University Library

o o A gateway to Melbourne's research publications

Minerva Access is the Institutional Repository of The University of Melbourne

Author/s:
Wang, Yuanyuan

Title:
On the Identifiability of Linear ODE and SDE Systems for Causal Inference

Date:
2025

Persistent Link:
https://hdl.handle.net/11343/360667

Terms and Conditions:

Terms and Conditions: Copyright in works deposited in Minerva Access is retained

by the copyright owner. The work may not be altered without permission from the
copyright owner. Readers may only download, print and save electronic copies of whole
works for their own personal non-commercial use. Any use that exceeds these limits
requires permission from the copyright owner. Attribution is essential when quoting or
paraphrasing from these works.



On the Identifiability of Linear ODE and

SDE Systems for Causal Inference

Yuanyuan Wang

Submitted in total fulfilment of the requirements of the degree of

Doctor of Philosophy

School of Mathematics and Statistics
THE UNIVERSITY OF MELBOURNE

MAY 2025

ORCID: 0009-0007-1395-6959



Copyright (©) 2025 Yuanyuan Wang
All rights reserved. No part of the publication may be reproduced in any form by print,

photoprint, microfilm, or any other means without written permission from the author.



To my husband and our two little ones — thank you for your love, company, and support.

ii



iii
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Yuanyuan Wang
Principal Supervisor: Mingming Gong

Co-supervisors: Wei Huang, Xi Geng

Abstract

This thesis investigates the identifiability of linear Ordinary Differential Equation
(ODE) and Stochastic Differential Equation (SDE) systems within the context of causal
inference. The motivation for this study arises from the widespread use of dynamical sys-
tems to model real-world phenomena in various scientific and engineering fields. Reliable
identification of model parameters or system generators is crucial for understanding un-
derlying mechanisms, predicting system behavior, and informing policy or interventions.
Identifiability for linear ODE systems involves determining when system parameters can
be uniquely recovered from observations, while for linear SDE systems, it focuses on iden-
tifying when the generator of the system can be uniquely recovered from the observational
distribution. Such identifiability is fundamental for meaningful interpretation and reliable

causal inference in dynamical systems modeling.

The thesis addresses three critical challenges: identifiability conditions for linear ODE
systems from discrete observations, identifiability analysis of linear ODE systems with
hidden confounders, and generator identification for linear SDE systems with additive and
multiplicative noise. For linear ODE systems from discrete observations, key contributions
include deriving explicit identifiability conditions, establishing asymptotic properties such
as consistency and asymptotic normality of parameter estimators, and developing methods
for causal structure inference. For linear ODE systems with hidden confounders and
linear SDE systems, the thesis derives explicit identifiability conditions and validates these
results through comprehensive simulations illustrating the correctness and robustness of

the derived theoretical results.

Overall, this research advances the theoretical understanding of identifiability in linear
dynamical systems, providing essential tools and frameworks for reliable causal inference

in scientific and engineering applications.
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Chapter 1

Introduction

1.1 Background and motivations

1.1.1 Motivation and applications of differential equations

Differential equations—including Ordinary Differential Equations (ODEs) and Stochastic
Differential Equations (SDEs)—are fundamental tools for modeling dynamical systems
across a vast array of scientific and engineering disciplines. These equations describe how
system variables evolve over time under deterministic or stochastic laws. Historically
rooted in classical mechanics, differential equations have provided a unified mathematical
framework for modeling continuous-time evolution in physics, biology, chemistry, eco-

nomics, and engineering.

In physics, Newtonian mechanics, electromagnetism, and thermodynamics are all gov-
erned by ODE systems. In biology, gene regulatory networks, neuronal dynamics, and
enzyme kinetics are modeled using ODE or SDE systems. In epidemiology, SIR-type mod-
els governed by ODE systems describe the spread of infectious diseases. In economics,
macroeconomic indicators, interest rate models, and market dynamics are often formal-
ized using SDE systems to capture uncertainties in policy and behavior. In engineering,
both ODE and SDE systems form the backbone of control theory, signal processing, and

system identification.

In all these domains, understanding system dynamics is not just a matter of predict-

ing the future, but also of understanding how variables causally influence each other.

1



Introduction 2

This causal interpretation is critical when we want to intervene in the system, simulate
alternative policies, or derive counterfactual outcomes. Hence, the identifiability of the
underlying ODE or SDE system—whether its structure and parameters/generators can

be uniquely inferred from data—is of foundational importance.

To appreciate the ubiquity and importance of identifiability in continuous-time mod-

eling, we consider several representative examples:

Systems Biology: Gene regulatory networks are often modeled using ODE or SDE sys-
tems to capture the interactions among genes, proteins, and other molecular components
over time [4-6]. For instance, the expression level of one gene may increase in response
to the activation of another. These systems guide experimental interventions, such as
gene knockouts or targeted drug design. However, if the model is not identifiable, we may
infer the wrong regulatory relationship or fail to determine whether a particular gene is

a driver or a responder.

Pharmacokinetics: In drug development and clinical pharmacology, ODE systems
model how drugs are absorbed, distributed, metabolized, and excreted from the body
[7, 8]. Such systems are used to determine safe and effective dosing regimens. If key
parameters like absorption rate or clearance cannot be uniquely determined from clinical
data (i.e., are unidentifiable), physicians may be misled about the drug’s behavior, leading

to underdosing, toxicity, or reduced therapeutic efficacy.

