=1

ϵ⊤i (e
A∗tix∗

0−eAtix0)−0

∣∣∣∣ ≥ ε

)
≤ var

(
2

n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0−eAtix0)

)
/ε2 . (A.23)

var

( 2

n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0)

)
=

4

n2

n∑
i=1

var
(
ϵ⊤i (e

A∗tix∗
0 − eAtix0)

)

=
4

n2

n∑
i=1

E[{ϵ⊤i (eA
∗tix∗

0 − eAtix0)}2] ≤
4

n2

n∑
i=1

E[∥ ϵi ∥22∥ eA
∗tix∗

0 − eAtix0 ∥22] ,

(A.24)

by Cauchy-Schwarz inequality. Specifically,

∥ eA
∗tix∗

0 − eAtix0 ∥2= ∥ eA
∗tix∗

0 − eA
∗tix0 + eA

∗tix0 − eAtix0 ∥2

= ∥ eA
∗ti(x∗

0 − x0) + (eA
∗ti − eAti)x0 ∥2

≤ ∥ eA
∗ti(x∗

0 − x0) ∥2 + ∥ (eA
∗ti − eAti)x0 ∥2

≤ ∥ eA
∗ti ∥2∥ x∗

0 − x0 ∥2 + ∥ eA
∗ti − eAti ∥2∥ x0 ∥2

≤∥ eA
∗ti ∥F︸ ︷︷ ︸

item 1

∥ x∗
0 − x0 ∥2︸ ︷︷ ︸
item 2

+ ∥ eA
∗ti − eAti ∥F︸ ︷︷ ︸
item 3

∥ x0 ∥2︸ ︷︷ ︸
item 4

,

(A.25)

where ∥ M ∥2 denotes the subordinate matrix norm induced by the norm ∥ · ∥2 of a

matrix M ∈ Rm×n, with

∥ M ∥2= sup
v∈Rn,v ̸=0

∥ Mv ∥2
∥ v ∥2

,

and ∥ M ∥F is the Frobenius norm of matrix M , with

∥ M ∥F =

√√√√ m∑
i=1

n∑
j=1

|Mij |2 ,
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where Mij is the ij-th entry of matrix M .

Under assumption A4, parameter space Θ is a compact subset of Rd+d2 , therefore, Θ

can be enclosed with a (d + d2)-dimensional box. We denote it as Θ ⊂ [−l, l]d+d2 with

0 < l < ∞. Then we will analyse each of the four items in Equation (A.25).

item 1 = ∥ eA
∗ti ∥F = ∥ eA

∗ti − eIdti + eIdti ∥F≤∥ eA
∗ti − eIdti ∥F + ∥ eIdti ∥F

≤ ∥ A∗ti − Idti ∥F e∥Idti∥F e∥A
∗ti−Idti∥F+ ∥ eIdti ∥F ,

where Id denotes the d-dimensional identity matrix. Simple calculation shows that

∥ A∗ − Id ∥F ≤
√
(l + 1)2 × d+ l2 × (d2 − d) =

√
l2d2 + 2ld+ d ,

∥ Id ∥F =
√
d ,

and

∥ eIdti ∥F =
√
e2ti × d = eti

√
d .

Since ti ≤ T for all i = 1, . . . , n and 0 < T < ∞ by condition A6, therefore, one obtains

that

item 1 = ∥ eA
∗ti ∥F ≤ C ′

d , (A.26)

where 0 < C ′
d < ∞ is a constant only depending on d. Similarly,

item 2 = ∥ x∗
0 − x0 ∥2≤

√
(2l)2 × d = 2l

√
d , (A.27)

and

item 3 = ∥ eA
∗ti − eAti ∥F ≤∥ A∗ti −Ati ∥F e∥Ati∥F e∥A

∗ti−Ati∥F

= ∥ A∗ −A ∥F tie
∥A∥F tie∥A

∗−A∥F ti ,

where

∥ A ∥F ≤
√

l2 × d2 = ld ,

∥ A∗ −A ∥F ≤
√
(2l)2 × d2 = 2ld ,

therefore, by simple calculation one obtains that

item 3 = ∥ eA
∗ti − eAti ∥F ≤ C ′′

d , (A.28)
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with 0 < C ′′
d < ∞, is a constant only depends on d. One sees that

item 4 = ∥ x0 ∥2≤
√
l2 × d = l

√
d . (A.29)

Combining (A.26), (A.27), (A.28), (A.29) and (A.25), one sees that

∥ eA
∗tix∗

0 − eAtix0 ∥2≤ Cd ,

where 0 < Cd < ∞ is a constant only depends on d. Then (A.24) can be expressed as

var

( 2

n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0)

)
≤

4

n2

n∑
i=1

E[∥ ϵi ∥22∥ eA
∗tix∗

0 − eAtix0 ∥22]

≤ 4C2
dE[∥ ϵ ∥22]/n = 4C2

d

d∑
j=1

σ2
j /n .

Therefore, (A.23) can be expressed as

P

(∣∣∣∣ 2n
n∑

i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0)− 0

∣∣∣∣ ≥ ε

)
≤

4C2
d

nε2

d∑
j=1

σ2
j → 0 , as n → ∞.

That is

2

n

n∑
i=1

ϵ⊤i (e
A∗tix∗

0 − eAtix0)
p−→ 0 , as n → ∞ . (A.30)

Combining (A.21), (A.22), (A.30) and (A.20), one obtains that

Mn(θ)
p−→

1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt+ E[∥ ϵ ∥22] , as n → ∞ . (A.31)

By the definition of M1(θ) in Equation (A.19), the right-hand side of (A.31) is M1(θ),

that is,

Mn(θ)
p−→ M1(θ) , as n → ∞ .

Now that we have proved that condition (A.14) in Lemma A.2 is satisfied. Next, we will

find a α > 0 and a Bn = Op(1) such that for all θ1,θ2 ∈ Θ, condition (A.15) is met.



Appendix of Chapter 3 98

For any θ1 = (x01, A1),θ2 = (x02, A2) ∈ Θ,

∥ Mn(θ1)−Mn(θ2) ∥2

=

∣∣∣∣ 1n
n∑

i=1

∥ yi − eA1tix01 ∥22 −
1

n

n∑
i=1

∥ yi − eA2tix02 ∥22
∣∣∣∣

=

∣∣∣∣ 1n
n∑

i=1

{∥ eA1tix01 ∥22 − ∥ eA2tix02 ∥22 −2(eA
∗tix∗

0 + ϵi)
⊤(eA1tix01 − eA2tix02)}

∣∣∣∣
≤

1

n

n∑
i=1

∣∣ ∥ eA1tix01 ∥22 − ∥ eA2tix02 ∥22

− 2(eA
∗tix∗

0)
⊤(eA1tix01 − eA2tix02)− 2ϵ⊤i (e

A1tix01 − eA2tix02)
∣∣

≤
1

n

n∑
i=1

{∣∣ ∥ eA1tix01 ∥22 − ∥ eA2tix02 ∥22
∣∣

+
∣∣2(eA∗tix∗

0)
⊤(eA1tix01 − eA2tix02)

∣∣+ ∣∣2ϵ⊤i (eA1tix01 − eA2tix02)
∣∣}

≤
1

n

n∑
i=1

{∥ eA1tix01 − eA2tix02 ∥2 (∥ eA1tix01 ∥2 + ∥ eA2tix02 ∥2)

+ 2 ∥ eA
∗tix∗

0 ∥2 · ∥ eA1tix01 − eA2tix02 ∥2 +2 ∥ ϵi ∥2 · ∥ eA1tix01 − eA2tix02 ∥2}

=
1

n

n∑
i=1

∥ eA1tix01 − eA2tix02 ∥2 (∥ eA1tix01 ∥2 + ∥ eA2tix02 ∥2 +2 ∥ eA
∗tix∗

0 ∥2 +2 ∥ ϵi ∥2).

(A.32)

Similar to the process of analysing ∥ eA
∗tix∗

0 − eAtix0 ∥2 in Equation (A.25), by some

calculation one obtains that

∥ eA1tix01 − eA2tix02 ∥2≤∥ eA1ti ∥F ∥ x01 − x02 ∥2 + ∥ eA1ti − eA2ti ∥F ∥ x02 ∥2

≤C ′
d ∥ x01 − x02 ∥2 +C ′′′

d ∥ A1 −A2 ∥F ≤ max(C ′
d, C

′′′
d )(∥ x01 − x02 ∥2 + ∥ A1 −A2 ∥F ) ,

where 0 < C ′
d, C

′′′
d < ∞ are constants only depending on d. Since

(∥ x01 − x02 ∥2 + ∥ A1 −A2 ∥F )2 ≤ 2(∥ x01 − x02 ∥22 + ∥ A1 −A2 ∥2F ) = 2 ∥ θ1 − θ2 ∥22 ,

one obtains that

∥ x01 − x02 ∥2 + ∥ A1 −A2 ∥F ≤
√
2 ∥ θ1 − θ2 ∥2 .
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Therefore,

∥ eA1tix01 − eA2tix02 ∥2≤
√
2max(C ′

d, C
′′′
d ) ∥ θ1 − θ2 ∥2 . (A.33)

Then we analyse the second item in (A.32), some simple calculation shows that

∥ eA1tix01 ∥2≤∥ eA1ti ∥2∥ x01 ∥2≤∥ eA1ti ∥F ∥ x01 ∥2≤ C ′
dl
√
d . (A.34)

Similarly, one sees that

∥ eA2tix02 ∥2 , ∥ eA
∗tix∗

0 ∥2≤ C ′
dl
√
d . (A.35)

Combining (A.33), (A.34), (A.35) and (A.32), one obtains that

∥ Mn(θ1)−Mn(θ2) ∥2≤
1

n

n∑
i=1

√
2max(C ′

d, C
′′′
d )(4C ′

dld+ 2 ∥ ϵi ∥2) ∥ θ1 − θ2 ∥2

≤
(
C̃2
d +

2C̃d

n

n∑
i=1

∥ ϵi ∥2
)

∥ θ1 − θ2 ∥2 ,

where C̃d = max(
√
2max(C ′

d, C
′′′
d ), 4C ′

dld) and 0 < C̃d < ∞ is a constant that only

depends on d. If one sets

Bn := C̃2
d +

2C̃d

n

n∑
i=1

∥ ϵi ∥2 ,

one sees

∥ Mn(θ1)−Mn(θ2) ∥2≤ Bn ∥ θ1 − θ2 ∥2 ,

for all θ1,θ2 ∈ Θ. Let

Fn :=
1

n

n∑
i=1

∥ ϵi ∥2 ,

by Chebyshev’s inequality, one sees that

Fn = Op(E[Fn] +
√

var(Fn)) ,

where

E[Fn] = E

[ 1
n

n∑
i=1

∥ ϵi ∥2
]
=

1

n

n∑
i=1

E[∥ ϵi ∥2] = E[∥ ϵ ∥2] = O(1) ,
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because E[∥ ϵ ∥22] =
∑d

i=1 σ
2
i < ∞ implies that E[∥ ϵ ∥2] < ∞. And

var(Fn) =var

( 1

n

n∑
i=1

∥ ϵi ∥2
)

=
1

n2

n∑
i=1

var(∥ ϵi ∥2)

=
1

n2

n∑
i=1

{E[∥ ϵi ∥22]− (E[∥ ϵi ∥2])2} = O(1) ,

therefore, one obtains Fn = Op(1), which implies Bn = Op(1). Thus, the condition (A.15)

is satisfied with α = 1. Since M1(θ) is continuous w.r.t θ, and under assumption A4,

parameter space Θ is compact, therefore, by Lemma A.2, one sees that

sup
θ∈Θ

∥ Mn(θ)−M1(θ) ∥2
p−→ 0 , as n → ∞ ,

that is, the condition (A.16) in Lemma A.3 is satisfied.

Step ii: We show that condition (A.17) in Lemma A.3 is satisfied.

Recall that

M1(θ) =
1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt+ E[∥ ϵ ∥22] ,

when assumptions A1 and A2 are satisfied with respect to θ∗, according to Theorem 3.4,

the ODE system (3.1) is identifiable at θ∗ = (x∗
0, A

∗) from any d + 1 equally-spaced

error-free observations, which implies the ODE system is also identifiable at θ∗ from the

corresponding trajectory at [0, T ] , which further implies that M1(θ) attains its unique

global minimum at θ∗. Therefore, one sees that the condition (A.17) in Lemma A.3 is

satisfied.

Step iii: We show that condition (A.18) in Lemma A.3 is satisfied.

The definition of θ̂n, that is

θ̂n = argmin
θ∈Θ

Mn(θ) ,

implies that the condition (A.18) is satisfied.

Now that we have proved that all the three conditions in Lemma A.3 are satisfied,

therefore, one concludes that

θ̂n
p−→ θ∗ , as n → ∞ .
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A.1.6 Proof of Corollary 3.10

Proof. The main task in this proof is to prove that the NLS parameter estimator
ˆ̃
θ :=

(ˆ̃x0,
ˆ̃A) from aggregated observations is consistent to the true system parameters corre-

sponding to the new ODE system, that is, θ̃
∗
:= (x̃∗

0, Ã
∗). Once one has proved this

result, one can reach the conclusion in Corollary 3.10 by taking the function g(·) with

respect to
ˆ̃
θ and θ̃

∗
, respectively.

In order to prove

ˆ̃
θ

p−→ θ̃
∗
, as ñ → ∞ ,

base on Theorem 3.9, one needs to prove that the assumptions A1, A2 and A4-A6 are

satisfied with respect to the new ODE system, the new parameter θ̃
∗
and the new error

terms ϵ̃i corresponding to the aggregated observations Ỹ .

Under assumptions A1-A3, according to the proof of Corollary 3.7 in Appendix A.1.3,

one sees that assumptions A1-A2 are satisfied with respect to θ̃
∗
, where

θ̃
∗
= (x̃∗

0, Ã
∗) =

(
(I + eA

∗∆t + · · ·+ eA
∗(k−1)∆t)x∗

0/k,A
∗) . (A.36)

Since under assumption A4, Θ is compact, and according to the relationship between θ̃
∗

and θ∗ = (x∗
0, A

∗) in Equation (A.36), one obtains that the new parameter space Θ̃ is

compact.

Based on the generation rules of the aggregated observations, assumption A5 is satisfied

with the new error terms {ϵ̃i} being independent and identically distributed random

vectors with mean zero and covariance matrix

Σ̃ = Σ/k = diag(
σ2
1

k
, . . . ,

σ2
d

k
) .

By aggregated observations generation rules, assumption A6 is satisfied with t̃i =

t(i−1)k+1, ∆t̃ = k∆t and

T̃ = (⌊n/k⌋ − 1)kT/(n− 1) ,

where ⌊·⌋ stands for the floor function.
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Then by Theorem 3.9, one concludes that
ˆ̃
θ

p−→ θ̃
∗
, as ñ → ∞.

By definition of θ̂ñ in Corollary 3.10, that is

θ̂ñ := g(
ˆ̃
θ) :=

(
k(I + e

ˆ̃A∆t + · · ·+ e
ˆ̃A(k−1)∆t)−1 ˆ̃x0,

ˆ̃A
)
,

one obtains that

g(θ̃
∗
) =

(
k(I + eÃ

∗∆t + · · ·+ eÃ
∗(k−1)∆t)−1x̃∗

0, Ã
∗) = (x∗

0, A
∗) = θ∗ .

By multivariate continuous mapping theorem, one concludes that

g(
ˆ̃
θ)

p−→ g(θ̃
∗
) , as ñ → ∞ ,

that is

θ̂ñ
p−→ θ∗ , as ñ → ∞ .

A.1.7 Proof of Corollary 3.11

Proof. Similar to the proof of Corollary 3.10 in Appendix A.1.6, one first needs to prove

that the NLS parameter estimator
ˆ̃
θ := (ˆ̃x0,

ˆ̃A) from time-scaled observations is consistent

to the true system parameters corresponding to the new ODE system, that is, θ̃
∗
:=

(x̃∗
0, Ã

∗). Once one has proved this result, then the conclusion in Corollary 3.11 can be

reached by taking the function g(·) with respect to
ˆ̃
θ and θ̃

∗
, respectively.

In order to prove

ˆ̃
θ

p−→ θ̃
∗
, as ñ → ∞ ,

base on Theorem 3.9, one needs to prove that the assumptions A1, A2 and A4-A6 are

satisfied with respect to the new ODE system, the new parameter θ̃
∗
and the new error

terms ϵ̃i corresponding to the time-scaled observations Ỹ .

Under assumptions A1-A3, according to the proof of Corollary 3.8 in Appendix A.1.4,

one sees that assumptions A1-A2 are satisfied with respect to θ̃
∗
, where

θ̃
∗
= (x̃∗

0, Ã
∗) = (x∗

0, A
∗/k) . (A.37)
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Since under assumption A4, Θ is compact, and according to the relationship between θ̃
∗

and θ∗ = (x∗
0, A

∗) in Equation (A.37), one obtains that the new parameter space Θ̃ is

compact.

Based on the generation rules of the time-scaled observations, assumption A5 is satis-

fied with the new error terms {ϵ̃i} being the original error terms {ϵi}.

Assumption A6 is satisfied with

t̃i = kti ,∆t̃ = k∆t , T̃ = kT .

Then by Theorem 3.9, one concludes that
ˆ̃
θ

p−→ θ̃
∗
, as ñ → ∞.

By definition of θ̂ñ in Corollary 3.11, that is

θ̂ñ := g(
ˆ̃
θ) := (ˆ̃x0, k

ˆ̃A) ,

one obtains that

g(θ̃
∗
) = (x̃∗

0, kÃ
∗) = (x∗

0, A
∗) = θ∗ .

By multivariate continuous mapping theorem, one concludes that

g(
ˆ̃
θ)

p−→ g(θ̃
∗
) , as ñ → ∞ ,

that is

θ̂ñ
p−→ θ∗ , as ñ → ∞ .

A.1.8 Proof of Theorem 3.12

Proof. Recall that we have defined Mn(θ) in Equation (3.6), one sees that Mn(θ) is twice

differentiable at θ ∈ Θ. Then by the mean value theorem, one obtains

∇θMn(θ̂n) = ∇θMn(θ
∗) +∇2

θMn(θ̃)(θ̂n − θ∗) , (A.38)
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where ∇θMn(θ
∗) denotes the gradient of Mn(θ) with respect to θ at θ∗, and ∇2

θMn(θ
∗)

denotes the Hessian matrix of Mn(θ) with respect to θ at θ∗, and θ̃ is in the line joining

θ̂n and θ∗.

Since assumptions A1 and A2 are satisfied with respect to θ∗ and assumptions A4-A6

hold, then by Theorem 3.9, one obtains that

θ̂n
p−→ θ∗ , as n → ∞ .

Assumption A7 implies that θ̂n is an interior point of Θ as n → ∞, and by definition,

θ̂n = argmin
θ

Mn(θ) ,

therefore, one obtains that

∇θMn(θ̂n) = 0 .

Suppose that ∇2
θMn(θ̃) is nonsingular, by rearranging Equation (A.38), one obtains that

√
n(θ̂n − θ∗) = −{∇2

θMn(θ̃)}−1√n∇θMn(θ
∗) .

By definition of θ̃ and the convergence of θ̂n to θ∗, one obtains that

θ̃
p−→ θ∗ , as n → ∞ ,

and according to the proof of Theorem 3.9 in Appendix A.1.5,

sup
θ∈Θ

∥ Mn(θ)−M1(θ) ∥2
p−→ 0 , as n → ∞ ,

one obtains that

∇2
θMn(θ̃)

p−→ ∇2
θM1(θ

∗) , as n → ∞ ,

By the relationship between M1(θ) and M(θ) defined in Equation (A.19), one sees that

∇2
θM1(θ

∗) = ∇2
θM(θ∗) ,

therefore,

∇2
θMn(θ̃)

p−→ ∇2
θM(θ∗) , as n → ∞ .
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For the simplicity of notation, we set

H := ∇2
θM(θ∗) .

We will show that H is positive definite, thus invertible. In addition, if one shows that

−
√
n∇θMn(θ

∗)
d−→ N(0, V ) , as n → ∞ , (A.39)

then, based on the Slutsky’s theorem one obtains that

√
n(θ̂n − θ∗)

d−→ N(0, H−1V H−1) , as n → ∞ .

In the following, we will first prove −
√
n∇θMn(θ

∗) converges in distribution to a normal

distribution, that is, (A.39), and calculate matrix V . Then we will calculate matrix H.

Step i: We prove that −
√
n∇θMn(θ

∗) converges in distribution to a normal distribution,

and we calculate matrix V .

By definition of the system parameter θ, one sees that

θ = (x0, A) = [x⊤
0 , a11, . . . , a1d, . . . , add]

⊤ ∈ Rd+d2 ,

where ajk is the jk-th entry of parameter matrix A, for all j, k = 1, . . . , d.

Therefore, ∇θMn(θ) ∈ Rd+d2 , with

∇θMn(θ) =
∂Mn(θ)

∂θ
=

[{
∂Mn(θ)

∂x0

}⊤
,
∂Mn(θ)

∂a11
, . . . ,

∂Mn(θ)

∂a1d
, . . . ,

∂Mn(θ)

∂add

]⊤
.

Recall that

Mn(θ) =
1

n

n∑
i=1

∥ yi − eAtix0 ∥22 , (A.40)

obviously, if one wants to calculate the partial derivative of Mn(θ) with respect to ajk,

that is, ∂Mn(θ)/∂ajk, one needs to calculate ∂eAt/∂ajk first. Suppose that matrix A has

d distinct eigenvalues λ1, . . . , λd, and A has the Jordan decomposition A = QΛQ−1, where
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Λ = diag(λ1, . . . , λd). Then according to [157, 158], one obtains that

Zjk(t) :=
∂eAt

∂ajk
= Q{(Q−1

·j Qk·) ◦ U(t)}Q−1 ,

here, for notational simplicity, we denote ∂eAt/∂ajk as Zjk(t). The column vector Q−1
·j

stands for the jth column of matrix Q−1 and the row vector Qk· denotes the kth row of

matrix Q. Let B ◦ C denote the Hadamard product, with each element

(B ◦ C)ij = (B)ij(C)ij ,

where matrices B and C are of the same dimension. U(t) has the form:

U(t) =



teλ1t
eλ1t − eλ2t

λ1 − λ2
· · ·

eλ1t − eλdt

λ1 − λd

eλ2t − eλ1t

λ2 − λ1
teλ2t · · ·

eλ2t − eλdt

λ2 − λd
...

...
. . .

...

eλdt − eλ1t

λd − λ1

eλdt − eλ2t

λd − λ2
· · · teλdt


.

In the following, we will calculate ∇θMn(θ). Simple calculation shows that

Mn(θ) =
1

n

n∑
i=1

∥ yi − eAtix0 ∥22=
1

n

n∑
i=1

(yi − eAtix0)
⊤(yi − eAtix0)

=
1

n

n∑
i=1

{y⊤
i yi − x⊤

0 (e
Ati)⊤yi − y⊤

i e
Atix0 + x⊤

0 (e
Ati)⊤eAtix0} .

Then one obtains that

∂Mn(θ)

∂x0
=

1

n

n∑
i=1

{−2(eAti)⊤yi + 2(eAti)⊤eAtix0} ,
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∂Mn(θ)

∂ajk
=

1

n

n∑
i=1

Tr

{(∂ ∥ yi − eAtix0 ∥22
∂eAti

)⊤∂eAti

∂ajk

}

=
1

n

n∑
i=1

Tr{(−yix
⊤
0 − yix

⊤
0 + 2eAtix0x

⊤
0 )

⊤Zjk(ti)}

=
1

n

n∑
i=1

Tr[{−2x0y
⊤
i + 2x0x

⊤
0 (e

Ati)⊤}Zjk(ti)]

=
1

n

n∑
i=1

{−2y⊤
i Zjk(ti)x0 + 2x⊤

0 (e
Ati)⊤Zjk(ti)x0} .

Therefore, one obtains that

∂Mn(θ
∗)

∂x0
: =

∂Mn(θ)

∂x0

∣∣∣∣
θ=θ∗

=
1

n

n∑
i=1

{−2(eA
∗ti)⊤(eA

∗tix∗
0 + ϵi) + 2(eA

∗ti)⊤eA
∗tix∗

0}

= −
2

n

n∑
i=1

(eA
∗ti)⊤ϵi ,

∂Mn(θ
∗)

∂ajk
: =

∂Mn(θ)

∂ajk

∣∣∣∣
θ=θ∗

=
1

n

n∑
i=1

{−2(eA
∗tix∗

0 + ϵi)
⊤Z∗

jk(ti)x
∗
0 + 2(x∗

0)
⊤(eA

∗ti)⊤Z∗
jk(ti)x

∗
0}

= −
2

n

n∑
i=1

ϵ⊤i Z
∗
jk(ti)x

∗
0 ,

where

Z∗
jk(t) :=

∂eAt

∂ajk

∣∣∣∣
A=A∗

= Q∗[{(Q∗)−1
.j Q∗

k.} ◦ U∗(t)](Q∗)−1 ,

with Q∗, U∗(t) corresponding to the true parameter matrix A∗. That is, the Jordan de-

composition of A∗ is A∗ = Q∗Λ∗(Q∗)−1, where Λ∗ = diag(λ∗
1, . . . , λ

∗
d), with λ∗

1, λ
∗
2, . . . , λ

∗
d

being the eigenvalues of A∗, and under assumption A2, these eigenvalues are distinct real

values. Set V := limn→∞ var(
√
n∇θMn(θ

∗)), then we will calculate V in the following.

By some calculation, one obtains that

var

{√
n∂Mn(θ

∗)

∂x0

}
= n · var

{
−

2

n

n∑
i=1

(eA
∗ti)⊤ϵi

}

=
4

n

n∑
i=1

var{(eA∗ti)⊤ϵi} =
4

n

n∑
i=1

(eA
∗ti)⊤ΣeA

∗ti

→
4

T

∫ T

0
(eA

∗t)⊤ΣeA
∗t dt , as n → ∞ .
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Recall that Σ is the covariance matrix of error terms ϵi for all i = 1, . . . , n under Assump-

tion A5. Similarly, one obtains that

cov

{√
n∂Mn(θ

∗)

∂x0
,

√
n∂Mn(θ

∗)

∂ajk

}
= nE

[∂Mn(θ
∗)

∂x0
·
∂Mn(θ

∗)

∂ajk

]
− nE

[∂Mn(θ
∗)

∂x0

]
E

[∂Mn(θ
∗)

∂ajk

]

= nE

[ 2
n

n∑
i=1

(eA
∗ti)⊤ϵi ·

2

n

n∑
i=1

ϵ⊤i Z
∗
jk(ti)x

∗
0

]

=
4

n

n∑
i=1

E[(eA
∗ti)⊤ϵiϵ

⊤
i Z

∗
jk(ti)x

∗
0]

=
4

n

n∑
i=1

(eA
∗ti)⊤E[ϵiϵ

⊤
i ]Z

∗
jk(ti)x

∗
0

=
4

n

n∑
i=1

(eA
∗ti)⊤ΣZ∗

jk(ti)x
∗
0

→
4

T

∫ T

0
(eA

∗t)⊤ΣZ∗
jk(t)x

∗
0 dt , as n → ∞ ,

and

cov

{√
n∂Mn(θ

∗)

∂ajk
,

√
n∂Mn(θ

∗)

∂apq

}
=

4

n

n∑
i=1

{Z∗
jk(ti)x

∗
0}⊤ΣZ∗

pq(ti)x
∗
0

→
4

T

∫ T

0
{Z∗

jk(t)x
∗
0}⊤ΣZ∗

pq(t)x
∗
0 dt , as n → ∞ .

If one denotes

R(θ∗, t) := Σ1/2
(
eA

∗t, Z∗
11(t)x

∗
0, . . . , Z

∗
1d(t)x

∗
0, . . . , Z

∗
dd(t)x

∗
0

)
, (A.41)

one sees that

V = 4

∫ T

0
R(θ∗, t)⊤R(θ∗, t)/T dt ∈ R(d+d2)×(d+d2) . (A.42)

Now that we have calculated V , then we will prove that −
√
n∇θMn(θ

∗) converges in

distribution to a normal distribution. We first present a Lemma we will use for our proof.
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Lemma A.4. [Lindeberg-Feller Central Limit Theorem] Suppose {wni} is a triangular

array of p× 1 random vectors such that sn =
∑n

i=1wni/n and

Vn =
1

n

n∑
i=1

var(wni) → V ,

where V is positive definite. If for every ε > 0,

1

n

n∑
i=1

E[∥ wni ∥22 1(∥ wni ∥2≥ ε
√
n)] → 0 , (A.43)

then
√
nsn

d−→ N(0, V ) .

If one sets

sn := −∇θMn(θ
∗) ,

wni := 2[{(eA∗ti)⊤ϵi}⊤, ϵ⊤i Z∗
11(ti)x

∗
0, . . . , ϵ

⊤
i Z

∗
1d(ti)x

∗
0, , · · · , ϵ⊤i Z∗

dd(ti)x
∗
0]
⊤ ,

where wni ∈ Rd+d2 , then V in Equation (A.42) corresponds the V in Lemma A.4. Then

the proof of the asymptotic normality of −
√
n∇θMn(θ

∗) can be broken down into two

tasks. Proving condition (A.43) is satisfied and proving variance matrix V is positive

definite.

To this end, we first prove the condition (A.43) is satisfied. Simple calculation show

that

∥ wni ∥22= 4 ∥ (eA
∗ti)⊤ϵi ∥22 +4

d∑
j=1

d∑
k=1

{ϵ⊤i Z∗
jk(ti)x

∗
0}2 ∈ (−∞,∞) ,

therefore, one obtains that

lim
n→∞

∥ wni ∥22 1(∥ wni ∥2≥ ε
√
n) = 0 ,

almost surely. By calculation, one obtains that

E[∥ (eA
∗ti)⊤ϵi ∥22] ≤ E[∥ eA

∗ti ∥2F ∥ ϵi ∥22] = ∥ eA
∗ti ∥2F E[∥ ϵi ∥22]

=∥ eA
∗ti ∥2F

d∑
j=1

σ2
j < ∞ ,
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and

E[{ϵ⊤i Z∗
jk(ti)x

∗
0}2] = E[{Z∗

jk(ti)x
∗
0}⊤ϵiϵ⊤i Z∗

jk(ti)x
∗
0]

= {Z∗
jk(ti)x

∗
0}⊤E[ϵiϵ

⊤
i ]Z

∗
jk(ti)x

∗
0

= {Z∗
jk(ti)x

∗
0}⊤ΣZ∗

jk(ti)x
∗
0 < ∞ .

Therefore, E[∥ wni ∥22] < ∞. Since

∥ wni ∥22 1(∥ wni ∥2≥ ε
√
n) ≤∥ wni ∥22 ,

then by Lebesgue’s dominated convergence theorem, one obtains that

lim
n→∞

E[∥ wni ∥22 1(∥ wni ∥2≥ ε
√
n)] = E[ lim

n→∞
∥ wni ∥22 1(∥ wni ∥2≥ ε

√
n)] = 0 .

Now that we have proved that the condition (A.43) is satisfied, we will then prove V is

positive definite. If one denotes

W (t) :=
(
eA

∗t, Z∗
11(t)x

∗
0, . . . , Z

∗
1d(t)x

∗
0, . . . , Z

∗
dd(t)x

∗
0

)
,

then according to Equation (A.41) and Equation (A.42), one sees that

V :=
4

T

∫ T

0
V (t) dt =

4

T

∫ T

0
W (t)⊤ΣW (t) dt . (A.44)

In the following, we will show that
∫ T
0 V (t) dt ∈ R(d+d2)×(d+d2) is positive definite. Let

ξ ∈ Rd+d2 be such that

ξT ·
( ∫ T

0
V (t)dt

)
· ξ = 0.

We want to show that ξ = 0. Since V (t) is non-negative definitely for every t, this implies

that

ξTV (t)ξ = ξTW (t)⊤ΣW (t)ξ = 0∀t

which further implies that W (t)ξ = 0 for all t. By differentiation, one sees that

W (m)(0)ξ = 0 ∀m = 0, 1, 2, . . . ,
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where W (m)(t) denotes the mth deivative of W (t). As we will see, the first d+1 equations

are sufficient to yield that ξ = 0. Recall that

Z∗
jk(t) =

∂eAt

∂ajk

∣∣∣∣
A=A∗

,

by denoting the first d components of ξ as ξd and the (j, k)-component of the last d2

components of ξ as ξd+jk, one obtains that

W (m)(0)ξ =

(∂(m)eA
∗t

∂tm

∣∣∣∣
t=0

,
∂(m+1)eAt

∂tm∂a11

∣∣∣∣
t=0,A=A∗

· x∗
0, . . . ,

∂(m+1)eAt

∂tm∂add

∣∣∣∣
t=0,A=A∗

· x∗
0

)
ξ

=

(
(A∗)m,

∂Am

∂a11

∣∣∣∣
A=A∗

· x∗
0, . . . ,

∂Am

∂add

∣∣∣∣
A=A∗

· x∗
0

)
ξ

=

(
(A∗)m,

m∑
l=1

(A∗)m−lE11(A
∗)l−1x∗

0, . . . ,

m∑
l=1

(A∗)m−lEdd(A
∗)l−1x∗

0

)
ξ

= (A∗)mξd +
m∑
l=1

d∑
j=1

d∑
k=1

{(A∗)m−lEjk(A
∗)l−1x∗

0}ξd+jk ,

(A.45)

where
∑0

i=1 ai = 0 for any sequence {ai, i ∈ Z} denotes the empty sum, Ejk is a d × d

matrix with the jk-th entry being 1 and all the other entries being 0.

If one identifies the last d2 elements of ξ with a d× d matrix Ξ (the jk-th entry of Ξ

being ξd+jk), then (A.45) becomes

(A∗)mξd +

m∑
l=1

(A∗)m−l · Ξ · (A∗)l−1x∗
0 = 0 ∀m ⩾ 0 .

Taking m = 0, 1, . . . , d respectively, one obtains the following system of equations:



ξd = 0 ,

A∗ξd + Ξ · x∗
0 = 0 ,

(A∗)2ξd + Ξ ·A∗x∗
0 + (A∗Ξ) · x∗

0 = 0 ,

(A∗)3ξd + Ξ · (A∗)2x∗
0 + (A∗Ξ) ·A∗x∗

0 + ((A∗)2Ξ) · x∗
0 = 0 ,

· · ·

(A∗)dξd + Ξ · (A∗)d−1x∗
0 + (A∗Ξ) · (A∗)d−2x∗

0 + · · ·+ ((A∗)d−1Ξ) · x∗
0 = 0 .
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From the first equation, we have ξd = 0. If one multiplies the second equation by A∗

on the left and subtract it from the third equation, one obtains that

Ξ ·A∗x∗
0 = 0 .

Similarly,

“(l + 2)-th eqn ”− A∗ × “(l + 1)-th eqn” =⇒ Ξ · (A∗)lx∗
0 = 0 .

As a result,

Ξ ·
(
x∗
0, A

∗x∗
0, . . . , (A

∗)d−1x∗
0

)
= 0 .

Since the matrix
(
x∗
0, A

∗x∗
0, . . . , (A

∗)d−1x∗
0

)
is invertible by assumption A2, one concludes

that Ξ = 0, that is, the last d2 components of ξ are all zeros.

Therefore, we have proved that ξ = 0, which means,
∫ T
0 V (t) dt is positive definite.

Thus, V is positive definite. Since V is symmetric, V is also nonsingular. By Lemma A.4,

one concludes that

−
√
n∇θMn(θ

∗)
d−→ N(0, V ) , as n → ∞ ,

where V is defined in Equation (A.42).

Step ii: We calculate matrix H.

Recall that H = ∇2
θM(θ∗), that is, the Hessian matrix of M(θ) at θ∗. And

M(θ) =
1

T

∫ T

0
∥ eA

∗tx∗
0 − eAtx0 ∥22 dt

=
1

T

∫ T

0
∥ eA

∗tx∗
0 ∥22 + ∥ eAtx0 ∥22 −2(x∗

0)
⊤(eA

∗t)⊤eAtx0 dt .

If one sets

h(x0, A) := ∥ eAtx0 ∥22 −2(x∗
0)

⊤(eA
∗t)⊤eAtx0 ,

by taking derivative of h(x0, A) with respect to x0 one obtains

∂h(x0, A)

∂x0
= 2(eAt)⊤eAtx0 − 2(eAt)⊤eA

∗tx∗
0 ,
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by further taking derivative with respect to x⊤
0 one obtains that

∂2h(x0, A)

∂x0∂x⊤
0

= 2(eAt)⊤eAt .

Therefore,

∂2M(θ∗)

∂x0∂x⊤
0

=
∂2M(θ)

∂x0∂x⊤
0

∣∣∣∣
θ=θ∗

=
2

T

∫ T

0
(eA

∗t)⊤eA
∗t dt .

Taking derivative of h(x0, A) with respect to ajk one obtains that

∂h(x0, A)

∂ajk
= Tr

{(∂h(x0, A)

∂eAt

)⊤∂eAt

∂ajk

}

= Tr

{
(2eAtx0x

⊤
0 − 2eA

∗tx∗
0x

⊤
0 )

⊤
∂eAt

∂ajk

}

= Tr

[
{2x0x

⊤
0 (e

At)⊤ − 2x0(x
∗
0)

⊤(eA
∗t)⊤}

∂eAt

∂ajk

]

= Tr

{
2x⊤

0 (e
At)⊤

∂eAt

∂ajk
x0

}
− Tr

{
2(x∗

0)
⊤(eA

∗t)⊤
∂eAt

∂ajk
x0

}

= 2x⊤
0 (e

At)⊤
∂eAt

∂ajk
x0 − 2(x∗

0)
⊤(eA

∗t)⊤
∂eAt

∂ajk
x0 ,

by further taking derivative with respect to x⊤
0 one obtains that

∂2h(x0, A)

∂ajk∂x
⊤
0

= 2x⊤
0

{
(eAt)⊤

∂eAt

∂ajk
+

(∂eAt

∂ajk

)⊤
eAt

}
− 2(x∗

0)
⊤(eA

∗t)⊤
∂eAt

∂ajk
.

Therefore,

∂2M(θ∗)

∂ajk∂x
⊤
0

=
∂2M(θ)

∂ajk∂x
⊤
0

∣∣∣∣
θ=θ∗

=
2

T

∫ T

0
{Z∗

jk(t)x
∗
0}⊤eA

∗t dt .

Similarly,

∂2h(x0, A)

∂ajk∂apq
= 2x⊤

0

(∂eAt

∂apq

)⊤∂eAt

∂ajk
x0+2x⊤

0 (e
At)⊤

∂2eAt

∂ajk∂apq
x0−2(x∗

0)
⊤(eA

∗t)⊤
∂2eAt

∂ajk∂apq
x0 ,
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then by some calculation, one obtains that

∂2M(θ∗)

∂ajk∂apq
=

∂2M(θ)

∂ajk∂apq

∣∣∣∣
θ=θ∗

=
2

T

∫ T

0
(Z∗

pq(t)x
∗
0)

⊤Z∗
jk(t)x

∗
0 dt .

If one denotes

S(θ∗, t) :=
(
eA

∗t, Z∗
11(t)x

∗
0, . . . , Z

∗
1d(t)x

∗
0, . . . , Z

∗
dd(t)x

∗
0

)
, (A.46)

one sees that

H = 2

∫ T

0
S(θ∗, t)⊤S(θ∗, t)/T dt , (A.47)

and H ∈ R(d+d2)×(d+d2).

Rearranging V in Equation (A.42), one obtains that

V = 4

∫ T

0
S(θ∗, t)⊤ΣS(θ∗, t)/T dt , (A.48)

obviously, V and H have similar forms. Therefore, by using the same way of proving V

is positive definite, one can prove that H is positive definite. Since H is symmetric, H is

nonsingular.