Climate Modeling: Simple energy-balance models and more complex components of
global climate models use ODE or SDE systems to represent temperature changes, carbon
cycle dynamics, and ocean circulation [9-11]. These systems help forecast long-term
climate patterns and assess the impact of interventions such as emission reduction policies.
Identifiability is crucial here: if two models cannot be distinguished based on observational
data, they may suggest contradictory outcomes following policy interventions, making it

difficult to reliably guide environmental decision-making.

Econometrics: Economic indicators such as inflation and interest rates are frequently
modeled using SDE systems to capture both systematic trends and random economic
shocks [12-14]. These systems inform central bank policies and investment decisions. If
a model is not identifiable, economic forecasts and risk assessments based on it may be

fundamentally flawed, affecting national or global financial stability.
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Neural Engineering: In modeling brain activity, ODE or SDE systems are used to
describe how neuronal populations interact [15-17]. These systems underpin applications
such as seizure prediction, neural prosthetics, and brain-computer interfaces. Identifiabil-
ity determines whether we can accurately infer connectivity patterns or predict outcomes
from interventions like electrical stimulation. Without identifiability, such technologies

may misfire or offer misleading diagnostics.

1.1.2 Causal reasoning in dynamical systems

Recent years have witnessed increasing interest in leveraging ODE and SDE systems for
causal reasoning [18-21]. Causal relationships describe how variables actively influence
one another and how the system responds to deliberate interventions—in contrast to
purely statistical associations. This distinction is critical in domains like biology, epi-
demiology, and economics, where interventions such as administering a drug, knocking

out a gene, or changing a monetary policy are common and consequential.

ODE and SDE systems provide a natural framework for capturing time-continuous
causal relationships [22]. In these systems, the structure of the equations reflects how
variables influence each other over time, and interventions can be represented by mod-
ifying specific components of the system. For example, in an ODE system, setting a
state variable to follow an externally imposed trajectory corresponds to a hypotheti-
cal intervention, enabling one to model counterfactual behaviors. In SDE systems, the
generator—which determines how the stochastic process evolves—plays a central role in

characterizing both observational and interventional distributions.

When interpreted causally, the parameters of an ODE system encode direct causal
effects. For instance, replacing the differential equation governing x;(¢) with a user-
defined function wu;(¢) corresponds to an intervention do(x;(¢t) = w;(t)) in the structural
causal model framework. Identifiability of the system ensures that such inferences are
grounded in a uniquely recoverable model. Without identifiability, causal interpretation

and prediction under intervention become ambiguous.

The role of identifiability. Identifiability is a fundamental prerequisite for meaningful

inference and decision-making in dynamical systems. If a system is not identifiable, then
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multiple models can explain the same observed behavior, leading to ambiguity in param-
eter estimation, uncertainty in causal interpretation, and potentially invalid predictions

under intervention.

For ODE systems, we typically ask whether the parameters of the model (e.g., rate
constants or interaction strengths) can be uniquely determined from observational data.
For SDE systems, we instead focus on whether the generator is uniquely determined by the
observed data distribution. This is because different combinations of drift and diffusion
parameters may produce indistinguishable behavior in the observed data, making the

generator a more fundamental and identifiable representation of the system’s dynamics.

Without identifiability, any attempt to interpret causal relationships, estimate inter-
vention effects, or simulate future behavior becomes unreliable, even when the data are
ideal. Identifiability is thus a necessary condition for trustworthy modeling, particularly

in high-stakes settings such as medicine, climate science, or economic policy.

1.1.3 Problem statement

This thesis addresses the fundamental problem of identifiability in time-continuous
causal models: under what conditions can we uniquely recover the parameters of a linear
ODE system or the infinitesimal generator of a linear SDE system from observational

data?

We focus on three central questions:

1. When can the matrix governing a linear ODE system be identified from discrete,

noise-free observations, possibly without knowledge of the initial condition?

2. In linear ODE systems with latent variables, what assumptions ensure that partial

or full causal structure can be recovered from observations?

3. For linear SDE systems, under what conditions can the generator be uniquely de-
termined from the observational distribution, and does this guarantee identifiability

of post-intervention distributions?
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These questions are crucial for using ODE and SDE systems in causal inference, where
identifying direct influences and predicting the effects of interventions depend critically

on the model being uniquely determined by the data.

Identifiability ensures that model estimation and causal interpretation are meaningful.
Without it, even perfect observational data may be consistent with multiple, indistinguish-
able models—especially in continuous-time systems where feedback and indirect effects
obscure causal structure. Thus, identifiability is a necessary condition for valid causal

discovery and intervention modeling.

This thesis investigates two complementary notions of identifiability. For linear ODE
systems, we derive conditions under which the parameters can be uniquely recovered
from some amount of observations. For linear SDE systems, we establish when the gen-
erator is identifiable from the observational distribution—ensuring that the effects of
interventions are likewise identifiable. These two cases reflect the different mathematical

properties of deterministic versus stochastic systems.

While identifiability has been studied extensively in control theory and systems biology,

several key challenges remain:

e Discrete measurements: Classical identifiability results often assume access to
full, continuous trajectories and known initial conditions. In practice, however,
data are typically sampled at discrete time points, and sometimes degraded through

aggregation or rescaling. Moreover, the initial conditions are often unknown.

e Hidden confounders: Many real-world systems involve latent variables that affect
the dynamics of observed variables. These hidden confounders can induce spurious

correlations and hinder causal inference.

e Stochastic dynamics: In SDE systems, the generator determines both trajectory
distributions and post-intervention behavior. Yet identifiability results have primar-
ily focused on additive noise under strong assumptions like ergodicity, leaving more

general cases largely unexplored.