Therefore, we have completed the proof and provided the explicit forms of both V and

H. Moreover, we have shown that both V andH are positive definite and nonsingular.

A.1.9 Proof of Corollary 3.13

Proof. According to the proof of Corollary 3.10 in Appendix A.1.6, one sees that assump-

tions A1, A2 and A4-A6 hold with respect to the new ODE system, the new parameter

θ̃
∗
and the new error terms ϵ̃i corresponding to the aggregated observations Ỹ .

Therefore, by Theorem 3.12, one obtains that

√
ñ(
ˆ̃
θ − θ̃

∗
)

d−→ N(0, H̃−1Ṽ H̃−1) , as ñ → ∞ ,

where

θ̃
∗
= (x̃∗

0, Ã
∗) =

(
(I + eA

∗∆t + · · ·+ eA
∗(k−1)∆t)x∗

0/k,A
∗) ,

recall that we we have built the relationship between θ̃
∗
and θ∗ in Corollary 3.7.



Appendix of Chapter 3 115

Using the same way we calculate V and H in the proof of Theorem 3.12 in Ap-

pendix A.1.8, one obtains that

Ṽ = 4

∫ T̃

0
R(θ̃

∗
, t)⊤R(θ̃

∗
, t)/kT̃ dt ,

where R(θ̃
∗
, t) is defined in Equation (A.41), and T̃ = (⌊n/k⌋ − 1)kT/(n− 1). Note that,

one devides k in the formula of Ṽ , since the covariance matrix of the new error terms {ϵ̃i}

is Σ/k based on the generation rules of the aggregated observations.

Similarly, one obtains that

H̃ = 2

∫ T̃

0
S(θ̃

∗
, t)⊤S(θ̃

∗
, t)/T̃ dt ,

where S(θ̃
∗
, t) is defined in Equation (A.46), and T̃ = (⌊n/k⌋ − 1)kT/(n− 1).

Moreover, by using the same way we prove that both V and H are positive definite

and nonsingular in the proof of Theorem 3.12 in Appendix A.1.8, one obtains that both

Ṽ and H̃ are positive definite and nonsingular.

The definition of θ̂ñ in Corollary 3.10, that is,

θ̂ñ := g(
ˆ̃
θ) :=

(
k(I + e

ˆ̃A∆t + · · ·+ e
ˆ̃A(k−1)∆t)−1 ˆ̃x0,

ˆ̃A
)
,

shows that the function g(θ) has the following form

g(θ) = g(x0, A) =
(
k(I + eA∆t + · · ·+ eA(k−1)∆t)−1x0, A

)
.

By plugging θ̃
∗
in, one obtains that

g(θ̃
∗
) =

(
k(I + eÃ

∗∆t + · · ·+ eÃ
∗(k−1)∆t)−1x̃∗

0, Ã
∗) = (x∗

0, A
∗) = θ∗ .

Taking derivative of g(θ) with respect to x0 one obtains that

∂g(θ̃
∗
)

∂x⊤
0

=
∂g(θ)

∂x⊤
0

∣∣∣∣
θ=θ̃

∗

=
(
k{(I + eA

∗∆t + · · ·+ eA
∗(k−1)∆t)−1}⊤,0d, . . . ,0d︸ ︷︷ ︸

d2 entries

)⊤ ∈ R(d+d2)×d .
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Since

∂k(I + eA∆t + · · ·+ eA(k−1)∆t)−1x0

∂apq

=− k(I + eA∆t + · · ·+ eA(k−1)∆t)−2
∂(I + eA∆t + · · ·+ eA(k−1)∆t)

∂apq
x0

=− k(I + eA∆t + · · ·+ eA(k−1)∆t)−2[Zpq(∆t) + · · ·+ Zpq{(k − 1)∆t}]x0 ,

one obtains that

∂g(θ̃
∗
)

∂apq
=

∂g(θ)

∂apq

∣∣∣∣
θ=θ̃

∗

=
[
− k
{
(I + eA

∗∆t + · · ·+ eA
∗(k−1)∆t)−2[Z∗

pq(∆t) + · · ·+ Z∗
pq{(k − 1)∆t}]x̃∗

0

}⊤
,

0, . . . , 0, 1, 0, . . . , 0︸ ︷︷ ︸
d2 entries

]⊤
∈R(d+d2)×1 ,

where 1 in the last d2 entries corresponds to the pq-th entry, where p, q = 1, . . . , d.

Therefore, the gradient of g(θ) with respect to θ at θ̃
∗
is

G := ∇g(θ̃
∗
) =

(∂g(θ̃
∗
)

∂x⊤
0

,
∂g(θ̃

∗
)

∂a11
, · · · ,

∂g(θ̃
∗
)

∂a1d
, · · · ,

∂g(θ̃
∗
)

∂add

)
∈ R(d+d2)×(d+d2) .

By the multivariate Delta method, one obtains that

√
ñ{g(ˆ̃θ)− g(θ̃

∗
)} d−→ N(0, GH̃−1Ṽ H̃−1G⊤) , as ñ → ∞ ,

which is
√
ñ(θ̂ñ − θ∗)

d−→ N(0, GH̃−1Ṽ H̃−1G⊤) , as ñ → ∞ .

A.1.10 Proof of Corollary 3.14

Proof. According to the proof of Corollary 3.11 in Appendix A.1.7, one sees that assump-

tions A1, A2 and A4-A6 hold with respect to the new ODE system, the new parameter

θ̃
∗
and the new error terms ϵ̃i corresponding to the time-scaled observations Ỹ .
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Therefore, by Theorem 3.12, one obtains that

√
ñ(
ˆ̃
θ − θ̃

∗
)

d−→ N(0, H̃−1Ṽ H̃−1) , as ñ → ∞ ,

where

θ̃
∗
= (x̃∗

0, Ã
∗) = (x∗

0, A
∗/k) ,

recall that we we have built the relationship between θ̃
∗
and θ∗ in Corollary 3.8.

Using the same way we calculate V and H in the proof of Theorem 3.12 in Ap-

pendix A.1.8, one obtains that

Ṽ = 4

∫ kT

0
R(θ̃

∗
, t)⊤R(θ̃

∗
, t)/(kT ) dt ,

where R(θ̃
∗
, t) is defined in Equation (A.41).

Similarly, one obtains that

H̃ = 2

∫ kT

0
S(θ̃

∗
, t)⊤S(θ̃

∗
, t)/(kT ) dt ,

where S(θ̃
∗
, t) is defined in Equation (A.46).

Moreover, by using the same way we prove that both V and H are positive definite

and nonsingular in the proof of Theorem 3.12 in Appendix A.1.8, one obtains that both

Ṽ and H̃ are positive definite and nonsingular.

The definition of θ̂ñ in Corollary 3.11, that is,

θ̂ñ := g(
ˆ̃
θ) := (ˆ̃x0, k

ˆ̃A) ,

shows that the function g(θ) has the following form

g(θ) = g(x0, A) = (x0, kA) .

By plugging θ̃
∗
in, one obtains that

g(θ̃
∗
) = (x̃∗

0, kÃ
∗) = (x∗

0, A
∗) = θ∗ .
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Following the same way we calculate the gradient of g(θ) with respect to θ at θ̃
∗
in

the proof of Corollary 3.13 in Appendix A.1.9, one obtains that

G := ∇g(θ̃
∗
) =

∂g(θ̃
∗
)

∂θ
=

∂g(θ)

∂θ

∣∣∣∣
θ=θ̃

∗
=



Id 0d 0d · · · 0d

0⊤d k 0 · · · 0

0⊤d 0 k · · · 0
...

...
...

. . . 0

0⊤d 0 0 · · · k


∈ R(d+d2)×(d+d2) .

By the multivariate Delta method, one obtains that

√
ñ{g(ˆ̃θ)− g(θ̃

∗
)} d−→ N(0, GH̃−1Ṽ H̃−1G⊤) , as ñ → ∞ ,

which is
√
ñ(θ̂ñ − θ∗)

d−→ N(0, GH̃−1Ṽ H̃−1G⊤) , as ñ → ∞ .



Appendix B

Appendix of Chapter 4

B.1 Notations and proposed identifiability conditions

Table B.1: Summary of proposed identifiability conditions

ODEs Conds. # Traj. Obs. Def./Thm. Necessity

Eq.(4.2)+(4.4) A1 1 continuous 3.1 Yes
Eq.(4.3) latent DAG, B1 1 continuous 4.1 Yes
Eq.(4.3) latent DAG, C1 1 discrete 4.2 Yes
Eq.(4.3) latent DAG, B2, B3, B4 p continuous 4.3 No
Eq.(4.3) latent DAG, C2, B3, B4 p discrete 4.4 No

B.2 Real world examples

In this section, we present two real-world examples that correspond to the ODE models

(4.2) and (4.3). These examples initially assume fully observable systems, with latent

variables introduced by us based on prior experience or established physical laws.

B.2.1 Damped harmonic oscillators model

Consider a one-dimensional system comprising D point masses mi for i = 1, . . . , D with

positions Qi(t) ∈ R and momenta Pi(t) ∈ R. These masses are interconnected by springs

characterized by spring constants ki and equilibrium lengths li, and each mass is subject

119
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Table B.2: Summary of notations

Notation Description

x/z observable/latent variables
xi/zi the i-th observable/latent variable
t time
tj the j-th time point
x(t)/z(t) state of observable/latent variable at time t
xj x(tj), observable state at time tj
x0/z0 initial condition of observable/latent variable
ẋ(t) first derivative of x(t) w.r.t. time t
d dimension of observable variables
p dimension of latent variables
A,B,G constant parameter matrices defined in Eq.(4.2) and (4.3)
f(t) Function of time t defined in Eq.(4.2)
vk constant parameter vector defined in Eq.(4.4)
{vk}r0 all the vk’s for k = 0, . . . , r
θ := (x0, z0, A,B, {vk}r0), the system parameter of ODE system (4.2)
β a vector defined in Thm.4.4 A1
y(t) augmented state
y0 initial condition of augmented variable
η := (x0, z0, A,B,G), the system parameter of ODE system (4.3)
γ a vector defined in Thm.4.6 B1
z∗
0 given initial condition of latent variable

z∗i
0 the i-th given initial condition of latent variable

ηi := (x0, z
∗i
0 , A,B,G), the system parameter of ODE system (4.3)

γi a vector defined in Thm 4.10 B2
xij := x(tj ;ηi), observable state of ODE system (4.3) with parameter ηi at time tj
yij augmented state of xij at time tj
A′,x′

0, . . . the alternative counterpart corresponding to A,x0, . . .

to friction with coefficient bi. The system’s boundary conditions are fixed at Q0(t) = 0

and QD+1(t) = L.

The dynamics of this system are described by the following linear ODE system [18]:

Ṗi(t) = ki(Qi+1(t)−Qi(t)− li)− ki−1(Qi(t)−Qi−1(t)− li−1)− biPi(t)/mi

Q̇i(t) = Pi(t)/mi

(B.1)

where Q0(t) = 0 and QD+1(t) = L represent the fixed boundary conditions. External

forces Fj(t) (e.g., wind force or a varying magnetic field) may influence the entire system

of coupled oscillators. These external forces can be modeled here as latent variables with
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constant derivatives. Consequently, the system can be reformulated as follows:

Ṗi(t) = ki(Qi+1(t)−Qi(t)− li)− ki−1(Qi(t)−Qi−1(t)− li−1)− biPi(t)/mi +
∑
j

αijFj(t)

Q̇i(t) = Pi(t)/mi

Ḟj(t) = cj

(B.2)

where αij is a constant determining the effect of the external force Fj(t) on the i-th

mass, and cj is the constant rate of change of the external force Fj(t). This model aligns

with our ODE system (2), and an illustrative causal structure for this model is provided

in Figure B.1.

Figure B.1: Example causal structure of the damped harmonic oscillators model with
3 oscillators and 2 latent variables.

In regions with predictable wind patterns, such as during monsoon seasons or in con-

trolled experimental settings, wind force can be approximated with a constant rate, mak-

ing this an ideal context for modeling external forces with constant derivatives. Further-

more, constant forces or those represented as polynomial functions of time align well with

our ODE system structure. For instance, a uniform magnetic field acting on the system

would produce a constant force. These examples demonstrate that various latent factors

can effectively fit within our ODE structure.
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B.2.2 Population model

The growth of a population P (t) can be described by a linear ODE [76]:

Ṗ (t) = aP (t),

where a is a constant representing the population growth rate. This system may also

be influenced by latent variables Li, such as environmental factors or food supply. By

incorporating these latent influences, the system can be expressed as:

Ṗ (t) = aP (t) + bL1(t) + cL2(t)

L̇1(t) = lL2(t)

L̇2(t) = m

where a, b, c, l and m are constants. Here, L1(t) represents the food supply, which is

influenced by the environmental factor L2(t). L2(t) corresponds to an environmental

factor, such as temperature or pollution level, that changes steadily over time. This

model aligns well with our ODE system (3), and an illustrative causal structure for this

model is provided in Figure B.2.

Figure B.2: Causal structure of the population model.

An example of an environmental factor changing at a constant rate is pollution from

an industrial plant that continuously releases a fixed amount of pollutants, or from a

wastewater treatment plant that discharges a specified amount of treated wastewater into

a river on an hourly basis.
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B.3 An example of an unidentifiable case of the linear ODE

system (4.3)

Recall that the parameters of the ODE system (4.3) are:

x0 =

1
1

 , z0 =

1
1

 , B =

1 1

1 1

 , G =

0 1

0 0

 ,

A =

1 0

0 1

 , A′ =

0 1

1 0

 , M =

A B

0 G

 , M ′ =

A′ B

0 G

 .

We first calculate the solution of z(t),

z(t) = eGtz0

=
∞∑
k=0

Gkz0

k!
tk =

1∑
k=0

Gkz0

k!
tk =

1 + t

1



We intervene x1(t) = 1, then under matrix M :

ẋ2(t) = x2(t) + z1(t) + z2(t)

= x2(t) + t+ 2 .

To solve this differential equation, we rewrite it in the standard linear form and multiply

both sides by the integrating factor e−t,

e−tẋ2(t)− e−tx2(t) = (t+ 2)e−t .

The left-hand side of this equation is the derivative of e−tx2(t):

d

dt
(e−tx2(t)) = (t+ 2)e−t .

Next, integrate both sides w.r.t. t:

∫ d

dt
(e−tx2(t))dt =

∫
(t+ 2)e−tdt .
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The left-hand side integrates to:

e−tx2(t) .

Next, we use integration by parts to find the integral on the right-hand side:∫
(t+ 2)e−tdt = −(t+ 2)e−t −

∫
−e−tdt

= −(t+ 2)e−t − e−t

= −(t+ 3)e−t .

Thus:

e−tx2(t) = −(t+ 3)e−t + C ,

where C is the constant of the integration.

Multiplying both sides by et to solve for x2(t):

x2(t) = −t− 3 + Cet .

Now, use the initial condition x2(0) = 1, we get

C = 4 .

Therefore,

x2(t) = 4et − t− 3 .

Whereas under matrix M ′:

ẋ2(t) = x1(t) + z1(t) + z2(t)

= t+ 3 .

Simple calculations show that

x2(t) = t2/2 + 3t+ 1 .
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B.4 Detailed proofs

B.4.1 Proof of Theorem 4.4

Proof. Recall that the first derivative of x(t) can be expressed as:

ẋ(t) = Ax(t) +Bz(t)

= Ax(t) +
r∑

k=0

Bvk

k + 1
tk+1 +Bz0 .

Set

y(t) =



x(t)

1

t

t2

...

tr+1


,

we see that y(t) ∈ Rd+r+2, and the first derivative of y(t) w.r.t. time t can be expressed

as

ẏ(t) =



ẋ(t)

0

1

2t
...

(r + 1)tr



=



A Bz0 Bv0
Bv1
2 . . . Bvr−1

r
Bvr
r+1

0d 0 0 0 . . . 0 0

0d 1 0 0 . . . 0 0

0d 0 2 0 . . . 0 0
...

...
...

...
. . .

...
...

0d 0 0 0 . . . r + 1 0


︸ ︷︷ ︸

denoted as F



x(t)

1

t

t2

...

tr+1


︸ ︷︷ ︸

y(t)

,



Appendix of Chapter 4 126

where 0d denotes a d dimensional zero row vector. Obviously,

y(0) = [xT
0 , 1, 0, 0, . . . , 0]

⊤ ,

we denote it as y0. Therefore, y(t) follows a homogeneous linear ODE system that can

be expressed as:

ẏ(t) = Fy(t) ,

y(0) = y0 ,
(B.3)

where F ∈ R(d+r+2)×(d+r+2). Worth noting that all state variables in the ODE system

(B.3) are observable. Then according to Lemma 4.2, the identifiability of the dynamical

system described by the ODE system (B.3) is contingent upon the linear independence of

the vectors {y0, Fy0, F
2y0, . . . , F

d+r+1y0}. Specifically, the system is (y0, F )-identifiable

if and only if this set of vectors is linearly independent, indicating that the matrix formed

by these vectors, denoted by H, has a rank of d+ r+2. In the following, we will elucidate

that if and only assumption A1 is satisfied, the rank of this matrix H equals d+ r + 2.

Some calculations show that,

F ky0 =



Ak−1(Ax0 +Bz0) +
∑k−2

j=0 j!A
k−2−jBvj

0
...

0

k!

0
...

0



for k = 1, 2, . . . , r + 1 , (B.4)

where k! is the (d+ k + 1)-th element.
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And

F ky0 =


Ak−(r+2)(Ar+2x0 +Ar+1Bz0 +

∑r
j=0 j!A

r−jBvj)

0
...

0

 for k = r+2, . . . , r+d+1 .

(B.5)

According to assumption A1 in Theorem 4.4,

β = Ar+2x0 +Ar+1Bz0 +
r∑

j=0

j!Ar−jBvj ,

therefore, F ky0 can also be expressed as

F ky0 =


Ak−(r+2)β

0
...

0

 for k = r + 2, . . . , r + d+ 1 . (B.6)

We denote the matrix

H : =
[
y0 Fy0 F 2y0 . . . F r+1y0 F r+2y0 . . . F d+r+1y0

]
: =

H11 H12

H21 H22


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as a block matrix. Then, based on Equations (B.4) and (B.6), one obtains that

H11 =
[
x0 Ax0 +Bz0 A2x0 +ABz0 +Bv0 . . . Ar+1x0 +ArBz0 +

∑r−1
j=0 j!A

r−1−jBvj

]
∈ Rd×(r+2) ,

H12 =
[
β Aβ . . . Ad−1β

]
∈ Rd×d ,

H21 =



1 0 0 . . . 0

0 1 0 . . . 0

0 0 2! . . . 0
...

...
...

. . .
...

0 0 0 . . . (r + 1)!


∈ R(r+2)×(r+2) ,

H22 = 0(r+2)×d ∈ R(r+2)×d .

Some calculations show that

rank(H) = rank(H12) + rank(H21) .

It is apparent that

rank(H21) = r + 2 .

To achieve rank(H) = d + r + 2, the rank of H12 must be d. The rank of H12 equals

d if and only if the set of vectors {β, Aβ, . . . , Ad−1β} is linearly independent, that is,

assumption A1 is satisfied.

Now that we have proved that the ODE system (B.3) is (y0, F )-identifiable if and only

if assumption A1 is satisfied. That is, under assumption A1, the trajectory y(·;y0, F )

uniquely determines both y0 and matrix F . Consequently, it also uniquely determines

(x0, A,Bz0, Bv0, . . . , Bvr), thus establishing that the ODE system (4.2) is θ-identifiable

if and only if assumption A1 is satisfied.
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B.4.2 Proof of Theorem 4.6

Proof. Recall that the first derivative of x(t) can be expressed as:

ẋ(t) = Ax(t) +Bz(t)

= Ax(t) +

p−1∑
k=0

BGkz0

k!
tk .

Set

y(t) =



x(t)

1

t

t2

...

tp−1


,

we see that y(t) ∈ Rd+p, and the first derivative of y(t) w.r.t. time t can be expressed as

ẏ(t) =



ẋ(t)

0

1

2t
...

(p− 1)tp−2



=



A Bz0 BGz0
BG2z0

2! . . . BGp−2z0
(p−2)!

BGp−1z0
(p−1)!

0d 0 0 0 . . . 0 0

0d 1 0 0 . . . 0 0

0d 0 2 0 . . . 0 0
...

...
...

...
. . .

...
...

0d 0 0 0 . . . p− 1 0


︸ ︷︷ ︸

denoted as F



x(t)

1

t

t2

...

tp−1


︸ ︷︷ ︸

y(t)

,

where 0d denotes a d dimensional zero row vector. Obviously,

y(0) = [xT
0 , 1, 0, 0, . . . , 0]

⊤ ,
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we denote it as y0. Therefore, y(t) follows a homogeneous linear ODE system that can

be expressed as:

ẏ(t) = Fy(t) ,

y(0) = y0 ,
(B.7)

where F ∈ R(d+p)×(d+p). Worth noting that all state variables in the ODE system (B.7)

are observable. Then according to Lemma 4.2, the identifiability of the dynamical system

described by the ODE system (B.7) is contingent upon the linear independence of the

vectors {y0, Fy0, F
2y0, . . . , F

d+p−1y0}. Specifically, the system is (y0, F )-identifiable if

and only if this set of vectors is linearly independent, indicating that the matrix formed

by these vectors, denoted by H, has a rank of d + p. In the following, we will elucidate

that if and only assumption B1 is satisfied, the rank of this matrix H equals d+ p.

Some calculations show that,

F ky0 =



Akx0 +
∑k−1

j=0 A
k−1−jBGjz0

0
...

0

k!

0
...

0



for k = 1, 2, . . . , p− 1 , (B.8)

where k! is the (d+ k + 1)-th element.

And

F ky0 =


Ak−p(Apx0 +

∑p−1
j=0 A

p−1−jBGjz0)

0
...

0

 for k = p, p+ 1, . . . , p+ d− 1 . (B.9)
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According to assumption B1 in Theorem 4.4,

γ = Apx0 +

p−1∑
j=0

Ap−1−jBGjz0 ,

therefore, F ky0 can also be expressed as

F ky0 =


Ak−pγ

0
...

0

 for k = p, p+ 1, . . . , p+ d− 1 . (B.10)

We denote the matrix

H : =
[
y0 Fy0 F 2y0 . . . F p−1y0 F py0 . . . F p+d−1y0

]
: =

H11 H12

H21 H22


as a block matrix. Then, based on Equations (B.8) and (B.10), one obtains that

H11 =
[
x0 Ax0 +Bz0 A2x0 +ABz0 +BGz0 . . . Ap−1x0 +

∑p−2
j=0 A

p−2−jBGjz0

]
∈ Rd×p ,

H12 =
[
γ Aγ . . . Ad−1γ

]
∈ Rd×d ,

H21 =



1 0 0 . . . 0

0 1 0 . . . 0

0 0 2! . . . 0
...

...
...

. . .
...

0 0 0 . . . (p− 1)!


∈ Rp×p ,

H22 = 0p×d ∈ Rp×d .

Some calculations show that

rank(H) = rank(H12) + rank(H21) .
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It is apparent that

rank(H21) = p .

To achieve rank(H) = d+ p, the rank of H12 must be d. The rank of H12 equals d if and

only if the set of vectors {γ, Aγ, . . . , Ad−1γ} is linearly independent, that is, assumption

B1 is satisfied.

Now that we have proved that the ODE system (B.7) is (y0, F )-identifiable if and only

if assumption B1 is satisfied. That is, under assumption B1, the trajectory y(·;y0, F )

uniquely determines both y0 and the matrix F . Consequently, it also uniquely deter-

mines (x0, A,Bz0, BGz0, . . . , BGp−1z0), thus establishing that the ODE system (4.3) is

η-identifiable if and only if assumption B1 is satisfied.

B.4.3 Proof of Theorem 4.8

Before providing the main proof, we first present two lemmas we will use for our proof.

Lemma B.1. [28, Theorem 3.4] The ODE system (4.1) is (x0, A)-identifiable if and only

if the trajectory x(·;x0, A) is not confined to a proper subspace of Rd.

Lemma B.2. [28, Lemma 6.1] Trajectory x(·;x0, A) is not confined to a proper sub-

space of Rd if and only if there exists t1, t2, . . . , td such that x1,x2, . . . ,xd are linearly

independent.

Proof. In the proof of Theorem 4.6, we demonstrated that the ODE system (4.3), un-

der latent DAG assumption, can be transformed into a fully observable homogeneous

linear ODE system (B.7). According to Lemma B.1, the ODE system (B.7) is (y0, F )-

identifiable if and only if trajectory y(·;y0, F ) is not confined to a proper subspace of

Rd+p. Furthermore, based on Lemma B.2, this condition holds if and only if there exists

time points t1, t2, . . . , td+p such that the vectors y1,y2, . . . ,yd+p are linearly independent

(i.e., assumption C1). Therefore, if and only if assumption C1 is satisfied, the trajectory

y(·;y0, F ) is not confined to a proper subspace of Rd+p, ensuring that the ODE system

(B.7) is (y0, F )-identifiable. Consequently, the ODE system (4.3) is η-identifiable.
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B.4.4 Proof of Theorem 4.10

Proof. Under assumption B2, since each z∗i
0 satisfies assumption B1, Theorem 4.6 implies

that the ODE system (4.3) is ηi-identifiable for all i = 1, . . . , p. That is, one can identify

(x0, A,Bz∗i
0 , BGz∗i

0 , . . . , BGp−1z∗i
0 )

for all i = 1, . . . , p.

Next, we will prove that matrix B is identifiable under assumption B3.

Define the matrix

S :=
[
Bz∗1

0 Bz∗2
0 . . . Bz∗p

0

]
,

we know that S ∈ Rd×p, and S is identifiable. The matrix S can also be expressed as:

S = B
[
z∗1
0 z∗2

0 . . . z∗p
0

]
: = BZ ,

where under assumption B3, the matrix Z is invertible. Therefore,

B = SZ−1 .

Since Z is a known matrix, B is identifiable.

Similarly, we can prove that BGj for j = 1, . . . , p− 1 is also identifiable.

We now show that, under assumption B4, the matrix G is identifiable.

Define the matrix

W :=


B

BG
...

BGp−1

 ,

we know that W ∈ Rdp×p, and W is identifiable.
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Since G is a p× p nilpotent matrix, Gp = 0, thus BGp = 0 . If we define the matrix

V :=


BG

BG2

...

BGp

 ,

then V ∈ Rdp×p, and V is identifiable. The matrix V can also be expressed as:

V =


B

BG
...

BGp−1

G = WG. (B.11)

Under assumption B4, one can find p linearly independent rows in matrix W . Denote the

matrix composed of these p linearly independent rows as Wp, which is invertible. Denote

the matrix composed of the corresponding p rows of V as Vp, we have

Vp = WpG .

Since Wp is invertible, then

G = W−1
p Vp .

Because both Vp and Wp are identifiable, G is also identifiable.

B.4.5 Proof of Theorem 4.12

Proof. Under assumption C2, for each i ∈ {1, . . . , p}, the corresponding observations

satisfy assumption C1. Based on Theorem 4.8, the ODE system (4.3) is ηi-identifiable

for all i = 1, . . . , p. This implies that one can identify

(x0, A,Bz∗i
0 , BGz∗i

0 , . . . , BGp−1z∗i
0 )

for all i = 1, . . . , p.

According to the proof of Theorem 4.10, under assumptions B3 and B4, matrices B

and G are also identifiable.
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B.5 Identifiability conditions of the linear ODE system (4.2)

with other f(t)

In this section, we provide identifiability conditions for the linear ODE system (4.2) with

f(t) = vet and f(t) = v1sin(t) + v2cos(t). For notational simplicity, we slightly abuse

notation by using the same symbols as in Section 4.3.

B.5.1 When f(t) follows an exponenial function of time t

We define f(t) in the ODE system (4.2) as:

f(t) = vet , v ∈ Rp .

Simple calculations show that

z(t) = vet + z0 − v .

Thus,

ẋ(t) = Ax(t) +Bz(t)

= Ax(t) +Bvet +Bz0 −Bv .
(B.12)

We denote the unknown parameters of the ODE system (4.2) with this f(t) as θ,

specifically, θ := (x0, z0, A,B,v). Let [xT (t;θ), zT (t;θ)]T denote the solution of the

ODE system (4.2). It is important to note that under our hidden variables setting, only

x(t;θ) is observable. Based on Equation (B.12), we present the following identifiability

definition.

Definition B.3. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and v ∈ Rp, for all x′
0 ∈

Rd, all z′
0 ∈ Rp, all A′ ∈ Rd×d, all B′ ∈ Rd×p, and all v′ ∈ Rp, we denote θ′ :=

(x′
0, z

′
0, A

′, B′,v′), we say the ODE system (4.2) is θ-identifiable: if (x0, A,Bz0, Bv) ̸=

(x′
0, A

′, B′z′
0, B

′v′), it holds that x(·;θ) ̸= x(·;θ′).

According to Definition B.3, if the ODE system (4.2) with an exponential f(t) is

θ-identifiable, then the trajectory of the system can uniquely determine the values of
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(x0, A,Bz0, Bv). This determination is sufficient to identify the causal relationships

between observable variables x as described by Equation (B.12). Consequently, one can

safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem B.4. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p, and v ∈ Rp, the ODE system

(4.2) is θ-identifiable if and only if assumption D1 is satisfied.

D1 the set of vectors {y0, Fy0, . . . , F
d+1y0} is linearly independent, where y0 = [xT

0 , 1, 1]
T ,

and

F =


A Bv Bz0 −Bv

0d 1 0

0d 0 0

 ,

0d denotes a d dimensional zero row vector.

The proof of Theorem B.4 is presented below. Condition D1 is both sufficient and

necessary, indicating, from a geometric perspective, that the vector y0 is not contained

in an F -invariant proper subspace of Rd+2.

Proof. Set

y(t) =


x(t)

et

1

 ,

we see that y(t) ∈ Rd+2, and the first derivative of y(t) w.r.t. time t can be expressed as

ẏ(t) =


ẋ(t)

et

0

 =


A Bv Bz0 −Bv

0d 1 0

0d 0 0


︸ ︷︷ ︸

F


x(t)

et

1


︸ ︷︷ ︸

y(t)

,

where 0d denotes a d dimensional zero row vector. Obviously,

y(0) = [xT
0 , 1, 1]

T = y0 .
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Therefore, y(t) follows a homogeneous linear ODE system that can be expressed as:

ẏ(t) = Fy(t) ,

y(0) = y0 ,
(B.13)

where F ∈ R(d+2)×(d+2). Worth noting that all state variables in the ODE system (B.13)

are observable. Then according to Lemma 4.2, the system (B.13) is (y0, F )-identifiable if

and only if condition D1 stated in Theorem B.4 is satisfied. That is, under assumption

D1, the trajectory y(·;y0, F ) uniquely determines both y0 and matrix F . Consequently,

it also uniquely determines (x0, A,Bz0, Bv), thus establishing that the ODE system (4.2)

is θ-identifiable if and only if assumption D1 is satisfied.

B.5.2 When f(t) follows an trigonometric function of time t

We define f(t) in the ODE system (4.2) as:

f(t) = v1sin(t) + v2cos(t) , v1,v2 ∈ Rp .

Simple calculations show that

z(t) = v2sin(t)− v1cos(t) + z0 + v1 .

Thus,

ẋ(t) = Ax(t) +Bz(t)

= Ax(t) +Bv2sin(t)−Bv1cos(t) +Bz0 +Bv1 .
(B.14)

We denote the unknown parameters of the ODE system (4.2) with this f(t) as θ,

specifically, θ := (x0, z0, A,B,v1,v2). Let [x
T (t;θ), zT (t;θ)]T denote the solution of the

ODE system (4.2). It is important to note that under our hidden variables setting, only

x(t;θ) is observable. Based on Equation (B.14), we present the following identifiability

definition.

Definition B.5. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p and v1,v2 ∈ Rp, for

all x′
0 ∈ Rd, all z′

0 ∈ Rp, all A′ ∈ Rd×d, all B′ ∈ Rd×p, and all v′
1,v

′
2 ∈ Rp, we
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denote θ′ := (x′
0, z

′
0, A

′, B′,v′
1,v

′
2), we say the ODE system (4.2) is θ-identifiable: if

(x0, A,Bz0, Bv1, Bv2) ̸= (x′
0, A

′, B′z′
0, B

′v′
1, B

′v′
2), it holds that x(·;θ) ̸= x(·;θ′).

According to Definition B.5, if the ODE system (4.2) with a trigonometric f(t) is

θ-identifiable, then the trajectory of the system can uniquely determine the values of

(x0, A,Bz0, Bv1, Bv2). This determination is sufficient to identify the causal relationships

between observable variables x as described by Equation (B.14). Consequently, one can

safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem B.6. For x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈ Rd×p, and v1,v2 ∈ Rp, the ODE

system (4.2) is θ-identifiable if and only if assumption E1 is satisfied.

E1 the set of vectors {y0, Fy0, . . . , F
d+2y0} is linearly independent, where y0 = [xT

0 , 0, 1, 1]
T ,

and

F =


A Bv2 −Bv1 Bz0 +Bv1

0d 0 1 0

0d −1 0 0

0d 0 0 0

 ,

0d denotes a d dimensional zero row vector.

The proof of Theorem B.6 is presented below. Condition E1 is both sufficient and

necessary, indicating, from a geometric perspective, that the vector y0 is not contained

in an F -invariant proper subspace of Rd+3.

Proof. Set

y(t) =


x(t)

sin(t)

cos(t)

1

 ,
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we see that y(t) ∈ Rd+3, and the first derivative of y(t) w.r.t. time t can be expressed as

ẏ(t) =


ẋ(t)

cos(t)

−sin(t)

0

 =


A Bv2 −Bv1 Bz0 +Bv1

0d 0 1 0

0d −1 0 0

0d 0 0 0


︸ ︷︷ ︸

F


x(t)

sin(t)

cos(t)

1


︸ ︷︷ ︸

y(t)

,

where 0d denotes a d dimensional zero row vector. Obviously,

y(0) = [xT
0 , 0, 1, 1]

T = y0 .

Therefore, y(t) follows a homogeneous linear ODE system that can be expressed as:

ẏ(t) = Fy(t) ,

y(0) = y0 ,
(B.15)

where F ∈ R(d+3)×(d+3). Worth noting that all state variables in the ODE system (B.15)

are observable. Then according to Lemma 4.2, the system (B.15) is (y0, F )-identifiable if

and only if condition E1 stated in Theorem B.6 is satisfied. That is, under assumption

E1, the trajectory y(·;y0, F ) uniquely determines both y0 and matrix F . Consequently, it

also uniquely determines (x0, A,Bz0, Bv1, Bv2), thus establishing that the ODE system

(4.2) is θ-identifiable if and only if assumption E1 is satisfied.

B.6 An alternative approach to identifying matrices B and

G in the ODE system (4.3)

B.6.1 Identifiability condition from 2p controllable whole trajectories

Recall that z0 denotes the initial condition of the latent variables in the ODE system (4.3).

We further specify the initial condition of the latent variable zj as z0j for j = 1, . . . , p.

Assume that it is possible to control the initial condition of each latent variable, z0j ,

independently. Specifically, for each experiment, researchers can intervene in the initial

condition of a latent variable, denoted as z∗0j . The value of z∗0j is treated as a given
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value. Under this intervention, the initial conditions of the latent variables are adjusted

to [z01, . . . , z
∗
0j , . . . , z0p]

T , which we denote as z̃0j .

To identify matrices B and G, it is necessary to have at least two intervened initial

conditions for each latent variable, denoted as z∗10j and z∗20j for the latent variable zj .

Consequently, the corresponding intervened initial conditions for all latent variables can

be represented as z̃1
0j and z̃2

0j . Under these conditions, we present the definition of the

identifiability of the ODE system (4.3).

Definition B.7. Given z∗10j , z
∗2
0j ∈ R for j = 1, . . . , p, for x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈

Rd×p and G ∈ Rp×p, under the latent DAG assumption, for all x′
0 ∈ Rd, all z′

0 ∈ Rp, all

A′ ∈ Rd×d, all B′ ∈ Rd×p, and all G′ ∈ Rp×p, we denote z̃i
0j = [z01, . . . , z

∗i
0j , . . . , z0p]

T and

(z̃′
0j)

i = [z′01, . . . , z
∗i
0j , . . . , z

′
0p]

T , we further denote ηi
j := (x0, z̃

i
0j , A,B,G) and (η′

j)
i :=

(x′
0, (z̃

′
0j)

i, A′, B′, G′) for i = 1, 2, we say the ODE system (4.3) is {η1,2
j }p1-identifiable:

if (x0, A,B,G) ̸= (x′, A′, B′, G′), it holds that ∃i ∈ {1, 2} and j ∈ {1, . . . , p} such that

x(·;ηi
j) ̸= x(·; (η′

j)
i).

Definition B.7 establishes the identifiability of the ODE system (4.3) from 2p whole

trajectories x(·;ηi
j) with i = 1, 2 and j = 1, . . . , p. According to this definition, both

matrices B and G are identifiable. Based on this definition, we present the identifiability

condition.

Theorem B.8. Given z∗10j , z
∗2
0j ∈ R with z∗10j ̸= z∗20j for j = 1, . . . , p, for x0 ∈ Rd, z0 ∈

Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p, under the latent DAG assumption, the ODE

system (4.3) is {η1,2
j }p1-identifiable if assumptions B5 and B4 are both satisfied.

B5: each z̃i
0j for i = 1, 2 and j = 1, . . . , p, satisfies assumption B1. That is, if we set

γi
j = Apx0+

∑p−1
k=0A

p−1−kBGkz̃i
0j, then the set of vectors {γi

j , Aγ
i
j , . . . , A

d−1γi
j} is

linearly independent for all i = 1, 2 and j = 1, . . . , p.

The proof of Theorem B.8 is presented below. Assumption B5 ensures that the

ODE system (4.3) is ηi
j-identifiable for all i = 1, 2 and j = 1, . . . , p. Consequently,

(x0, A,Bz̃i
0j , BGz̃i

0j , . . . , BGp−1z̃i
0j) for all i = 1, 2 and j = 1, . . . , p is identifiable. Through

straightforward calculations, the identifiability of matrix B is established. To identify ma-

trix G, assumption B4 is required.
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The assumption that the initial condition of each latent variable zi can be controlled

independently is inspired by the ”genetic single-node intervention” proposed in [119],

where interventions can be made at each latent node individually. This assumption is

relatively more relaxed compared to controlling the initial condition of all latent variables

z simultaneously, as discussed in Subsection 4.4.3. However, this method requires p more

trajectories, totalling 2p trajectories, to identify matrices B and G.

Proof. Under assumption B5, since each z̃i
0j satisfies assumption B1. By Theorem 4.6,

the ODE system (4.3) is ηi
j-identifiable for all i = 1, 2 and j = 1, . . . , p. Consequently,

(x0, A,Bz̃i
0j , BGz̃i

0j , . . . , BGp−1z̃i
0j)

for all i = 1, 2 and j = 1, . . . , p is identifiable.

We express Bz̃i
0j as

Bz̃i
0j =


B11 . . . B1j . . . B1p

...
. . .

...
. . .

...

Bd1 . . . Bdj . . . Bdp





z01
...

z∗i0j
...

z0p


.

We know that Bz̃i
0j ∈ Rd is identifiable for i = 1, 2. Thus, the first entry of Bz̃i

0j , denoted

as (Bz̃i
0j)1, is identifiable and can be expressed as

(Bz̃1
0j)1 = B11z01 + . . .+B1jz

∗1
0j + . . .+B1pz0p

(Bz̃2
0j)1 = B11z01 + . . .+B1jz

∗2
0j + . . .+B1pz0p

.

Since z∗10j and z∗20j are given values, we can easily calculate the value of B1j . Similarly, one

can calculate the values of Bmj for all m = 1, . . . , d and j = 1, . . . , p, thereby establishing

the identifiability of matrix B.