This thesis addresses these challenges by developing identifiability theory for more

realistic settings and providing statistical tools that support practical causal inference.
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1.1.4 Related work

1.1.4.1 Identifiability and estimation of linear ODE systems

Identifiability of linear ODE systems. Identifiability of parameters in linear ODE
systems has been a long-standing focus in control theory, where key foundational results

were established under full-state observability and known initial conditions [23-27].

Stanhope et al. [28] conducted a systematic identifiability analysis based on a single
continuous trajectory under the assumption of known initial conditions. Our work extends
this framework to more realistic scenarios with discrete observations and unknown initial
conditions. Specifically, our approach allows for explicit computation of system parame-
ters from equally spaced, noise-free observations sampled from a single trajectory. More
importantly, we develop identifiability conditions built entirely on the system parame-
ters, without requiring assumptions such as linear independence among observed vectors.
These advances also enable the derivation of asymptotic properties of the Nonlinear Least
Squares (NLS) estimator, including an analytic form of its asymptotic normality covari-
ance matrix. This facilitates a causal structure inference method based on finite noisy

observations.

Qiu et al. [29] explored practical aspects of identifiability analysis of linear ODE sys-
tems with unknown initial conditions from a single trajectory. They proposed several
quantitative scores for assessing the identifiability of linear ODEs in empirical settings.
While their work is diagnostic in nature, our contributions offer a theoretical basis for

inference in single-trajectory scenarios.

Chapter 3 formalizes these results, establishing when and how the system matrix and
initial condition can be identified from a discretely observed single trajectory. It also
proves that under mild conditions, the NLS estimator is consistent and asymptotically
normal. These results enable valid confidence intervals and hypothesis tests for causal

structure inference.

Parameter estimation in ODE systems. Various methods have been developed for
parameter estimation in ODE systems, including the NLS approach [30-32], two-stage
smoothing [5, 33, 34], and principal differential analysis [35, 36]. Bayesian frameworks [37]

and neural network-based methods [38, 39] have also emerged in recent years. However,
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most neural approaches lack identifiability guarantees and require multiple trajectories.
The NLS method remains a widely used technique, though few works have rigorously
established its asymptotic properties under realistic sampling assumptions. Our work
provides such guarantees with minimal assumptions and demonstrates the theoretical

soundness of the NLS estimator in discrete settings.

ODE systems with hidden confounders. Latent variables present a significant chal-
lenge to causal inference in ODE systems, yet systematic identifiability analysis in this
context is limited. Chapter 4 fills this gap by investigating linear ODE systems under two
general forms of hidden confounding: (i) independent latent inputs with known functional
forms, and (ii) dynamically evolving latent states structured by a Directed Acyclic Graph
(DAG). Sufficient identifiability conditions are derived for each case, supporting causal

discovery in scenarios where full observability is not attainable.

1.1.4.2 Identifiability of linear SDE systems

Identifiability of SDE systems is typically studied in the context of Gaussian diffusions
and continuous trajectories [40-42]. These works often assume strong assumptions such
as ergodicity or stability, and typically focus on parameter estimation from a single long
trajectory. An alternative line of work [43-45] investigates discrete-time analogues by
mapping SDEs to vector autoregressive models. However, these approaches usually impose
restrictive spectral conditions on the drift matrix, limiting their applicability to more

general settings.

In the context of causal inference, Hansen and Sokol [21] established a foundational
framework in which the infinitesimal generator of an SDE plays the role of the system’s
causal mechanism. Specifically, the generator uniquely determines post-intervention dis-
tributions under Lipschitz interventions, thereby linking observational and interventional
dynamics. However, an open and fundamental question remains: under what conditions
can this generator be identified from observational data alone? Chapter 5 of this thesis
addresses this challenge by developing a rigorous identifiability analysis for linear SDE
systems. It establishes necessary and sufficient conditions for identifying the generator
in the additive-noise setting and introduces generic sufficient conditions for systems with
multiplicative noise. These results are accompanied by geometric interpretations that pro-

vide insight into the structural mechanisms underlying identifiability. Importantly, the
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chapter demonstrates that generator identifiability ensures the recovery of all Lipschitz-
continuous post-intervention distributions, thereby offering a robust foundation for causal

reasoning in stochastic dynamical systems.

1.1.4.3 Differential equations and causal reasoning

Differential equations—both deterministic and stochastic—provide a natural formalism
for representing causal relationships in continuous-time systems. A growing body of
work [18-20] has developed formal links between ODEs, Random Differential Equations
(RDEs), and Structural Causal Models (SCMs), showing how differential equations can

encode stable causal mechanisms that generalize to interventions.

In stochastic settings, Hansen and Sokol [21] propose that the infinitesimal generator
of an SDE system uniquely characterizes both observational and interventional behavior,
positioning it as the causal mechanism of the system. This generator-based perspective es-
tablishes a strong theoretical foundation for causal inference in continuous-time stochastic

systems.

On the algorithmic front, causal discovery approaches leveraging neural differential
equations have gained traction. In particular, neural ODE frameworks with sparsity
constraints [46, 47] and neural SDE models [48] offer flexible tools for uncovering causal
structure from data. However, these methods often prioritize predictive accuracy and
model flexibility over identifiability, leaving a gap in understanding when the recovered

structure reflects true causal relationships.

This thesis directly addresses this gap by focusing on the fundamental question of
identifiability. We establish conditions under which the causal mechanisms of a dynami-
cal system—whether encoded through ODE parameters or the generator of an SDE—can
be uniquely recovered from observational data. Our analysis spans a variety of real-
istic observational regimes, including discrete or continuous-time sampling, finite data,
partially-observability, and measurement noise. In certain regimes, we further develop
statistical procedures for consistent estimation and inference. These results provide a
principled foundation for causal reasoning in dynamical systems, complementing algo-

rithmic advances with rigorous identifiability guarantees.
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This thesis advances the field by providing a rigorous identifiability analysis for both
linear ODE and SDE systems with causal interpretation. Chapter 3 develops causal
structure inference methods based on noisy discrete data, Chapter 4 addresses the role
of hidden confounders in dynamical systems, and Chapter 5 formalizes the identifiability
of SDE generators from observational distributions and their link to post-intervention
behavior. These contributions unify and extend the theoretical foundation connecting

differential equations to causal inference.

1.2 Overview and contributions

1.2.1 Main contributions

1. Identifiability of linear ODE systems from discrete observations. Chap-
ter 3 establishes conditions under which a homogeneous linear ODE system is iden-
tifiable from a sequence of discrete observations sampled from a single trajectory,
even when the initial condition is unknown. Under these conditions, the Nonlin-
ear Least Squares (NLS) estimator is shown to be consistent and asymptotically
normal. Confidence intervals and hypothesis tests are derived to support causal

structure inference.

2. Identifiability of linear ODE systems with hidden confounders. Chapter 4
analyzes linear ODE systems affected by hidden confounders. It provides identifia-
bility conditions for two cases: (i) latent inputs with known functional forms, and (ii)
dynamically interacting latent variables following a Directed Acyclic Graph (DAG)
structure. The conditions apply to various data regimes, including continuous and

discrete observations from single or multiple trajectories.

3. Generator identification for linear SDE systems. Chapter 5 studies identifi-
ability of the generator for linear SDE systems. For additive noise, a necessary and
sufficient condition is established. For multiplicative noise, a sufficient condition is
introduced. Both conditions are proved to be generic and interpreted geometrically.
The chapter further shows that generator identifiability ensures the identifiability

of all Lipschitz-continuous post-intervention distributions.
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Together, these results provide a unified theory of identifiability for linear ODE and
SDE systems, accommodating practical data limitations and enabling reliable causal in-

ference from time-series data.

1.2.2 Structure of the thesis

Chapter 2 presents the necessary mathematical preliminaries, including system formu-
lations, observational regimes, and causal semantics. Chapters 3 through 5 contain the
main theoretical results and simulation-based validations. Chapter 6 concludes the thesis

and outlines potential directions for future research.



Chapter 2

Preliminaries

This chapter lays the mathematical and conceptual groundwork for the identifiability
analysis of linear dynamical systems investigated in this thesis. We begin with formal
definitions of linear ODE and SDE systems and their causal semantics, including settings
with hidden confounders. Then we review various observational regimes that affect iden-
tifiability and conclude with a detailed definition of identifiability in both deterministic
and stochastic contexts. These preliminaries set the stage for the identifiability theo-
rems, estimation results, and simulation-based verifications presented in the subsequent

chapters.

2.1 Linear ODE systems

2.1.1 Time-homogeneous formulation

We consider homogeneous linear ODE systems of the form:

i(t) = Az(t), o

z(0) =xo,

where ¢ € [0,00), x(t) € R? denotes the d-dimensional state vector, @(t) is its time

derivative, A € R?*? is the system matrix, and g € R? is the initial state.

11
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The system admits a unique solution given by:
x(t; o, A) = e o,

where e’ denotes the matrix exponential. This describes a single trajectory in R? ini-

tialized at xg and evolving under the linear flow induced by A.

2.1.2 Systems with hidden confounders

We also study linear ODE systems in which some variables are latent or unobserved. We

consider two types of hidden confounding;:

1. Independent latent confounders: Latent variables exhibit no causal relation-
ships among themselves, leading to the following linear ODE system:
a(t) A Bl |x(t) 0 x(0) x

= + : = . (2.2)
() 0 0] [=(t)] [f(®) z(0) Z

2. Causally related latent confounders: Latent variables exhibit causal relation-

ships among themselves, specifically, they follow a DAG structure, represented as:

x(t A B |x(t x(0 x
o] _ 0] Ja] _ [=] s

2(t) 0 G| |=(t) z(0) Z0
In both systems, = (¢) € R? denotes the state of observable variables & = (1, 29, ..., x4),
while z(f) € RP denotes the state of latent variables z = (21, 22,...,2p). The matrix

B € R¥P encodes the influence of latent confounders on the observed variables. The
matrix G € RP*P in (2.3) models the latent causal structure and is assumed to be strictly
upper triangular, reflecting the DAG assumption. f(t) in (2.2) is a general function of
time t. Inference of the parameters A, B, and G from observations of x(¢) alone poses

significant challenges due to the unobserved dynamics of z(t).

2.1.3 Causal structure and semantics

When an ODE system captures the underlying causal mechanisms of a dynamical pro-

cess, it offers a natural and principled framework for modeling time-continuous causal
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relationships among variables. The causal structure encoded in such systems can often

be read directly from the differential equations themselves [18, 22].

Let the system variables be denoted by x1,...,z4. If the time derivative &; depends
on x;, this indicates a direct causal influence from z; to x;, represented as a directed edge
xj — x; in the associated causal graph. For instance, in the linear ODE system (2.1), the
matrix A determines the causal structure among variables: A;; # 0 implies a direct causal
link from z; to x;. Since A is time-invariant, the system corresponds to an autonomous

structural causal model, where causal relations do not change over time.

In systems with latent confounding, the full causal structure includes both observed
and unobserved variables. Figure 2.1 illustrates example causal graphs corresponding to
the ODE systems in (2.2) and (2.3). Notably, cycles and self-loops among observable
variables may arise due to feedback dynamics encoded in A.