In a similar manner, matrices BG,BG2, . . . , BGp−1 are also identifiable. Then, ac-

cording to the proof B.4.4 of Theorem 4.10, the matrix G is identifiable under assumption

B4.
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B.6.2 Identifiability condition from discrete observations sampled from

2p controllable trajectories

We further extend the identifiability analysis of the ODE system (4.3) to cases where only

discrete observations from 2p controllable trajectories are available.

Definition B.9. Given z∗10j , z
∗2
0j ∈ R for j = 1, . . . , p, for x0 ∈ Rd, z0 ∈ Rp, A ∈ Rd×d, B ∈

Rd×p and G ∈ Rp×p. For any n ⩾ 1, let tk, k = 1, . . . , n be any n time points and

xi
jk := x(tk;η

i
j) be the error-free observation of the trajectory x(·;ηi

j) at time tk. Under

the latent DAG assumption, we say the ODE system (4.3) is {η1,2
j }p1-identifiable from

xi
j1, . . . ,x

i
jn, i = 1, 2 and j = 1, . . . , p, if for all x′

0 ∈ Rd, all z′
0 ∈ Rp, all A′ ∈ Rd×d,

all B′ ∈ Rd×p, and all G′ ∈ Rp×p with (x0, A,B,G) ̸= (x′
0, A

′, B′, G′), it holds that

∃i ∈ {1, 2}, j ∈ {1, . . . , p} and k ∈ {1, . . . , n} such that x(tk;η
i
j )̸=x(tk; (η

′
j)

i).

Based on Definition B.9 we present the identifiability condition.

Theorem B.10. Given z∗10j , z
∗2
0j ∈ R with z∗10j ̸= z∗20j for j = 1, . . . , p, for x0 ∈ Rd, z0 ∈

Rp, A ∈ Rd×d, B ∈ Rd×p and G ∈ Rp×p. We define new observation yi
jk := [(xi

jk)
T , 1, tk, t

2
k, . . . , t

p−1
k ]T ∈

Rd+p, for i = 1, 2, j = 1, . . . , p and k = 1, . . . , n. Under the latent DAG assumption, the

ODE system (4.3) is {η1,2
j }p1-identifiable from discrete observations xi

j1, . . . ,x
i
jn, i = 1, 2

and j = 1, . . . , p, if assumptions C3 and B4 are both satisfied.

C3: for each i ∈ {1, 2}, j ∈ {1, . . . , p} there exists (d+ p) yi
jk’s with indexes denoting as

{kij1, kij2, . . . , kij,d+p} ⊆ {1, 2, . . . , n}, such that the set of vectors {yi
jkij1

,yi
jkij2

, . . . ,yi
jkij,d+p

}

is linearly independent.

The proof of Theorem B.10 is presented below. Assumption C3 ensures that the ODE

system (4.3) is ηi
j-identifiable from discrete observations xi

j1, . . . ,x
i
jn for all i = 1, 2 and

j = 1, . . . , p. As in Subsection B.6.1, matrix B is identifiable. Then, under assumption

B4, matrix G is also identifiable.

Proof. Under assumption C3, for each i ∈ {1, 2} and j ∈ {1, . . . , p}, the corresponding

observations satisfy assumption C1. Based on Theorem 4.8, the ODE system (4.3) is

ηi
j-identifiable for all i = 1, 2 and j = 1, . . . , p. Consequently,

(x0, A,Bz̃i
0j , BGz̃i

0j , . . . , BGp−1z̃i
0j)
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for all i = 1, 2 and j = 1, . . . , p is identifiable.

Following the proof of Theorem B.8, matrix B is identifiable. Under assumption B4,

matrix G is also identifiable.

B.7 More simulation results

In this section, we present additional simulation results for higher-dimensional cases, along

with simulations that incorporate a variety of ground-truth parameter configurations.

B.7.1 Higher dimensional cases

In this subsection, for the η-(un)identifiable cases of the ODE system (4.3), we provide a

case with d = 5 and p = 5. The true underlying parameters of the systems are provided

below. Initial parameter values are set to the true parameters plus a random value drawn

from a uniform distribution U(−0.14, 0.14) for each replication. To ensure reliability in the

estimation results, we perform 50 independent random replications for each configuration,

reporting the mean and variance of the squared error in Table B.3.

A =



2 −2 1 1 1

−1 1 0 2 −2

−2 2 0 −1 −2

−1 −1 −2 −1 2

1 −2 1 −2 0


, B =



1 −2 −1 1 1

1 −2 −1 −1 −1

−2 0 2 1 1

0 2 0 −2 −2

2 −2 2 −1 2


,

G =



0 0 0 −2 −1

0 0 −1 1 1

0 0 0 1 2

0 0 0 0 2

0 0 0 0 0


, A′ = I5 , x0 =



2

−2

2

1

0


, z0 =



−2

−1

−1

1

−2


,

η-identifiable: η = (x0, z0, A,B,G), unidentifiable: η = (x0, z0, A
′, B,G) .

Ij denotes a j × j identity matrix.

For {ηi}
p
1-(un)identifiable cases of the ODE system (4.3), we consider a case with

d = 10 and p = 5. To accelerate estimation, sparsity is introduced in the parameter



Appendix of Chapter 4 144

Table B.3: MSEs of the η-(un)identifiable cases of the ODE (3) with d = 5, p = 5

n A Bz0 BGz0 BG2z0 BG3z0 BG4z0
Id

e
n
ti
fi
a
b
le

10
0.0148 0.3911 0.9624 0.7316 0.1037 0.0096

(±0.0006) (±0.5989) (±3.9249) (±1.8971) (±0.0374) (±0.0003)

100
0.0059 0.1529 0.1726 0.2447 0.0212 0.0012

(±4.01E-05) (±0.0277) (±0.0541) (±0.0748) (±0.0007) (±1.10E-05)

1000
0.0053 0.1394 0.1241 0.2119 0.0164 0.0004

(±2.92E-05) (±0.0200) (±0.0251) (±0.0479) (±0.0004) (±6.00E-07)

U
n
id
e
n
ti
fi
a
b
le 10

0.0853 1.0067 3.7422 2.7696 0.9229 0.0508
(±0.0075) (±1.3518) (±55.8402) (±24.5043) (±2.7959) (±0.0111)

100
0.0357 0.4091 1.0428 0.9782 0.3871 0.0256

(±0.0019) (±0.3812) (±2.1792) (±5.3654) (±0.6747) (±0.0032)

1000
0.0332 0.3286 0.7123 0.9782 0.5487 0.0393

(±0.0017) (±0.1824) (±1.8836) (±2.3163) (±0.9240) (±0.0047)

matrices by randomly setting 70, 35, and 20 entries in matrices A, B and G, respectively,

as zero. The true underlying parameters of the systems are provided below. Initial

parameter values are set to the true parameters plus a random value drawn from a uniform

distribution U(−0.1, 0.1) for each replication. To ensure reliability in the estimation

results, we perform 50 independent random replications for each configuration, reporting
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the mean and variance of the squared error in Table B.4.

A =



0 0 −2 −1 1 2 0 −2 −1 0

0 0 0 0 0 2 0 −2 2 0

0 0 0 0 0 2 0 1 1 0

0 0 0 −1 0 0 1 0 −2 0

2 0 0 −1 0 −2 0 0 −1 1

2 0 0 0 0 0 0 2 0 −2

0 2 0 0 0 0 0 0 0 0

−2 −1 0 0 0 0 0 0 0 0

0 0 0 −2 0 0 0 0 0 −2

0 0 0 0 −1 0 0 0 0 −1



, B =



−1 0 0 0 2

0 −1 0 2 0

0 −1 0 0 0

0 0 0 1 1

0 0 0 0 0

0 1 0 0 1

0 0 −1 0 0

1 0 0 0 0

1 0 0 0 −1

−1 0 0 0 −1



,

G =



0 1 −1 0 2

0 0 2 0 0

0 0 0 −1 0

0 0 0 0 0

0 0 0 0 0


, A′ = I10 ,

x0 =
[
−2 0 0 −2 2 −1 1 0 1 1

]⊤
, z∗i

0 = ei , for i = 1, . . . , 5 .

{ηi}
p
1-identifiable: ηi = (x0, z

∗i
0 , A,B,G), unidentifiable: ηi = (x0, z

∗i
0 , A

′, B,G) .

ei stands for a p-dimensional vector, with the i-th entry being 1 and the other entries

being 0.

Table B.4: MSEs of the {ηi}
p
1-(un)identifiable cases of the ODE (3) with d = 10, p = 5

n
Identifiable Unidentifiable

A B G A B G

10
1.53E-11 2.49E-10 3.01E-10 0.8345 0.2118 0.0037
(±2.36E-21) (±6.30E-19) (±9.20E-19) (±0.6268) (±0.0260) (±0.0002)

30
9.15E-13 1.49E-11 1.80E-11 0.7216 0.1952 1.25E-21
(±4.45E-24) (±1.18E-21) (±1.73E-21) (±0.4099) (±0.0156) (±5.18E-41)

50
9.64E-14 1.57E-12 1.90E-12 0.6510 0.2211 0.0042
(±1.29E-25) (±3.43E-23) (±5.02E-23) (±0.2251) (±0.0278) (±0.0003)

Tables B.3 and B.4 present results similar to those in Tables 4.1 and 4.2, providing

strong empirical support for the validity of our proposed identifiability conditions.
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B.7.2 Various true parameters

To further support our proposed identifiability conditions, we conduct additional simu-

lations incorporating a variety of ground-truth parameter configurations, rather than a

fixed underlying parameter set. Specifically, for each simulation run, a unique ground-

truth parameter configuration was generated using different random seeds, and we sub-

sequently reported the mean and variance of the squared error across all results. For the

low-dimensional η and {ηi}
p
1 (un)identifiable cases, we perform 100 replications, while

for the higher-dimensional cases, we perform 50 replications. Additionally, in the {ηi}
p
1-

(un)identifiable cases, we initialize the parameter values as the true parameters plus a

random value drawn from U(−0.1, 0.1) for the d = 3, p = 3 case and from U(−0.05, 0.05)

for the d = 10, p = 5 cases. For the η-(un)identifiable cases, the initialization settings are

the same as those used in the fixed-parameter configurations.

The simulation results are presented in Tables B.5, B.6, B.7, and B.8. Across all these

tables, parameter estimates in the identifiable cases are notably more accurate than in the

unidentifiable cases, providing strong empirical support for the validity of our proposed

identifiability conditions.

It is noteworthy, however, that even in theoretically identifiable cases, certain scenarios

emerge where parameter identification is challenging in practice; we refer to these as hard

estimate cases. In these instances, estimates may deviate significantly from satisfactory

values, similar to challenges encountered in fully observable ODE models (4.1) as discussed

in [29]. Consequently, for identifiable cases with varying true parameter configurations,

the results are less precise than those for corresponding fixed-parameter cases, due to the

inclusion of some hard estimate instances. Investigating the practical identifiability of the

ODE system (4.3) remains an intriguing direction for future research.
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Table B.5: MSEs of the η-(un)identifiable cases of the ODE (4.3) - with various true
parameters

n
Identifiable Unidentifiable

A Bz0 BGz0 BG2z0 A Bz0 BGz0 BG2z0

10
0.0060 0.0157 0.1698 0.2297 0.0691 0.2720 1.3133 0.6622
(±0.0008) (±0.0036) (±0.5665) (±1.1053) (±0.0203) (±0.5914) (±7.4471) (±8.5348)

100
0.0026 0.0108 0.0820 0.1287 0.0283 0.1003 0.4880 0.2649

(±9.27E-05) (±0.0022) (±0.1159) (±0.7042) (±0.0031) (±0.0441) (±2.6547) (±1.6631)

500
0.0020 0.0092 0.0870 0.0705 0.0227 0.1061 0.5015 0.2574

(±6.48E-05) (±0.0023) (±0.1941) (±0.1179) (±0.0018) (±0.0672) (±3.0811) (±2.0779)

Table B.6: MSEs of the {ηi}
p
1-(un)identifiable cases of the ODE (4.3) - with various

true parameters

n
Identifiable Unidentifiable

A B G A B G

10
0.0006 1.89E-5 0.0009 0.0861 0.0088 0.0101

(±2.21E-5) (±3.55E-8) (±6.71E-5) (±0.1773) (±0.0020) (±0.0045)

30
0.0006 1.87E-5 0.0010 0.0789 0.0092 0.0104

(±2.20E-5) (±3.47E-8) (±6.64E-5) (±0.1280) (±0.0028) (±0.0046)

50
0.0006 1.88E-5 0.0009 0.0503 0.0063 0.0114

(±2.21E-5) (±3.51E-8) (±6.67E-5) (±0.0430) (±0.0006) (±0.0047)

Table B.7: MSEs of the η-(un)identifiable cases of the ODE (3) with d = 5, p = 5 -
with various true parameters

n A Bz0 BGz0 BG2z0 BG3z0 BG4z0

Id
e
n
ti
fi
a
b
le

10
0.0144 0.1215 1.4643 2.1890 1.8254 0.4826

(±0.0004) (±0.0757) (±8.3976) (±54.9706) (±48.7033) (±5.7127)

100
0.0041 0.0395 0.2850 0.3891 0.2078 0.0239

(±4.55E-05) (±0.0092) (±0.1739) (±0.4936) (±0.2950) (±0.0024)

1000
0.0032 0.0337 0.1934 0.2242 0.1197 0.0181

(±3.26E-05) (±0.0049) (±0.0686) (±0.2180) (±0.0712) (±0.0014)

U
n
id
e
n
ti
fi
a
b
le 10

0.0740 0.4599 2.8628 1.8743 0.4834 0.0334
(±0.0047) (±0.4841) (±9.5476) (±8.6653) (±1.2606) (±0.0147)

100
0.0263 0.2142 1.1678 1.2354 0.2878 0.0193

(±0.0031) (±0.1869) (±8.2277) (±9.4970) (±0.8655) (±0.0052)

1000
0.0142 0.1389 0.6979 0.6701 0.0732 0.0062

(±0.0003) (±0.0463) (±1.2080) (±1.5228) (±0.0336) (±0.0003)
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Table B.8: MSEs of the {ηi}
p
1-(un)identifiable cases of the ODE (3) with d = 10, p = 5

- with various true parameters

n
Identifiable Unidentifiable

A B G A B G

10
0.0044 0.0350 0.0287 0.6266 0.1310 0.0054

(±0.0001) (±0.0098) (±0.0053) (±0.1524) (±0.0269) (±0.0004)

30
0.0067 0.1258 0.0315 0.5833 0.1058 0.0021

(±0.0005) (±0.5097) (±0.0104) (±0.2085) (±0.0114) (±8.79E-05)

50
0.0033 0.0323 0.0354 0.5193 0.1108 0.0021

(±5.66E-05) (±0.0103) (±0.0084) (±0.0982) (±0.0146) (±9.02E-05)
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Appendix of Chapter 5

C.1 Detailed proofs

C.1.1 Proof of Lemma 5.4

Proof. We start by presenting the mathematical definition of a Lévy process. (cf. [159])

Definition C.1. A stochastic process X := {Xt : 0 ⩽ t < ∞} is said to be a Lévy process

if it satisfies the following properties:

1. X0 = 0 almost surely;

2. Independence of increments: For any 0 ⩽ t1 < t2 < . . . < tn < ∞, Xt2 − Xt1 ,

Xt3 −Xt2 , . . . , Xtn −Xtn−1 are independent;

3. Stationary increments: For any s < t, Xt −Xs is equal in distribution to Xt−s;

4. Continuity in probability: For any ε > 0 and 0 ⩽ t < ∞ it holds that limh→0 P(|Xt+h−

Xt| > ε) = 0.

In the following, we first show that the SDE (5.1) can be expressed as the form of

(5.10), with Z being a p-dimensional Lévy process and a : Rd → Rd×p being Lipschitz.

149
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The first equation in the SDE (5.1) can be rearranged as

dXt = AXtdt+GdWt

=
[
AXt G

] dt

dWt


= a(Xt)dZt ,

(C.1)

with

a(Xt) =
[
AXt G

]
∈ Rd×(m+1) ,

and

dZt =

 dt

dWt

 =

 1

0m×1


︸ ︷︷ ︸

r

dt+

01×1 01×m

0m×1 Im×m


︸ ︷︷ ︸

E

dW0,t

dWt

 , (C.2)

where 0i×j denotes an i × j zero matrix, let W̃ := {W̃t : 0 ⩽ t < ∞} with W̃t =

[W0,t,W1,t, . . . ,Wm,t]
⊤ denote a (m + 1)-dimensional standard Brownian motion, then

one can find a process Z := {Zt : 0 ⩽ t < ∞} with

Zt = rt+ EW̃t ,

Z0 = 0 ,
(C.3)

satisfying dZt described in Equation (C.2). Then we will show that the process Z described

in (C.3) is a Lévy process, that is, it satisfies the four properties stated in Definition C.1.

Property 1: The first property is readily checked since Z0 = 0.

Property 2: For any 0 ⩽ t1 < t2 < t3 < ∞,

Zt2 − Zt1 = r(t2 − t1) + E(W̃t2 − W̃t1)

=

t2 − t1

0m×1

+

 0

Wt2 −Wt1

 .

Similarly,

Zt3 − Zt2 =

t3 − t2

0m×1

+

 0

Wt3 −Wt2

 .

Since Wt2 −Wt1 and Wt3 −Wt2 are independent, Zt3 −Zt2 and Zt2 −Zt1 are independent.
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Property 3: when s < t,

Zt − Zs =

t− s

0m×1

+

 0

Wt −Ws


∼ N

(t− s

0m×1

 ,

01×1 01×m

0m×1 (t− s)Im×m

) .

And

Zt−s = r(t− s) + EW̃t−s

=

t− s

0m×1

+

 0

Wt−s


∼ N

(t− s

0m×1

 ,

01×1 01×m

0m×1 (t− s)Im×m

) .

Therefore, property 3 is checked.

Property 4: Obviously, process Z described in (C.3) is continuous with probability

one at t for all 0 ⩽ t < ∞, therefore, Z has continuity in probability.

Now that we have shown that process Z is a p-dimensional Lévy process with p = m+1.

Then we will show that a(Xt) =
[
AXt G

]
is Lipschitz.

∥ a(Xt)− a(Xs) ∥F =∥
[
A(Xt −Xs) 0

]
∥F

=∥ A(Xt −Xs) ∥2

⩽∥ A ∥F ∥ Xt −Xs ∥2

where ∥ M ∥F denotes the Frobenius norm of matrix M and ∥ v ∥2 denotes the Euclidean

norm of vector v. Now it is readily checked that function a : Rd → Rd×p is Lipschitz.

Similarly, we will show that the SDE (5.2) can also be expressed as the form of (5.10),

with Z being a p-dimensional Lévy process and a : Rd → Rd×p being Lipschitz. Let us
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rearrange the first equation in the SDE (5.2):

dXt = AXtdt+
m∑
k=1

GkXtdWk,t

=
[
AXt G1Xt . . . GmXt

]


dt

dW1,t

...

dWm,t


= a(Xt)dZt .

Since the dZt here has the same form as that of the SDE (5.1), we use the same process

Z described in Equation (C.3), which has been shown to be a Lévy process.

As for the function a(Xt),

∥ a(Xt)− a(Xs) ∥F =∥
[
A(Xt −Xs) G1(Xt −Xs) . . . Gm(Xt −Xs)

]
∥F

⩽∥ A(Xt −Xs) ∥2 +
m∑
k=1

∥ Gk(Xt −Xs) ∥2

⩽∥ A ∥F ∥ Xt −Xs ∥2 +
m∑
k=1

∥ Gk ∥F ∥ Xt −Xs ∥2

=

(
∥ A ∥F +

m∑
k=1

∥ Gk ∥F
)

∥ Xt −Xs ∥2 ,

it is readily checked that function a : Rd → Rd×p is Lipschitz.

C.1.2 Proof of Proposition 5.3.1

Proof. For the backward direction, when b(x) = b̃(x) and c(x) = c̃(x) for all x ∈ Rd, it

is obviously that (Lf)(x) = (L̃f)(x) for all f ∈ C2
b (Rd) and x ∈ Rd, that is L = L̃.

For the forward direction, since (Lf)(x′) = (L̃f)(x′) for all f ∈ C2
b (Rd) and x′ ∈ Rd.

We first set

f(x) = xp ,

where xp denotes the p-th component of variable x. It is readily checked that

bp(x
′) = b̃p(x

′) ,



Appendix of Chapter 5 153

for all x′ ∈ Rd and p = 1, . . . , d. As a result,

b(x) = b̃(x) , for all x ∈ Rd .

Then we set

f(x) = (xp − x′p)(xq − x′q) ,

where x′p denotes the p-th component of x′. It is readily checked that

cpq(x
′) = c̃pq(x

′) ,

for all x′ ∈ Rd and p, q = 1, . . . , d. Consequently,

c(x) = c̃(x) , for all x ∈ Rd .

C.1.3 Proof of Lemma 5.6

Proof. For the forward direction, since

X(·;x0, A,G)
d
= X(·;x0, Ã, G̃) ,

one has

E[Xt] = E[X̃t] , ∀0 ⩽ t < ∞ .

Thus,

(Xt − E[Xt])0⩽t<∞
d
= (X̃t − E[X̃t])0⩽t<∞ ,

in particular, one has

E{(Xt+h−E[Xt+h])(Xt−E[Xt])
⊤} = E{(X̃t+h−E[X̃t+h])(X̃t−E[X̃t])

⊤} for all 0 ⩽ t, h < ∞ .

For the backward direction, we know that the solution of the SDE (5.1) is a Gaussian

process. The distribution of a Gaussian process can be fully determined by its mean and
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covariance functions. Therefore, the two processes have the same distribution when the

mean and covariance are the same for both processes for all 0 ⩽ t, h < ∞.

C.1.4 Proof of Lemma 5.7

Proof. For the forward direction, since

rank([γ1|Aγ1| . . . |Ad−1γ1| . . . |γn|Aγn| . . . |Ad−1γn]) < d ,

then for all l = [l1, . . . , ln]
⊤ ∈ Rn,

rank([β|Aβ| . . . |Ad−1β]) < d ,

where β := l1γ1 + . . .+ lnγn. Consequently, the corresponding ODE system

ẋ(t) = Ax(t) ,

x(0) = β ,
(C.4)

is not identifiable from β by [28, Theorem 2.5.], where ẋ(t) denotes the first derivative of

x(t) with respect to time t.

Let

β̃ := Q−1β ∈ Rd ,

and

wk :=

 β̃k ∈ R1, for k = 1, . . . ,K1 ,

(β̃2k−K1−1, β̃2k−K1)
⊤ ∈ R2, for k = K1 + 1, . . . ,K .

Simple calculation shows that

β̃ = Q−1β

= Q−1(l1γ1 + . . .+ lnγn)

= l1γ̃1 + . . .+ lnγ̃n ,

therefore, one has

wk = l1w1,k + . . .+ lnwn,k , for all k ∈ {1, . . . ,K} . (C.5)
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By [29, Theorem 2.4], we know that for any l ∈ Rn, there always exists k ∈ {1, . . . ,K}

such that wk = 0 (∈ R1 or R2) since the ODE (C.4) is not identifiable from initial state

β. Next, we will show that this result is satisfied only when there exists a k such that

wj,k = 0 (∈ R1 or R2) for all j = 1, . . . , n. Let us rearrange the Equation (C.5) as


w1,1 . . . wn,1

...
. . .

...

w1,K . . . wn,K



l1
...

ln

 =


w1

...

wK

 ,

assume for any k ∈ {1, . . . ,K}, [w1,k, . . . , wn,k]
⊤ ̸= 0, then there always exists a l ∈ Rn

such that wk ̸= 0 for all k = {1, . . . ,K}. The reason is that under this circumstance, for

any k ∈ {1, . . . ,K}, the set of l’s such that wk = 0 has Lebesgue measure zero in Rn.

Therefore, the set of l’s such that there exists a k such that wk = 0 has Lebesgue measure

zero in Rn. This result creates a contradiction. Thus, there must exist a k, such that

[w1,k, . . . , wn,k]
⊤ = 0, that is |wj,k| = 0 for all j = 1, . . . , n.

For the backward direction, there exists k such that |wj,k| = 0 for all j = 1, . . . , n, that

is wj,k = 0 (∈ R1 or R2) for all j = 1, . . . , n. Simple calculation shows that

γj = Qγ̃j =

k−1∑
p=1

Qpwj,p +

K∑
p=k+1

Qpwj,p ,

and

Aqγj = QΛqQ−1γj

= QΛqγ̃j

=
k−1∑
p=1

QpJ
q
pwj,p +

K∑
p=k+1

QpJ
q
pwj,p ,

recall that

Jk =


λk, if k = 1, . . . ,K1 ,ak −bk

bk ak

 , if k = K1 + 1, . . . ,K .

Then matrix

M : = [γ1|Aγ1| . . . |Ad−1γ1| . . . |γn|Aγn| . . . |Ad−1γn]

= Q−kC ,
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where

Q−k = [Q1| . . . |Qk−1|Qk+1| . . . |QK ] ,

and matrix C denotes:

w1,1 J1w1,1 . . . Jd−1
1 w1,1 . . . wn,1 J1wn,1 . . . Jd−1

1 wn,1

...
...

. . .
...

. . .
...

...
. . .

...

w1,k−1 Jk−1w1,k−1 . . . Jd−1
k−1w1,k−1 . . . wn,k−1 Jk−1wn,k−1 . . . Jd−1

k−1wn,k−1

w1,k+1 Jk+1w1,k+1 . . . Jd−1
k+1w1,k+1 . . . wn,k+1 Jk+1wn,k+1 . . . Jd−1

k+1wn,k+1

...
...

. . .
...

. . .
...

...
. . .

...

w1,K JKw1,K . . . Jd−1
K w1,K . . . wn,K JKwn,K . . . Jd−1

K wn,K


We know that

rank(M) = rank(Q−kC) ⩽ min(rank(Q−k), rank(C)) .

When k ∈ {1, . . . ,K1}, Q−k ∈ Rd×(d−1), and rank(Q−k) = d − 1, while when k ∈ {K1 +

1, . . . ,K}, Q−k ∈ Rd×(d−2), and rank(Q−k) = d− 2. In both cases, rank(Q−k) < d, thus

rank(M) < d.

C.1.5 Proof of Theorem 5.8

Proof. Let Ã ∈ Rd×d and G̃ ∈ Rd×m, such that X(·;x0, A,G)
d
= X(·;x0, Ã, G̃), we denote

as X
d
= X̃. For simplicity of notation, in the following, we denote A1 := A, A2 := Ã,

G1 := G and G2 := G̃, and denote X
d
= X̃ as X1 d

= X2.

Sufficiency. We will show that under the identifiability condition (5.14), one has

(A1, G1G
⊤
1 ) = (A2, G2G

⊤
2 ).

We first show that H1 = H2 (Hi := GiG
T
i ). Indeed, since X1, X2 have the same

distribution, one has

E[f(X1
t )] = E[f(X2

t )] (C.6)

for all 0 ⩽ t < ∞ and f ∈ C∞(Rd). By differentiating (C.6) at t = 0, one finds that

(L1f)(x0) = (L2f)(x0) , (C.7)
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where Li is the generator of Xi (i = 1, 2). Based on the Proposition 5.2.1,

(Lif)(x0) =
d∑

k=1

d∑
l=1

(Ai)klx0l
∂f

∂xk
(x0) +

1

2

d∑
k,l=1

(Hi)kl
∂2f

∂xk∂xl
(x0) ,

where (M)kl denotes the kl-entry of matrix M , and x0l is the l-th component of x0. Since

(C.7) is true for all f , by taking

f(x) = (xp − x0p)(xq − x0q) ,

it is readily checked that

(H1)pq = (H2)pq ,

for all p, q = 1, . . . , d. As a result, H1 = H2. Let us call this matrix H.

Next, we show that A1 = A2. We first show the relationship between Ai and x0, and

then show the relationship between Ai and H. To this end, one first recalls that

Xi
t = eAitx0 +

∫ t

0
eAi(t−s)GidWs .

Set mi(t) := E[Xi
t ], we know that mi(t) satisfies the ODE

ṁi(t) = Aimi(t) , ∀0 ⩽ t < ∞ ,

mi(0) = x0 ,
(C.8)

where ḟ(t) denotes the first derivative of function f(t) with respect to time t.

Simple calculation shows that

mi(t) = eAitx0 .

Since X1 d
= X2, one has

E[X1
t ] = E[X2

t ]

for all 0 ⩽ t < ∞. That is

eA1tx0 = eA2tx0 , ∀0 ⩽ t < ∞ .
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Taking k-th derivative of eAitx0 with respect to t, one finds that

dk

dtk

∣∣∣
t=0

eAitx0 = Ak
i x0 ,

for all k = 1, 2, . . .. Consequently,

Ak
1x0 = Ak

2x0 .

Let us denote this vector Akx0. Obviously, one gets

A1A
k−1x0 = A2A

k−1x0 for all k = 1, 2, . . . . (C.9)

In the following, we show the relationship between Ai and H. Let us denote

Y i
t :=

∫ t

0
eAi(t−s)GidWs = Xi

t − E[Xi
t ]

and

Vi(t, t+ h) := E[Y i
t+h · (Y i

t )
T ] .

Simple calculation shows that

Vi(t, t+ h) = eAih

∫ t

0
eAi(t−s)HeA

⊤
i (t−s)ds

= eAihVi(t) ,

(C.10)

where Vi(t) := Vi(t, t).

Since X1 d
= X2, by Lemma 5.6, one has

V1(t, t+ h) = V2(t, t+ h) , ∀0 ⩽ t, h < ∞ .

To obtain information about Ai, let us fix t for now and take k-th derivative of (C.10)

with respect to h. One finds that

dk

dhk

∣∣∣
h=0

Vi(t, t+ h) = Ak
i Vi(t) , (C.11)

for all k = 1, 2, . . ..
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On the other hand, the function Vi(t) satisfies the ODE [147]

V̇i(t) = AiVi(t) + Vi(t)A
⊤
i +H, 0 ⩽ t < ∞ ,

Vi(0) = 0 .

In particular,

V̇i(0) = AiVi(0) + Vi(0)Ai +H = H.

By differentiating (C.11) at t = 0, it follows that

d

dt

∣∣∣
t=0

dk

dhk

∣∣∣
h=0

Vi(t, t+ h) = Ak
iH ,

for all k = 1, 2, . . .. Consequently,

Ak
1H = Ak

2H .

Let us denote this matrix AkH. Obviously, by rearranging this matrix, one gets

A1A
k−1H = A2A

k−1H for all k = 1, 2, . . . . (C.12)

Recall our identifiability condition is that rank(M) = d with

M := [x0|Ax0| . . . |Ad−1x0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d] .

If we denote the j-th column in M as M·j , one gets

A1M·j = A2M·j ,

for all j = 1, . . . , d+ d2 by Equations (C.9) and (C.12).

This means one can find a full-rank matrix B ∈ Rd×d by horizontally stacking d linearly

independent columns of matrix M , such that A1B = A2B. Since B is invertible, one thus

concludes that A1 = A2. Hence, the sufficiency of the condition is proved.

Necessity. In the following, we will show that when A has distinct eigenvalues.

The condition (5.14) stated in Theorem 5.8 is also necessary. Specifically, we will show

that when the identifiability condition (5.14) is not satisfied, one can always find a Ã with
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(A,GG⊤) ̸= (Ã, GG⊤) such that X
d
= X̃. Recall that for simplicity of notation, we denote

A1 := A, A2 := Ã, and denoteX
d
= X̃ asX1 d

= X2, where processXi = {Xi
t : 0 ⩽ t < ∞},

and Xi
t = X(t;x0, Ai, G) following the form described in the solution process (5.3). In

the following, we may use both A and A1 interchangeably according to the context.

By Lemma 5.6, to guarantee X1 d
= X2 one only needs to show that

E[X1
t ] = E[X2

t ] , ∀0 ⩽ t < ∞ ,

V1(t, t+ h) = V2(t, t+ h) , ∀0 ⩽ t, h < ∞ .

That is,

eA1tx0 = eA2tx0 , ∀0 ⩽ t < ∞ ,

eA1hV (t) = eA2hV (t) , ∀0 ⩽ t, h < ∞ ,

V1(t) = V2(t) , ∀0 ⩽ t < ∞ ,

(C.13)

where V (t) := V1(t) = V2(t).

Recall that H = GG⊤. For simplicity of notation, abusing notation a bit, we denote

H·0 := x0. Let

H̃·j := Q−1H·j , for all j = 0, . . . , d ,

and

wj,k :=

 H̃·j,k ∈ R1, for k = 1, . . . ,K1 ,

(H̃·j,2k−K1−1, H̃·j,2k−K1)
⊤ ∈ R2, for k = K1 + 1, . . . ,K .

When the identifiability condition (5.14) is not satisfied, that is

rank([H·0|AH·0| . . . |Ad−1H·0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d]) < d ,
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by Lemma 5.7, there exists k such that |wj,k| = 0, i.e., wj,k = 0 (∈ R1 or R2), for all

j = 0, . . . , d. Recall that

V (t) = V1(t) =

∫ t

0
eA(t−s)HeA

⊤(t−s)ds

=

∫ t

0
QeΛ(t−s)Q−1Q[H̃·1| . . . |H̃·d]e

A⊤(t−s)ds

= Q

∫ t

0
eΛ(t−s)[H̃·1| . . . |H̃·d]e

A⊤(t−s)ds

:= Q

∫ t

0
WeA

⊤(t−s)ds ,

(C.14)

where

W = eΛ(t−s)[H̃·1| . . . |H̃·d] ,

and some calculation shows that

W =


eJ1(t−s)w1,1 . . . eJ1(t−s)wd,1

...
. . .

...

eJK(t−s)w1,K . . . eJK(t−s)wd,K

 ,

recall that

Jk =


λk, if k = 1, . . . ,K1 ,ak −bk

bk ak

 , if k = K1 + 1, . . . ,K .

Since wj,k = 0 (∈ R1 or R2), for all j = 0, 1, . . . , d, then if k ∈ {1, . . . ,K1}, the k-th

row of W

Wk· = 0 ;

and if k ∈ {K1 + 1, . . . ,K}, then the (2k −K1 − 1)-th and the (2k −K1)-th rows

W(2k−K1−1)· = W(2k−K1)· = 0 ,

where Wk· denotes the k-th row vector of matrix W .

If we denote

Ṽ (t)·j := Q−1V (t)·j , for all j = 1, . . . , d ,
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and

w(t)j,k :=

 Ṽ (t)·j,k ∈ R1, for k = 1, . . . ,K1 ,

(Ṽ (t)·j,2k−K1−1, Ṽ (t)·j,2k−K1)
⊤ ∈ R2, for k = K1 + 1, . . . ,K .

Then by multiplying Q−1 in both sides of Equation (C.14), one obtains that

w(t)j,k = 0 (∈ R1 or R2)

for all j = 1, . . . , d and all 0 ⩽ t < ∞. This indicates that when all the vectors H·j for

j = 1, . . . , d are confined to an A-invariant proper subspace of Rd, denotes as L, then

each column of the covariance matrix V (t) in Equation (C.13) is also confined to L, for

all 0 ⩽ t < ∞. Therefore, under condition (5.14), x0, H·j (for all j = 1, . . . , d) and each

column of the covariance matrix V (t) (for all 0 ⩽ t < ∞) are confined to an A-invariant

proper subspace of Rd. Thus, a matrix A2 exists, with A2 ̸= A1 such that the first two

equations in Equation (C.13) are satisfied.

In particular, by [29, Theorem 2.5], when k ∈ {1, . . . ,K1}, there exists matrix D ∈

Rd×d, with the kk-th element Dkk = c ̸= 0 and all the other elements of D are zeros. Let

A2 = A1 +QDQ−1 ̸= A1 ,

then A1 and A2 satisfy the first two equations in Equation (C.13). Then we will show

that such a A2 also satisfy the third equation in Equation (C.13).

Some calculation shows that

V1(t) =

∫ t

0
eA1(t−s)HeA

⊤
1 (t−s)ds

=

∫ t

0
QeΛ(t−s)Q−1H(QT )−1eΛ(t−s)QTds

: =

∫ t

0
QeΛ(t−s)P1e

Λ(t−s)QTds ,

(C.15)

where P1 := Q−1H(QT )−1. And
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V2(t) =

∫ t

0
eA2(t−s)HeA

⊤
2 (t−s)ds

=

∫ t

0
e(A1+QDQ−1)(t−s)He(A1+QDQ−1)⊤(t−s)ds

=

∫ t

0
QeΛ(t−s)eD(t−s)Q−1H(QT )−1eD(t−s)eΛ(t−s)QTds

: =

∫ t

0
QeΛ(t−s)P2e

Λ(t−s)QTds ,

(C.16)

where P2 := eD(t−s)Q−1H(QT )−1eD(t−s). If one can show that P1 = P2, then it is readily

checked that V1(t) = V2(t) for all 0 ⩽ t < ∞. Recall that

Q−1H = H̃,

where H̃ = [H̃·1| . . . |H̃·d]. And when condition (5.14) is not satisfied, the k-th row of H̃:

H̃k· = 0 .

Since

P1 = Q−1H(QT )−1 = H̃(QT )−1 ,

therefore, the k-th row of P1:

(P1)k· = 0 .

Simple calculation shows that matrix P1 is symmetric, thus, the k-th column of P1:

(P1)·k = 0 .

It is easy to obtain that eD(t−s) is a diagonal matrix expressed as

eD(t−s) =



1

. . .

ec(t−s)

. . .

1


where ec(t−s) is the kk-th entry. Then, simple calculation shows that

P2 = eD(t−s)Q−1H(QT )−1eD(t−s) = eD(t−s)P1e
D(t−s) = P1 .
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Therefore, one obtains that

V1(t) = V2(t) , ∀0 ⩽ t < ∞ .

Hence, when k ∈ {1, . . . ,K1}, we find a A2, with A2 ̸= A1 such that Equation (C.13) is

satisfied.

When k ∈ {K1 + 1, . . . ,K}, there exists matrix D′ ∈ Rd×d, with

D′
2k−K1−1,2k−K1−1 D′

2k−K1−1,2k−K1

D′
2k−K1,2k−K1−1 D′

2k−K1,2k−K1

 :=

c1 c2

c3 c4

 ,

where Mi,j denotes the ij-th entry of matrix M , c = [c1, c2, c3, c4]
⊤ ̸= 0, and all the other

elements of D′ are zeros. Let

A2 = A1 +QD′Q−1 ̸= A1 ,

then A1 and A2 satisfy the first two equations in Equation (C.13). Similar to the case

where k ∈ {1, . . . ,K1}, one can also show that such a A2 also satisfies the third equation

in Equation (C.13).

Therefore, assuming A has distinct eigenvalues, then when the identifiability condition

(5.14) is not satisfied, one can always find a A2 with (A1, GG⊤) ̸= (A2, GG⊤) such that

Equation (C.13) is satisfied, i.e., X1 d
= X2. Hence, the necessity of the condition is

proved.

C.1.6 Proof of Corollary 5.9

Proof. There are two ways to prove this corollary, we will present both of them in the

following.

Way1. By [160, Lemma 2.2],

span([G|AG| . . . |Ad−1G]) = span([GG⊤|AGG⊤| . . . |Ad−1GG⊤]) ,
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where span(M) denotes the linear span of the columns of the matrix M . therefore, when

rank([G|AG| . . . |Ad−1G]) = d ,

then

span([G|AG| . . . |Ad−1G]) = Rd ,

thus,

span([GG⊤|AGG⊤| . . . |Ad−1GG⊤]) = Rd .

Therefore,

rank([GG⊤|AGG⊤| . . . |Ad−1GG⊤]) = d ,

since the rank of a matrix is the dimension of its span. Then by Theorem 5.8, the generator

of the SDE (5.1) is identifiable from x0.

Way2. Let Ã ∈ Rd×d and G̃ ∈ Rd×m, such that X(·;x0, A,G)
d
= X(·;x0, Ã, G̃), we

denote as X
d
= X̃, we will show that under our identifiability condition (A,GG⊤) =

(Ã, G̃G̃⊤). By applying the same notations used in the proof of Theorem 5.8, in the

following, we denote A1 := A, A2 := Ã, G1 := G and G2 := G̃.