—

Z; Zy ..  Z

Z4 Zy e  Z

CaZen? _— SwD) QnEEn? - S
Independent latent confounders Causally related latent confounders

FIGURE 2.1: Example causal structures of the ODE system (2.2) and (2.3).

2.2 Linear SDE systems

We study multidimensional linear SDEs with both additive and multiplicative noise. Let
W= {W,=[Wig,..., Wm,t]T : 0 < t < oo} denote an m-dimensional standard Brownian
motion defined on a filtered probability space (Q,F,P,{F;}). Let X; € R? denote the
state of the system at time ¢, and let g € R? be the initial condition. We consider two

classes of linear SDEs.
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2.2.1 Additive noise

The first class involves additive noise and takes the form:

dX, = AX,dt + GdW,,
(2.4)

XOZm(]?

where 0 < t < 00, A € R and G € R¥™™ are some constant matrices. This SDE admits

an explicit strong solution (cf. [49]):
t
X, = X(t; o, A, G) = eAlay + / eA=GAw, . (2.5)
0

Throughout this work, we refer to the strong solution, in the sense of [50], unless stated

otherwise.

2.2.2 Multiplicative noise

We also consider systems with state-dependent (multiplicative) noise, described by the
following SDE:
dX; = AXdt + Zzlzl GpXidWy, Xo =0, (2.6)

where 0 < t < 00, A,Gr € R¥™? for k = 1,...,m are some constant matrices. This
formulation captures state-dependent volatility and introduces greater modeling flexibility

but also increases the complexity of theoretical analysis, particularly for identifiability.

In general, an explicit closed-form solution for (2.6) is not available. However, when

the matrices A, Gq, ..., G, commute pairwise—that is, if

AGk = GkA and GkGl = Gle

holds for all k,I =1,...,m, then an explicit solution can be obtained (cf. [51]):

1 & S
X = X(t’ x, A, {Gk}}:’:l) = eXp{ (A — 5 Z G]%.) t+ Z Gkaﬂf}mO .

k=1 k=1
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2.2.3 Generator and distributional semantics

The generator of a stochastic process provides an infinitesimal characterization of its
evolution and plays a central role in connecting sample path behavior with distributional
properties. For a sufficiently regular function f, the generator £ of a stochastic process

X; is defined as

Elf(Xiys) — f(X)|[Xe =
L)@ — 1 Y K = SO = 2]

s—0 S

which captures the instantaneous rate of change in the expected value of f(X}), condi-

tioned on the current state X; = x.

Both additive and multiplicative linear SDEs considered above conform to the general
It6 process:

dX; = b(Xt)dt + O'(Xt>th , Xp=wxg. (27)

where b : R? — R? is the drift term and ¢ : R? — R¥™ is the diffusion term, both
assumed to be locally Lipschitz continuous. The generator £ of the SDE (2.7) can be
explicitly computed by utilizing It6’s formula (cf. [49]).

Proposition 2.2.1. Let X be a stochastic process defined by the SDE (2.7). The generator
L of X on CZ(RY) is given by

d d

X 2 i

i=1 1,7=1

for f € CZ(R?) and = € R?, where c(z) = o(z) - o(z)" is a d x d matrix, and CZ(R?)
denotes the space of continuous functions on R? that have bounded derivatives up to order

two.

2.2.4 Causal interpretation and interventions

In the setting of SDE systems, by applying causal reasoning of the system we focus on
deriving conditions under which the post-intervention distributions can be determined
from the observational distribution. Here, for an observational SDE system, an interven-
tion fixes the I-th coordinate to a Lipschitz control C(Xt(_l)), where X (=9 denotes the
(d — 1)-dimensional vector that results from the removal of the I-th coordinate of X € R?,

and produces an post-intervention SDE.
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Let £ denote the generator of the observational SDE, we know both drift and diffu-
sion coefficients enter £. Crucially, if two observational SDEs share the same generator,
under mild conditions, their post-intervention distributions coincide (Lemma 5.3 of [21]).
Hence identifying £ from the observational distribution is sufficient to determine every
post-intervention law, even though the underlying parameter tuple (A, G) or (A, {Gx})
may itself be non-unique. Chapter 5 derives the concrete conditions that guarantee such

generator-identifiability.

2.3 Observational regimes

Identifiability depends as much on how the system is observed as on its intrinsic dynamics.
In this thesis, we formalize five observational settings that serve as a unifying framework.
All experiments presented in Chapters 3—5 fall within these settings: some use a single
setting, while others combine multiple settings (e.g., partial measurements together with
discrete time points). Not all settings appear in every chapter, but collectively they cover

the full range of experiments in this thesis. They fall into two broad classes.

2.3.1 Direct state observations

i) Full trajectories. Every component of the state z(¢) € R? is recorded continuously
on a time-interval [0, 7] or [0, 00). Each trajectory starting from a given initial state

x( is a single trajectory.

ii) Discrete time points. Only a finite sequence {x(tx)}}_ is available, the spacing
trr1 — tr, = At could be the same or different among different steps, representing

equally-spaced or randomly-spaced discrete observations.

iii) Partial measurements. In addition to observable x(t), there are also unobservable

z(t) interact with the system, making the system only partially observable.

2.3.2 Degraded observations

iv) Temporal aggregation. The observations are the average values of k consecutive,

non-overlapping measurements, with k£ > 2.
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v) Time scaling. Experiments sometimes normalise time via 7 = kt, so the recorded

path is () = z(k~17).