In the proof of Theorem 5.8, we have shown that G1G
⊤
1 = G2G

⊤
2 , thus, we only need

to show that under the condition stated in this corollary, A1 = A2. According to the

proof of Theorem 5.8, for all 0 ⩽ t < ∞, we have

V1(t) = V2(t) ,

A1V1(t) = A2V2(t) .

Let V (t) := Vi(t)(i = 1, 2), one gets

A1V (t) = A2V (t) , ∀0 ⩽ t < ∞ .

Therefore, if there exists a 0 ⩽ t < ∞, such that V (t) is nonsingular, then one can

conclude that A1 = A2.

By [161, Theorem 3.2], the covariance V (t) is nonsingular for all t > 0, if and only if

rank([G|AG| . . . |Ad−1G]) = d ,
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that is the pair [A,G] is controllable. Therefore, under the condition stated in this corol-

lary, A1 = A2, thus the generator of the SDE (5.1) is identifiable from x0.

C.1.7 Proof of Theorem 5.11

Proof. Let Ã, G̃k ∈ Rd×d for all k = 1, . . . ,m, such that

X(·;x0, A, {Gk}mk=1)
d
= X(·;x0, Ã, {G̃k}mk=1), we denote as X

d
= X̃, we will show that

under our identifiability condition, for all x ∈ Rd,

(A,
∑m

k=1Gkxx
⊤G⊤

k ) = (Ã,
∑m

k=1 G̃kxx
⊤G̃⊤

k ). For simplicity of notation, in the follow-

ing, we denote A1 := A, A2 := Ã, G1,k := Gk and G2,k := G̃k, and denote X
d
= X̃ as

X1 d
= X2.

We first show that A1 = A2. Set mi(t) := E[Xi
t ], we know that mi(t) satisfies the

ODE

ṁi(t) = Aimi(t) , ∀0 ⩽ t < ∞ ,

mi(0) = x0 ,
(C.17)

where ḟ(t) denotes the first derivative of function f(t) with respect to time t.

Simple calculation shows that

mi(t) = eAitx0 .

Since X1 d
= X2, one has

E[X1
t ] = E[X2

t ]

for all 0 ⩽ t < ∞. That is

eA1tx0 = eA2tx0 , ∀0 ⩽ t < ∞ .

Taking j-th derivative of eAitx0 with respect to t, one finds that

dj

dtj

∣∣∣
t=0

eAitx0 = Aj
ix0 ,
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for all j = 1, 2, . . .. Consequently,

Aj
1x0 = Aj

2x0 .

Let us denote this vector Ajx0. Obviously, one gets

A1A
j−1x0 = A2A

j−1x0 for all j = 1, 2, . . . . (C.18)

By condition A1, it is readily checked that A1 = A2 from Equation (C.18).

In the following, we show that under condition A2, for all x ∈ Rd,

m∑
k=1

G1,kxx
⊤G⊤

1,k =
m∑
k=1

G2,kxx
⊤G⊤

2,k .

We know the function Pi(t) := E[Xi
t(X

i
t)

⊤] satisfies the ODE

Ṗi(t) = AiPi(t) + Pi(t)A
⊤
i +

m∑
k=1

Gi,kPi(t)G
⊤
i,k , ∀0 ⩽ t < ∞ ,

Pi(0) = x0x
⊤
0 .

(C.19)

Since X1 d
= X2,

P1(t) = P2(t) , ∀0 ⩽ t < ∞ ,

let us call it P (t). By differentiating Pi(t) one also gets that

Ṗ1(t) = Ṗ2(t) , ∀0 ⩽ t < ∞ .

Since we have shown that A1 = A2 under condition A1, from Equation (C.19) one observes

that
m∑
k=1

G1,kP (t)G⊤
1,k =

m∑
k=1

G2,kP (t)G⊤
2,k , ∀0 ⩽ t < ∞ . (C.20)

By vectorizing P (t), some calculation shows that the ODE (C.19) can be expressed as

vec(Ṗ (t)) = Avec(P (t)) ,

vec(P (0)) = vec(x0x
⊤
0 ) ,

(C.21)
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with an explicit solution

vec(P (t)) = eAtvec(x0x
⊤
0 ) ,

where A = A⊕A+
∑m

k=1Gk ⊗Gk ∈ Rd2×d2 , and vec(M) denotes the vector by stacking

the columns of matrix M vertically.

By definition, P (t) ∈ Rd×d is symmetric, thus vec(P (t)) for all 0 ⩽ t < ∞ is confined

to a proper subspace of Rd2 , let us denote this proper subspace W , simple calculation

shows that

dim(W ) = (d2 + d)/2 ,

where dim(W ) denotes the dimension of the subspace W , that is the number of vectors

in any basis for W . In particular, one can find a basis of W denoting as

{vec(E11), vec(E21), vec(E22), . . . , vec(Edd)} ,

where Eij stands for a d× d matrix, with the ij-th and ji-th elements are 1 and all other

elements are 0, for all i, j = 1, . . . , d and i ⩾ j.

Suppose there exists ti’s, for i = 1, . . . , (d2+d)/2, such that vec(P (t1)), . . . , vec(P (t(d2+d)/2))

are linearly independent, then for all x ∈ Rd,

vec(xx⊤) = l1vec(P (t1)) + . . .+ l(d2+d)/2vec(P (t(d2+d)/2)) ,

that is

xx⊤ = l1P (t1) + . . .+ l(d2+d)/2P (t(d2+d)/2) ,

where l := {l1, . . . , l(d2+d)/2} ∈ R(d2+d)/2. According to Equation (C.20), it is readily

checked that for all x ∈ Rd,

m∑
k=1

G1,kxx
⊤G⊤

1,k =

m∑
k=1

G2,kxx
⊤G⊤

2,k .

By [28, Lemma 6.1], there exists (d2+d)/2 ti’s such that vec(P (t1)), . . . , vec(P (t(d2+d)/2))

are linearly independent, if and only if the orbit of vec(P (t)) (i.e., the trajectory of ODE

(C.21) started from initial state v), denoting as γ(A,v) with v = vec(x0x
⊤
0 ), is not

confined to a proper subspace of W .
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Next, we show that under condition A2, orbit γ(A,v) is not confined to a proper

subspace of W .

Assume orbit γ(A,v) is confined to a proper subspace of W . Then there exists w ̸=

0 ∈ W such that

w⊤eAtv = 0 , ∀0 ⩽ t < ∞ .

By taking j-th derivative with respect to t, we have

wTAjeAtv = 0 , ∀0 ⩽ t < ∞, j = 0, . . . , (d2 + d− 2)/2 .

In particular, for t = 0,

wTAjv = 0 , for j = 0, . . . , (d2 + d− 2)/2 .

Therefore,

wT [v|Av| . . . |A(d2+d−2)/2v] = 0 . (C.22)

Since w ∈ W , w ∈ span{vec(E11), vec(E21), . . . , vec(Edd)}, set vec(w) := w, then w is a

d×d symmetric matrix. Since P (t) is symmetric for all 0 ⩽ t < ∞, according to Equation

(C.19), simple calculation shows that the j-th derivative of P (t) is also symmetric for all

0 ⩽ t < ∞, for j = 0, 1, . . .. Recall that

vec(P (t)) = eAtv ,

vec(P (j)(t)) = AjeAtv ,

where P (j)(t) denotes the j-th derivative of P (t) with respect to t. In particular, when

t = 0, one has

vec(P (0)) = v ,

vec(P (j)(0)) = Ajv ,

then if we denote matrix Ajv by setting vec(Ajv) := Ajv, matrices Ajv are symmetric

for all j = 0, 1, . . ..

Therefore, we can say that there are only (d2 + d)/2 distinct elements in each of the

vectors: w,v,Av, . . . ,A(d2+d−2)/2v in Equation (C.22). Moreover, since these vectors all

correspond to d× d symmetric matrices, the repetitive elements in each vector appear in
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the same positions in each vector. Hence, we can focus on checking those distinct elements

in each vector, that is Equation (C.22) can be expressed as

wT [v|Av| . . . |A(d2+d−2)/2v] = 0 , (C.23)

where w ∈ R(d2+d)/2 denotes as

w := [w11,
√
2w21, . . . ,

√
2wd1, w22, . . . ,

√
2wd2, . . . , wdd]

⊤ ,

where wij denotes the ij-th element of w, with i, j = 1, . . . , d and i ⩾ j. When i ̸= j, the

element is multiplied by a
√
2, that is, w only keeps the distinctive elements in w, and

for each of the repetitive element, we multiply
√
2. We define v,Av, . . . using the same

way.

Under condition A2, matrix

[v|Av| . . . |A(d2+d−2)/2v] ∈ R
(d2+d)

2
× (d2+d)

2

is easily to be checked to be invertible, then w = 0, thus w = 0. This contradicts to

w ̸= 0, therefore, under condition A2, orbit γ(A,v) is not confined to a proper subspace

of W . Hence, the theorem is proved.

C.2 Genericity of the derived identifiability conditions

C.2.1 The identifiability condition stated in Theorem 5.11 is generic

We will show that the identifiability condition stated in Theorem 5.11 is generic. Specif-

ically, we will show that for the set of (x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 such that either

condition A1 or A2 stated in Theorem 5.11 is violated, has Lebesgue measure zero in

Rd+(m+1)d2 . In the following, we first present a lemma we will use to prove our main

proposition.

Lemma C.2. Let p : Rn → R be a non-zero polynomial function. Let Z := {x ∈ Rn :

p(x) = 0}. Then Z has Lebesgue measure zero in Rn.
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Proof. When n = 1, suppose the degree of x is k ⩾ 1, then by the fundamental theorem

of algebra, there are at most k x’s such that x ∈ Z. Therefore, Z has Lebesgue measure

zero, since a finite set has measure zero in R.

Suppose the lemma is established for polynomials in n−1 variables. Let p be a non-zero

polynomial in n variables, say of degree k ⩾ 1 in xn, then we can write

p(x′, xn) =
k∑

j=0

pj(x
′)xjn ,

where x′ = {x1, . . . , xn−1} and p0, . . . , pk are polynomials in the n−1 variables {x1, . . . , xn−1},

and there exists j ∈ {0, . . . , k} such that pj is a non-zero polynomial since p is a non-zero

polynomial. Then we can denote Z as

Z = {(x′, xn) : p(x
′, xn) = 0} .

Suppose (x′, xn) ∈ Z, then there are two possibilities:

case 1 p0(x
′) = . . . = pk(x

′) = 0.

case 2 there exists i ∈ {0, . . . , k} such that pi(x
′) ̸= 0.

Let

A := {(x′, xn) ∈ Z : case 1 is satisfied} ,

B := {(x′, xn) ∈ Z : case 2 is satisfied} ,

then Z = A ∪B.

For case 1, recall that there exists j ∈ {0, . . . , k} such that pj is a non-zero polynomial,

let

Aj := {x′ ∈ Rn−1 : pj(x
′) = 0} ,

then by the induction hypothesis, Aj has Lebesgue measure zero in Rn−1. Therefore,

Aj × R has Lebesgue measure zero in Rn. Since A ⊆ Aj × R, A has Lebesgue measure

zero in Rn.
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For case 2, let λn be Lebesgue measure on Rn, then

λn(B) =

∫
Rn

1B(x
′, xn)dλ

n

=

∫
Rn

1B(x
′, xn)dx

′dxn

=

∫
Rn−1

(∫
R
1B(x

′, xn)dxn

)
dx′ ,

(C.24)

where

1B(x
′, xn) =

 1, if (x′, xn) ∈ B ,

0, if (x′, xn) /∈ B .

The inner integral in Equation (C.24) is equal to zero, since for a fixed x′, there are

finitely many (indeed, at most k) xn’s such that p(x′, xn) = 0 under the condition of case

2. Thus, λn(B) = 0, that is, B has Lebesgue measure zero in Rn. Then it is readily

checked that Z has Lebesgue measure zero.

Now we are ready to present the main proposition.

Proposition C.2.1. Let

S := {(x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 : either condition A1 or A2 in Theorem 5.11 is violated} ,

then S has Lebesgue measure zero in Rd+(m+1)d2 .

Proof. Let

SA := {(x0, A) ∈ Rd+d2 : condition A1 is violated} ,

we first show that SA has Lebesgue measure zero in Rd+d2 . Suppose (x0, A) ∈ SA, then

(x0, A) satisfies

rank([x0|Ax0| . . . |Ad−1x0]) < d ,

that is the set of vectors {x0, Ax0, . . . , A
d−1x0} are linearly dependent, this means that

det([x0|Ax0| . . . |Ad−1x0]) = 0 . (C.25)

It is a simple matter of algebra that the left side of (C.25) can be expressed as some

universal polynomial of the entries of x0 and entries of A, denotes

p(x0, A) = p(x01, . . . , x0d, a11, a12, . . . , add), where x0j denotes the j-th entry of x0 and
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aij denotes the ij-th entry of A. Therefore, one concludes that

p(x0, A) = p(x01, . . . , x0d, a11, a12, . . . , add) = 0 .

Thus, SA can be expressed as

SA = {(x0, A) ∈ Rd+d2 : p(x0, A) = 0} .

Some calculation shows that

p(x0, A) =
d∑

i1,...,id=1

x0i1 . . . x0iddet([(A
0)·i1 |(A1)·i2 | . . . |(Ad−1)·id ]) , (C.26)

where (M)·j denotes the j-th column vector of matrix M . Obviously, p(x0, A) is a non-

zero polynomial function of entries of x0 and entries of A, therefore, by Lemma C.2, SA

has Lebesgue measure zero in Rd+d2 . Let

S1 := {(x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 : condition A1 is violated} ,

then it is readily checked that S1 has Lebesgue measure zero in Rd+(m+1)d2 .

Let

S2 := {(x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 : condition A2 is violated} ,

we then show that S2 has Lebesgue measure zero in Rd+(m+1)d2 .

Suppose (x0, A, {Gk}mk=1) ∈ S2, then (x0, A, {Gk}mk=1) satisfies

rank([v|Av| . . . |A(d2+d−2)/2v]) < (d2 + d)/2 ,

recall that A = A⊕A+
∑m

k=1Gk ⊗Gk ∈ Rd2×d2 and v = vec(x0x
⊤
0 ) ∈ Rd2 . According to

the proof C.1.7 of Theorem 5.11, we obtain that the set of vectors {v,Av, . . . ,A(d2+d−2)/2v}

are linearly dependent. Because all of these vectors are transferred from vectorizing d× d

symmetric matrices, thus each of these vectors has only (d2 + d)/2 distinct elements and

the repetitive elements appear in the same positions in all vectors. Hence, abuse notation

a little bit, we can focus on checking those distinct elements in each vector, that is

{v|Av| . . . |A(d2+d−2)/2v} , (C.27)
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where v ∈ R(d2+d)/2 denotes the vector of deleting the repetitive elements of v. Since

the set of vectors {v,Av, . . . ,A(d2+d−2)/2v} are linearly dependent, the set of vectors

{v|Av| . . . |A(d2+d−2)/2v} are linearly dependent, that is

det([v|Av| . . . |A(d2+d−2)/2v]) = 0 . (C.28)

Each entry of v can be written as a non-zero polynomial function of entries of x0 since

v = vec(x0x
⊤
0 ). Each entry of A can be written as a non-zero polynomial function of

entries of A and Gk with k = 1, . . . ,m, since A = A ⊕ A +
∑m

k=1Gk ⊗ Gk ∈ Rd2×d2 .

Hence, the left side of Equation (C.28) can be expressed as some universal polynomial of

the entries of x0, A and Gk’s, denotes

p(x0, A, {Gk}mk=1) = p(x01, . . . , x0d, a11, . . . , add, G1,11, . . . , G1,dd, . . . , Gm,11, . . . , Gm,dd) ,

where Gk,ij denotes the ij-th entry of matrix Gk. Therefore, one concludes that

p(x0, A, {Gk}mk=1) = 0 .

Thus, S2 can be expressed as

S2 := {(x0, A, {Gk}mk=1) ∈ Rd+(m+1)d2 : p(x0, A, {Gk}mk=1) = 0} .

Similar to the calculation of p(x0, A) in Equation (C.26), p(x0, A, {Gk}mk=1) can be ex-

pressed as a non-zero polynomial function of entries of v and A, thus it can also be

expressed as a non-zero polynomial function of entries of x0, A and Gk’s. Therefore, by

Lemma C.2, S2 has Lebesgue measure zero in Rd+(m+1)d2 .

We know that S ⊆ S1 ∪ S2, let λ be Lebesgue measure on Rd+(m+1)d2 , then one has

λ(S) ⩽ λ(S1) + λ(S2) = 0.

Thus S has Lebesgue measure zero in Rd+(m+1)d2 .

C.2.2 The identifiability condition stated in Theorem 5.8 is generic

We will show that the identifiability condition stated in Theorem 5.8 is generic.
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Proposition C.2.2. Let

S := {(x0, A,G) ∈ Rd+d2+dm : condition (5.14) in Theorem 5.8 is violated},

then S has Lebesgue measure zero in Rd+d2+dm.

Proof. Suppose (x0, A,G) ∈ S, then (x0, A,G) satisfies

rank([x0|Ax0| . . . |Ad−1x0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d]) < d ,

recall that H := GGT , and H·j stands for the j-th column vector of matrix H, for all

j = 1, · · · , d.

Let

S′ := {(x0, A,G) ∈ Rd+d2+dm : rank([x0|Ax0| . . . |Ad−1x0]) < d},

one observes that S ⊆ S′. According to the proof of Proposition C.2.1, it is readily

checked that S′ has Lebesgue measure zero in Rd+d2+dm. Thus, S has Lebesgue measure

zero in Rd+d2+dm.

C.3 Simulation settings

We present the true underlying system parameters along with the initial states of the

SDEs employed in the simulation experiments. We randomly generate the true system

parameters that satisfy or violate the corresponding identifiability conditions.

For the SDE (5.1):

1. identifiable case: satisfy condition (5.14) stated in Theorem 5.8:

xid
0 =

 1.87

−0.98

 , Aid =

1.76 −0.1

0.98 0

 , Gid =

−0.11 −0.14

−0.29 −0.22

 ;

2. unidentifiable case: violate condition (5.14):

xun
0 =

 1

−1

 , Aun =

1 2

1 0

 , Gun =

 0.11 0.22

−0.11 −0.22

 .
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For the SDE (5.2):

1. identifiable case: satisfy both A1 and A2 stated in Theorem 5.11:

xid
0 =

 1.87

−0.98

 , Aid =

1.76 −0.1

0.98 0

 , Gid
1 =

−0.11 −0.14

−0.29 −0.22

 , Gid
2 =

−0.17 0.59

0.81 0.18

 ;

2. unidentifiable case1: violate A1 satisfy A2:

xun-A1
0 =

1
1

 , Aun-A1 =

2 1

3 0

 , Gun-A1
1 =

−0.11 −0.14

−0.29 −0.22

 , Gun-A1
2 =

−0.17 0.59

0.81 0.18

 ;

3. unidentifiable case2: satisfy A1 violate A2:

xun-A2
0 =

 1

−1

 , Aun-A2 =

 1 −2

−1 0

 , Gun-A2
1 =

−0.3 0.4

−0.7 0.2

 , Gun-A2
2 =

 0.8 0.2

−0.2 −0.4

 .

We have discussed in Section 5.4 that we use MLE method to estimate the system

parameters from discrete observations sampled from the corresponding SDEs. Specifically,

the negative log-likelihood function was minimized using the ‘scipy.optimize.minimize’

library in Python.

For all of our experiments, we initialized the parameter values as the true parameters

plus 2. In the case of the SDE (5.1), we utilized the ‘trust-constr’ method with the

hyper-parameter ‘gtol’= 1e-3 and ‘xtol’= 1e-3. On the other hand, for the SDE (5.2), we

applied the ‘BFGS’ method and set the hyper-parameter ‘gtol’= 1e-2. The selection of the

optimization method and the corresponding hyper-parameters was determined through a

series of experiments aimed at identifying the most suitable configuration.

C.4 Examples for reliable causal inference for linear SDEs

C.4.1 Example for reliable causal inference for the SDE (5.1)

This example is inspired by [21, Example 5.4]. Recall that the SDE (5.1) is defined as

dXt = AXtdt+GdWt, X0 = x0,
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where 0 ⩽ t < ∞, A ∈ Rd×d and G ∈ Rd×m are constant matrices, W is an m-dimensional

standard Brownian motion. Let X(t;x0, A,G) denote the solution to the SDE (5.1). Let

Ã ∈ Rd×d and G̃ ∈ Rd×m define the following SDE:

dX̃t = ÃX̃tdt+ G̃dWt, X̃0 = x0,

such that

X(·;x0, A,G)
d
= X̃(·;x0, Ã, G̃) .

Then under our proposed identifiability condition stated in Theorem 5.8, we have shown

that the generator of the SDE (5.1) is identifiable, i.e., (A,GG⊤) = (Ã, G̃G̃⊤). Till

now, we have shown that under our proposed identifiability conditions, the observational

distribution
identity−−−−→ the generator of the observational SDE. Then we will show that the

post-intervention distribution is also identifiable. For notational simplicity, we consider

intervention on the first coordinate, making the intervention X1
t = ξ and X̃1

t = ξ for

0 ⩽ t < ∞. It will suffice to show equality of the distributions of the non-intervened

coordinates (i.e., X
(−1)
t and X̃

(−1)
t , note the superscripts do not denote reciprocals, but

denote the (d − 1)-coordinates without the first coordinate). Express the matrices of A

and G in blocks

A =

A11 A12

A21 A22

 , G =

G1

G2

 ,

where A11 ∈ R1×1, A22 ∈ R(d−1)×(d−1), G1 ∈ R1×m and G2 ∈ R(d−1)×m. Also, consider

corresponding expressions of matrices Ã and G̃. By making intervention X1
t = ξ, one

obtains the post-intervention process of the first SDE satisfies:

dX
(−1)
t = (A21ξ +A22X

(−1)
t )dt+G2dWt , X

(−1)
0 = x

(−1)
0 ,

which is a multivariate Ornstein-Uhlenbeck process, according to [162, Corollary 1], this

process is a Gaussian process, assuming A22 is invertible, then the mean vector can be

described as

E[X
(−1)
t ] = eA22tx

(−1)
0 − (I − eA22t)A−1

22 A21ξ,
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and based on [162, Theorem 2], the cross-covariance can be described as

V (X
(−1)
t+h , X

(−1)
t ) : = E{(X(−1)

t+h − E[X(−1)
t+h ])(X

(−1)
t − E[X(−1)

t ])⊤}

=

∫ t

0
eA22(t+h−s)G2G

⊤
2 e

A⊤
22(t−s)ds .

Similarly, one can obtain that the mean vector and cross-covariance of the distribution of

the post-intervention process of the second SDE by making intervention X̃1
t = ξ satisfy:

E[X̃
(−1)
t ] = eÃ22tx

(−1)
0 − (I − eÃ22t)Ã−1

22 Ã21ξ,

and

V (X̃
(−1)
t+h , X̃

(−1)
t ) : = E{(X̃(−1)

t+h − E[X̃(−1)
t+h ])(X̃

(−1)
t − E[X̃(−1)

t ])⊤}

=

∫ t

0
eÃ22(t+h−s)G̃2G̃

⊤
2 e

Ã⊤
22(t−s)ds

.

Then we will show that E[X
(−1)
t ] = E[X̃

(−1)
t ], and V (X

(−1)
t+h , X

(−1)
t ) = V (X̃

(−1)
t+h , X̃

(−1)
t )

for all 0 ⩽ t, h < ∞. Recall that we have shown (A,GG⊤) = (Ã, G̃G̃⊤), thus, A22 = Ã22

and A21 = Ã21, then it is readily checked that E[X
(−1)
t ] = E[X̃

(−1)
t ] for all 0 ⩽ t < ∞.

Since

GG⊤ =

G1G
⊤
1 G1G

⊤
2

G2G
⊤
1 G2G

⊤
2

 = G̃G̃⊤,

thus, G2G
⊤
2 = G̃2G̃

⊤
2 , then it is readily checked that V (X

(−1)
t+h , X

(−1)
t ) = V (X̃

(−1)
t+h , X̃

(−1)
t )

for all 0 ⩽ t, h < ∞. Since both of these two post-intervention processes are Gaussian pro-

cesses, according to Lemma 5.6, the distributions of these two post-intervention processes

are the same. That is, the post-intervention distribution is identifiable.

C.4.2 Example for reliable causal inference for the SDE (5.2)

Recall that the SDE (5.2) is defined as

dXt = AXtdt+
∑m

k=1GkXtdWk,t, X0 = x0,

where 0 ⩽ t < ∞, A,Gk ∈ Rd×d for k = 1, . . . ,m are some constant matrices, W :=

{Wt = [W1,t, . . . ,Wm,t]
⊤ : 0 ⩽ t < ∞} is an m-dimensional standard Brownian motion.
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Let X(t;x0, A, {Gk}mk=1) denote the solution to the SDE (5.2). Let Ã, G̃k ∈ Rd×d for

k = 1, . . . ,m define the following SDE:

dX̃t = ÃX̃tdt+
∑m

k=1 G̃kX̃tdWk,t, X̃0 = x0,

such that

X(·;x0, A, {Gk}mk=1)
d
= X̃(·;x0, Ã, {G̃k}mk=1) .

Then under our proposed identifiability condition stated in Theorem 5.11, we have shown

that the generator of the SDE (5.2) is identifiable,

i.e., (A,
∑m

k=1Gkxx
⊤G⊤

k ) = (Ã,
∑m

k=1 G̃kxx
⊤G̃⊤

k ) for all x ∈ Rd. Till now, we have shown

that under our proposed identifiability conditions, the observational distribution
identity−−−−→

the generator of the observational SDE. Then we aim to show that the post-intervention

distribution is also identifiable. For notational simplicity, we consider intervention on the

first coordinate, making the intervention X1
t = ξ and X̃1

t = ξ for 0 ⩽ t < ∞. It will

suffice to show equality of the distributions of the non-intervened coordinates (i.e., X
(−1)
t

and X̃
(−1)
t ). Express the matrices of A and Gk for k = 1, . . . ,m in blocks

A =

A11 A12

A21 A22

 , Gk =

Gk,11 Gk,12

Gk,21 Gk,22

 ,

where A11, Gk,11 ∈ R1×1, A22, Gk,22 ∈ R(d−1)×(d−1). Also consider corresponding expres-

sions of matrices Ã and G̃k for k = 1, . . . ,m. By making intervention X1
t = ξ, one obtains

the post-intervention process of the first SDE satisfies:

dX
(−1)
t = (A21ξ +A22X

(−1)
t )dt+

∑m
k=1(Gk,21ξ +Gk,22X

(−1)
t )dWk,t, X

(−1)
0 = x

(−1)
0 .

Since this post-intervention process is not a Gaussian process, one cannot explicitly show

that the post-intervention distribution is identifiable. Instead, we check the surrogate

of the post-intervention distribution, that is the first- and second-order moments of the

post-intervention process X
(−1)
t . Which denote as m(t)(−1) = E[X(−1)

t ] and P (t)(−1) =

E[X(−1)
t (X

(−1)
t )⊤] respectively. Then m(t)(−1) and P (t)(−1) satisfy the following ODE

systems:
dm(t)(−1)

dt
= A21ξ +A22m(t)(−1), m(0)−1 = x

(−1)
0 ,
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and

dP (t)(−1)

dt
= m(t)(−1)ξ⊤A⊤

21 +A21ξ(m(t)(−1))⊤ + P (t)(−1)A⊤
22 +A22P (t)(−1)

+
∑m

k=1(Gk,21ξξ
⊤G⊤

k,21 +Gk,22m(t)(−1)ξ⊤G⊤
k,21 +Gk,21ξ(m(t)(−1))⊤G⊤

k,22

+Gk,22P (t)(−1)G⊤
k,22), P (0)(−1) = x

(−1)
0 (x

(−1)
0 )⊤.

(C.29)

Similarly, one can obtain the ODE systems describing the m̃(t)(−1) and P̃ (t)(−1). Then

we will show that m(t)(−1) = m̃(t)(−1) and P (t)(−1) = P̃ (t)(−1) for all 0 ⩽ t < ∞. Recall

that we have shown A = Ã, thus A21 = Ã21 and A22 = Ã22, then it is readily checked

that m(t)(−1) = m̃(t)(−1) for all 0 ⩽ t < ∞.

In the proof of Theorem 5.11, we have shown that

∑m
k=1GkP (t)G⊤

k =
∑m

k=1 G̃kP (t)G̃⊤
k

for all 0 ⩽ t < ∞, where P (t) = E[XtX
⊤
t ]. Simple calculation shows that

m∑
k=1

GkP (t)G⊤
k =

m∑
k=1

(Gk,11 Gk,12

Gk,21 Gk,22

 ξξ⊤ ξ(m(t)(−1))⊤

m(t)(−1)ξ⊤ P (t)(−1)

G⊤
k,11 G⊤

k,21

G⊤
k,12 G⊤

k,22

),

Then one can get that the (2, 2)-th block entry of the matrix
∑m

k=1GkP (t)G⊤
k is the

same as the
∑m

k=1(. . .) part in the ODE corresponds to P (t)(−1) (i.e., Equation (C.29)),

since
∑m

k=1GkP (t)G⊤
k =

∑m
k=1 G̃kP (t)G̃⊤

k , then the
∑m

k=1(. . .) part in the ODEs cor-

respond to both P (t)(−1) and P̃ (t)(−1) are the same. Thus, it is readily checked that

P (t)(−1) = P̃ (t)(−1) for all 0 ⩽ t < ∞.

Though we cannot explicitly show that the post-intervention distribution is identifi-

able, showing that the first- and second-order moments of the post-intervention process

is identifiable can indicate the identification of the post-intervention distribution to a

considerable extent.
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C.5 Conditions for identifying the generator of a linear SDE

system with multiplicative noise when its explicit solu-

tion is available

Proposition C.5.1. Let x0 ∈ Rd be fixed. The generator of the SDE (5.2) is identifiable

from x0 if the following conditions are satisfied:

C1 rank([x0|Ax0| . . . |Ad−1x0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d]) = d ,

C2 rank([v|Av| . . . |A(d2+d−2)/2v]) = (d2 + d)/2 ,

C3 AGk = GkA and GkGl = GlGk for all k, l = 1, . . . ,m .

where H :=
∑m

k=1Gkx0x
⊤
0 G

⊤
k , and H·j stands for the j-th column vector of matrix H, for

all j = 1, · · · , d. And A = A⊕A+
∑m

k=1Gk⊗Gk ∈ Rd2×d2 , ⊕ denotes Kronecker sum and

⊗ denotes Kronecker product, v is a d2-dimensional vector defined by v := vec(x0x
⊤
0 ),

where vec(M) denotes the vectorization of matrix M .

Proof. Let Ã, G̃k ∈ Rd×d and ÃG̃k = G̃kÃ, G̃kG̃l = G̃lG̃k for all k, l = 1, . . . ,m,

such that X(·;x0, A, {Gk}mk=1)
d
= X(·;x0, Ã, {G̃k}mk=1), we denote as X

d
= X̃, we will

show that under our identifiability condition, for all x ∈ Rd, (A,
∑m

k=1Gkxx
⊤G⊤

k ) =

(Ã,
∑m

k=1 G̃kxx
⊤G̃⊤

k ). By applying the same notations used in the proof of Theorem

5.11, in the following, we denote A1 := A, A2 := Ã, G1,k := Gk and G2,k := G̃k, and

denote X
d
= X̃ as X1 d

= X2.

We first show that H1 = H2 (Hi :=
∑m

k=1Gi,kx0x
⊤
0 G

⊤
i,k). Indeed, since X1, X2 have

the same distribution, one has

E[f(X1
t )] = E[f(X2

t )] (C.30)

for all 0 ⩽ t < ∞ and f ∈ C∞(Rd). By differentiating (C.30) at t = 0, one finds that

(L1f)(x0) = (L2f)(x0) , (C.31)



Appendix of Chapter 5 182

where Li is the generator of Xi (i = 1, 2). Based on the Proposition 5.2.1,

(Lif)(x0) =
d∑

k=1

d∑
l=1

(Ai)klx0l
∂f

∂xk
(x0) +

1

2

d∑
k,l=1

(Hi)kl
∂2f

∂xk∂xl
(x0) ,

where (M)kl denotes the kl-entry of matrix M , and x0l is the l-th component of x0. Since

(C.31) is true for all f , by taking

f(x) = (xp − x0p)(xq − x0q) ,

it is readily checked that

(H1)pq = (H2)pq ,

for all p, q = 1, . . . , d. As a result, H1 = H2. Let us call this matrix H. That is

H := H1 =
m∑
k=1

G1,kx0x
⊤
0 G

⊤
1,k =

m∑
k=1

G2,kx0x
⊤
0 G

⊤
2,k = H2 .

In the proof of Theorem 5.11, we have shown that

A1A
j−1x0 = A2A

j−1x0 for all j = 1, 2, . . . , (C.32)

next, we will derive the relationship between Ai and H. Under condition C3, the SDE

system (5.2) has an explicit solution (cf. [51]):

Xt := X(t;x0, A, {Gk}mk=1) = exp

{(
A− 1

2

m∑
k=1

G2
k

)
t+

m∑
k=1

GkWk,t

}
x0 , (C.33)

then the covariance of Xt, P (t, t+ h) = E[XtX
⊤
t+h] can be calculated as

E[XtX
⊤
t+h]

=E

[
exp

{(
A− 1

2

m∑
k=1

G2
k

)
t+

m∑
k=1

GkWk,t

}
x0x

⊤
0 exp

{(
A⊤ − 1

2

m∑
k=1

(G2
k)

⊤

)
(t+ h)

+

m∑
k=1

G⊤
k Wk,t+h

}]

= eAte−
1
2

∑m
k=1 G

2
ktE
[
e
∑m

k=1 GkWk,tx0x
T
0 e

∑m
k=1 G

⊤
k Wk,t+h

]
e−

1
2

∑m
k=1(G

2
k)

⊤(t+h)eA
⊤(t+h) ,

(C.34)
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where

E
[
e
∑m

k=1 GkWk,tx0x
T
0 e

∑m
k=1 G

⊤
k Wk,t+h

]
=E

[
e
∑m

k=1 GkWk,tx0x
T
0 e

∑m
k=1 G

⊤
k Wk,te−

∑m
k=1 G

⊤
k Wk,te

∑m
k=1 G

⊤
k Wk,t+h

]
=E

[
e
∑m

k=1 GkWk,tx0x
T
0 e

∑m
k=1 G

⊤
k Wk,te

∑m
k=1 G

⊤
k (Wk,t+h−Wk,t)

]
=E

[
e
∑m

k=1 GkWk,tx0x
T
0 e

∑m
k=1 G

⊤
k Wk,t

]
E
[
e
∑m

k=1 G
⊤
k (Wk,t+h−Wk,t)

]
,

(C.35)

because the Brownian motion Wk,t has independent increments.

It is known that, for Z ∼ N (0, 1), we have that the jth moment is

E(Zj) =

 0 , j is odd ,

2−j/2 j!
(j/2)! , j is even .

Since Wk,t ∼ N (0, t), we have

E[eGkWk,t ] = E

[ ∞∑
j=0

(Gk)
j(Wk,t)

j

j!

]

=
∞∑
j=0

(Gk)
jE[(Wk,t)

j ]

j!

=

∞∑
j=0,2,4...

(Gk)
j(t/2)j/2

(j/2)!

=

∞∑
i=0

(G2
kt/2)

i

i!

= eG
2
kt/2 .

Similarly, we have

E[eG
⊤
k (Wk,t+h−Wk,t)] = e(G

⊤
k )2h/2 .

Simple calculation shows that

E
[
e
∑m

k=1 G
⊤
k (Wk,t+h−Wk,t)

]
= e

∑m
k=1(G

⊤
k )2h/2 . (C.36)

By combining Equations (C.34), (C.35) and (C.36), one readily obtains that

P (t, t+ h) = P (t, t)eA
⊤h , (C.37)
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we denote P (t) := P (t, t). Set Pi(t, t+h) = E[Xi
t(X

i
t+h)

⊤], since X1 d
= X2, it follows that

P1(t, t+ h) = E[X1
t (X

1
t+h)

⊤] = E[X2
t (X

2
t+h)

⊤] = P2(t, t+ h) ∀t, h ⩾ 0 .

To obtain information about A, let us fix t for now and take j-th derivative of (C.37)

with respect to h. One finds that

dj

dhj

∣∣∣∣
h=0

P (t, t+ h) = P (t)(A⊤)j , (C.38)

for all j = 1, 2, . . .. It is readily checked that

P1(t)(A
⊤
1 )

j = P2(t)(A
⊤
2 )

j ∀0 ⩽ t < ∞ . (C.39)

We know the function Pi(t) satisfies the ODE

Ṗi(t) = AiPi(t) + Pi(t)A
⊤
i +

m∑
k=1

Gi,kPi(t)G
⊤
i,k , ∀0 ⩽ t < ∞ ,

Pi(0) = x0x
⊤
0 .

(C.40)

In particular,

Ṗi(0) = Aix0x
⊤
0 + x0x

⊤
0 A

⊤
i +

m∑
k=1

Gi,kx0x
⊤
0 G

⊤
i,k .

By differentiating (C.39) with respect to t at t = 0, it follows that

A1x0x
⊤
0 (A

⊤
1 )

j + x0x
⊤
0 (A

⊤
1 )

j+1 +

( m∑
k=1

G1,kx0x
⊤
0 G

⊤
1,k

)
(A⊤

1 )
j

=A2x0x
⊤
0 (A

⊤
2 )

j + x0x
⊤
0 (A

⊤
2 )

j+1 +

( m∑
k=1

G2,kx0x
⊤
0 G

⊤
2,k

)
(A⊤

2 )
j .

Since we have known that Aj
1x0 = Aj

2x0 for all j = 1, 2, . . ., it is readily checked that

( m∑
k=1

G1,kx0x
⊤
0 G

⊤
1,k

)
(A⊤

1 )
j =

( m∑
k=1

G2,kx0x
⊤
0 G

⊤
2,k

)
(A⊤

2 )
j ,

that is Aj
1H = Aj

2H for all j = 1, 2, . . .. Let us denote this matrix AjH. Obviously, by

rearranging this matrix, one gets

A1A
j−1H = A2A

j−1H for all j = 1, 2, . . .



Appendix of Chapter 5 185

Therefore, under condition C1, that is rank(M) = d with

M := [x0|Ax0| . . . |Ad−1x0|H·1|AH·1| . . . |Ad−1H·1| . . . |H·d|AH·d| . . . |Ad−1H·d] . (C.41)

if we denote the j-th column in M as M·j , one gets A1M·j = A2M·j for all j = 1, . . . , d+d2

by equations (C.32) and (C.41).

This means one can find a full-rank matrix B ∈ Rd×d by horizontally stacking d linearly

independent columns from matrix M , such that A1B = A2B. Since B is invertible, one

thus concludes that A1 = A2.

In the proof of Theorem 5.11, we have shown that when A1 = A2, under condition C2,

for all x ∈ Rd,
m∑
k=1

G1,kxx
⊤G⊤

1,k =
m∑
k=1

G2,kxx
⊤G⊤

2,k .

Thus the proposition is proved.

It is noteworthy that Proposition C.5.1 is established on the explicit solution assump-

tion of the SDE (5.2), which requires both sets of vectors {A, {Gk}mk=1} and {Ã, {G̃k}mk=1}

to satisfy condition C3. As aforementioned, condition C3 is very restrictive and imprac-

tical, rendering the identifiability condition derived in this proposition unsatisfactory.

Nonetheless, this condition is presented to illustrate that condition C1 is more relaxed

compared to condition A1 stated in Theorem 5.11 when identifying A with the incorpo-

ration of Gk’s information.
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