The remainder of the thesis analyses identifiability of linear ODE and SDE systems un-
der these observational regimes, always under the idealisation of noise-free measurements

S0 as to isolate structural from statistical issues.

2.4 Identifiability

Let © denote the parameter space of a model family and
©360 — D(H)

be the data map, i.e. the ideal, noise-free observational object produced under a fixed
regime from Section 2.3. We now make two target-specific notions of identifiability ex-

plicitly.

2.4.1 Parameter-identifiability for linear ODE systems

Let ©opg be the parameter space corresponding to the linear ODE systems we consider.
Definition 2.1 (Parameter-identifiability). The linear ODE system is identifiable under

a given observational regime if

D(61) = D(b) = 01 = 02, V1,02 € ©OopE.

Here D(0) is a set of exact state values (full trajectory, discrete samples, aggregated
measurements, etc.). Chapters 3 and 4 establish conditions under which Definition 2.1

holds in each observational regime.
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2.4.2 Generator-identifiability for linear SDE systems

For linear SDE systems (2.4) and (2.6), many distinct parameter tuples (4, G) or (A4, {Gx})
can generate the same stochastic law. The causally relevant object is therefore the in-
finitesimal generator. Let £ be the corresponding mapping from parameter to generator,

let ©gpg be the parameter space corresponding to the SDE systems we consider.

Definition 2.2 (Generator-identifiability). The generator of a linear SDE system is iden-

tifiable under a specified observational regime if

D(th) = D(02) = L(01) = L(02), V01,02 € Osp.

Distinct (A, G) pairs sharing the same £ produce identical observational and interven-
tional behaviour; identifying £ is both necessary and sufficient for causal prediction, while
identifying each parameter separately is unnecessary and often impossible [21]. Chapter 5
establishes conditions under which Definition 2.2 holds for additive noise and for multi-

plicative noise.

Once either system parameters for ODE systems or generator for SDE systems are
uniquely identified, corresponding continuous-time interventions can be safely made, pro-

viding a reliable causal inference of the dynamical systems.



Chapter 3

Identifiability and Asymptotics in
Learning Linear ODE Systems

from Discrete Observations

Ordinary Differential Equations (ODEs) have recently gained a lot of attention in machine
learning. However, the theoretical aspects, for example, identifiability and asymptotic
properties of statistical estimation are still obscure. This chapter derives a sufficient
condition for the identifiability of homogeneous linear ODE systems from a sequence of
equally-spaced error-free observations sampled from a single trajectory. When observations
are disturbed by measurement noise, we prove that under mild conditions, the parameter
estimator based on the Nonlinear Least Squares (NLS) method is consistent and asymptotic

normal with n~=1/2

convergence rate. Based on the asymptotic normality property, we
construct confidence sets for the unknown system parameters and propose a new method
to infer the causal structure of the ODE system, that is, inferring whether there is a
causal link between system wvariables. Furthermore, we extend the results to degraded

observations, including aggregated and time-scaled ones. We also construct simulations

with various system dimensions to illustrate the established theoretical results.

This chapter is derived from the following publication: Identifiability and Asymptotics in Learning
Homogeneous Linear ODE Systems from Discrete Observations [1]

19



Identifiability of Linear ODE Systems from Discrete Observations 20

3.1 Introduction

Ordinary Differential Equations (ODEs) have been widely used to model dynamic systems
in various scientific fields such as physics [52-54], biology [55-58], and economics [59-61].
In recent years, ODEs are also attracting increasing attention in the machine learning
community. For instance, ODEs have been used to build new families of deep neural
networks [62-64] and the connection between ODEs and structural causal models has

been established [18, 19].

Existing works mostly focus on the parameter estimation of ODEs [32, 33, 35, 55, 65—
68]. However, before estimating the unknown parameters, it is essential to perform an
identifiability analysis of an ODE system; that is, uncovering the mathematical conditions
under which the parameters can be uniquely determined from noise-free observations. If a
system is not identifiable, the estimation procedure may produce erroneous and misleading
parameter estimates [29]. This is detrimental in many applications; for example, the
estimated parameter can easily lead to wrong causal structures of non-identifiable ODE

systems.
The contribution of this chapter are summarized as follows:

Derive identifiability condition for linear ODEs from discrete observations.
We derive the condition for the identifiability of homogeneous linear ODE systems from
discrete observations (collected at discrete time points). Specifically, we consider the set-
ting where the observations are sampled from a single trajectory generated from one initial
condition. This setting is prevalent in applications that can only access a single trajectory
due to the unrepeatable process of the measurements collection. Our identifiability anal-
ysis is built upon the work of Stanhope et al. [28], which constructs a systematic study of
the identifiability of homogeneous linear ODE systems from a continuous trajectory with
known initial conditions. Our research extends this framework to more practical scenarios

where we only have discrete observations and do not know the initial conditions.

Derive asymptotic properties for NLS estimator. Based on our identifiability
results, we study the asymptotic properties of parameter estimation from data with mea-
surement noises. We focus on the estimator obtained by the Nonlinear Least Squares
(NLS) method, which is simple and widely used in dynamical systems [69-73]. How-

ever, the asymptotic properties of NLS based estimators for ODE systems have not been
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systematically studied due to the lack of identifiability conditions. We prove that un-
der mild conditions, the NLS estimator is consistent and asymptotic normal with n~1/2
convergence rate. In addition, based on the established asymptotic normality theory, we
construct the confidence sets of unknown parameters and propose a new method to infer

the causal structure of ODE systems, that is, inferring whether there is a causal link

between system variables.

Extend theoretical results to degraded observations. We extend the consistency
and asymptotic normality results to the observations with degraded quality, including
aggregated and time-scaled observations. The aggregated observations are usually caused
by time aggregation in the data collection process [74]. The time-scaled observations result
from data preprocessing to fit the ODE model. We prove that the ODE model generating
the original observations is identifiable from the degraded observations. The asymptotic
properties can be naturally extended given the identifiability results. Simulations with

various system dimensions are constructed to verify the developed theoretical results.

3.2 Identifiability condition of linear ODE systems

Linear ODE systems hold significant importance in modelling and comprehending the
dynamics of various real-world phenomena across diverse disciplines. For instance, well-
established examples such as the Spring-Mass-Damper system [75], the simple population
growth model [76], and the heat cooling problem model [77] all belong to the category of
linear ODE systems. These systems often admit closed-form analytical solutions, thereby
facilitating precise predictions of system behaviour and enabling detailed analysis. More-
over, linear ODE systems serve as a foundation for approximating nonlinear systems
through linearization techniques, providing valuable insights into the more intricate non-
linear system behaviour. In this chapter, we focus on an important special case of linear

ODE systems: the homogeneous linear ODE system.
A homogeneous linear ODE system can be defined as:

i(t) = Az(t),

z(0) = o,
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where ¢ € [0, 00) denotes the independent variable time, (¢) € R? denotes the state of the
ODE system at time ¢, @(t) denotes the first derivative of x(¢) with respect to time t, and
we refer to both the parameter matrix A € R%*% and the initial condition g € R? as the
system parameters. In this chapter we focus on ODE systems with complete observation,
that is, all state variables are observable. Therefore, the measurement model can be

described as:

y(t) = 2(t). (3.2)

The solution of ODE system (3.1) can be explicitly expressed as:
m(tv Lo, A) = eAtmO ) (33)

which is also called a trajectory. The symbol e in Equation (3.3) denotes the matrix
exponential function. In this chapter, we focus on identifiability analysis of the ODEs
from observations sampled from a single d-dimensional trajectory generated with an
initial condition ®g. Under the setting of our work, the term identifiability means that
given the error-free observation from a single trajectory of the ODE system, whether the

system parameters A and xg can be uniquely determined.

3.2.1 Identifiability condition from a whole trajectory

Given a fixed initial condition @, Stanhope et al. [28] derived a necessary and sufficient
condition for identifying the ODE system (3.1) from a whole trajectory, {eAtwo}te[O,oo),
that is, {@o, Az, .. .,Adila:o} are linearly independent. The notation A* denotes the
kth power of the matrix A, represented as the product of k& copies of matrix A, that
is, A¥ = A x A x ... x A. However, in practice, we cannot usually observe the initial
condition xg. Under this practical circumstance, we need to treat the initial condition
also as a system parameter and identify it from the data. In the following, we extend the
identifiability definition and condition in [28] to the case where both parameter matrix A

and initial condition g are system parameters.

Definition 3.1. Let (M°, Q) be given parameter spaces, with M°? ¢ R? and Q c R4,
The ODE system (3.1) is said to be identifiable in (MY, ), if for all zo, 2} € M° and all
A, A" € Q, with (29, A) # (x(, A'), it holds that x(-; o, A) # x(-; z(, A).
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Here x(-; 20, A) # x(-; 2z, A’) means that there exists at least one ¢ > 0 such that
x(t;xo, A) # x(t;x(, A’). Then we establish the condition for identifiability of the ODE

system based on Definition 3.1.

Lemma 3.2. Suppose that M? C R? and Q C R¥*? are both open subsets. Then the ODE
system (3.1) is identifiable in (M°,Q) if and only if {xq, Az, ..., A xy} are linearly
independent for all o € M° and all A € Q.

The proof of Lemma 3.2 is a straightforward extension of the proof of Theorem 2.5 in
[28] and can be found in Appendix A.1.1. From the Lemma, we can see that the condition
for identifying the system parameters (A, xg) is the same as that for only identifying A,

except that the linear independence condition needs to hold for all possible xq in MO,

3.2.2 Identifiability condition from discrete observations

In practice, typically, we can only access a sequence of discrete observations sampled from
a trajectory instead of knowing the whole trajectory. Thus, from now on, we focus on the
case where only discrete observations from a trajectory are available. In particular, We

extend the identifiability definition of the ODE system (3.1) as follows.

Definition 3.3 ((x, A)-identifiability). For o € R? and A € R¥™?, for any ng > 1, let
tj,j =1,...,n0 be any ng time points and x; := x(t;; ¢g, A) be the error-free observation
of the trajectory x(t; xo, A) at time ¢;. We say the ODE system (3.1) is (x, A) identifiable
from @1, ..., @y, if for all ), € R? and all A’ € R with (x), A') # (x, A), it holds

that 35 for j = 1,...,ng, such that x(t;; z(, A’) # x(tj; o, A).

This definition is inspired by [29, Definition 1.6], and it is not a simple extension of
Definition 3.1 to discrete observations when M9 := R? and Q := R%*¢. The reason is
that in Definition 3.3, the initial condition xy and parameter matrix A are fixed, and
x), and A’ are an arbitrary vector and an arbitrary matrix in M° and Q respectively.
However, in Definition 3.1, both @y and x{, are arbitrary vectors in M O and both A
and A’ are arbitrary matrices in . In other words, Definition 3.3 describes an intrinsic
property of a single system instead of a collective property of a set of systems. In dealing
with the identifiability problem of an ODE system, we aim to check whether the true

underlying system parameter (x, A) is uniquely determined by error-free observations.
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Therefore, (xo, A)-identifiability described in Definition 3.3 is a more natural way to
define the identifiability of the ODE system from the practical perspective, and all of the
other relevant definitions and theorems in the rest of this chapter are derived based on

Definition 3.3.

To derive the identifiability condition from discrete observations, we focus on the
equally-spaced observations. Specifically, data are collected on an equally-spaced time
grid, that is, t;41 —t; = At for a constant At > 0 and j = 1,2,.... The motivation is that
a time series is most commonly collected equally spaced in practice, which follows the stan-
dard rules of collecting data either from a scientific experiment or a natural phenomenon.
Then, based on Definition 3.3, we derive a sufficient condition for the identifiability of the

ODE system from discrete observations.

Theorem 3.4. For g € R? and A € R4, the ODE system (3.1) is (xq, A) identifiable
from any d + 1 equally-spaced error-free observations xi,xa, -+ ,xqr1, if the following

two conditions are satisfied.

Al {zg, Axy, . .. ,Adilwo} are linearly independent.

A2 Parameter matrix A has d distinct real eigenvalues.

The proof of Theorem 3.4 can be found in Appendix A.1.2. Here, any d + 1 equally-
spaced error-free observations means that the time interval between two consecutive ob-
servations: At can take any positive value. In other words, the identifiability of the ODE

system will not be influenced by the time-space between consecutive observations.

Now, in addition to the identifiability condition from a whole trajectory (condition A1),
when only discrete observations are available, we further require that A has d distinct real
eigenvalues (condition A2). This condition seems to be restrictive, however, due to the lim-
ited observations (a set of equally-spaced observations sampled from a single trajectory),
the condition cannot be relaxed. The reasons are as follows: (1) Distinct eigenvalues:
as discussed in [29], almost every A € R?*? (with respect to the Lebesgue measure on
R9*9) has d distinct eigenvalues based on random matrix theory [78, 79]. Therefore, A has
d distinct eigenvalues is a natural and reasonable assumption. In addition, to guarantee
the ODE system (3.1) is (x¢, A) identifiable from any d + 1 equally-spaced observations
sampled from a single trajectory, we need d consecutive observations of them to be lin-

early independent. To ensure any d equally-spaced observations sampled from a single
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trajectory are linearly independent, matrix A has d distinct eigenvalues is a necessary
condition. Moreover, in Section 3.3.2, to derive the explicit formula of the asymptotic
covariance matrix of the NLS estimator’s asymptotic normal distribution, we require
the parameter matrix has d distinct eigenvalues. (2) Real eigenvalues: according to
[28, Corollary 6.4], a matrix with complex eigenvalues is not identifiable from any set of
equally-spaced observations sampled from a single trajectory. Therefore, we require the

eigenvalues to be real.

Our identifiability condition here is sufficient but not necessary. However, it allows us
to derive explicit expressions of A and xg in terms of the observations. To see this, we
set ®(t) := e, and let X ; denote the matrix (z;, @41, .., Tj+d—1) € R4 for j = 1,2.
Then X9 = ®(At)X ;. We show in the proof that X is nonsingular if A has d distinct
eigenvalues, and thus, ®(At) = X2 X 1_1. Finally, we can obtain a unique real A by taking
logarithm of e4% = X, X! if A has d distinct real eigenvalues [28, Theorem 6.3]. The
initial condition @y can then be calculated by e 4*1x;. Please refer to Appendix A.1.2

for the detail.

Worth mentioning that we can not check whether the proposed identifiability condi-
tions are satisfied in practice since we do not have access to the real underlying system
parameters in practical applications. Nevertheless, studying the identifiability conditions
of the dynamical system provides us with a better understanding of the system. Moreover,
in practice, we can use models satisfying the conditions (through constrained parameter

estimation) to learn the real-world data to ensure the learned model’s identifiability.

Remark If the ODE system is identifiable from a set of discrete observations sampled
from a single trajectory, the system can also be identifiable from the whole corresponding

trajectory.

3.2.3 Identifiability condition from degraded observations

In practice, there are cases where we have no records of the original observations of
the ODE system and can only access the degraded observations instead. Is the ODE
system still identifiable? Furthermore, will the parameter change? We are interested in
addressing the problem of identifiability under degraded observations. In particular, we

are interested in the aggregated and time-scaled observations.
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According to Theorem 3.4, under assumptions Al and A2, the ODE system (3.1) is
(zo, A) identifiable from n equally-spaced error-free observations X := {x1,®2,...,Zy},
for any n > d. Based on these n observations, in the following, we define the aggregated

and time-scaled observations.

Definition 3.5 (aggregated observations). Let £ > 2 be an integer and 7 = |n/k|, where
|-] denotes the floor function. For each j = 1,2,...,n, we define &; := (~T(j71)k+1 +
T(j-1)k+2t- -—i—a:jk) /k, the average values of k consecutive, non-overlapping observations
in X, starting from time ¢; := t(j—1)k+1- We call X :={&,&o,...,%;} aset of aggregated

observations from X.

For notational simplicity, we use the same notation for aggregated and time-scaled

observations from here on.

Definition 3.6 (time-scaled observations). Let & > 0 be a constant and 7 = n. For

each j = 1,2,...,7n, defining fj := kt; be the scaled time, the time-scaled observation at
time ¢;, denoted by &;, equals x;. We call X = {&1,&2,...,&n} the set of time-scaled
observations from X at the scaled time grid {t1,...,%7}.

Remark Aggregated/time-scaled observations X follow new ODE systems as (3.1) but
with different initial condition and parameter matrix, denoted respectively by &y and 121,

and we call the new ODE systems aggregated/time-scaled ODE systems.

Having defined the aggregated/time-scaled observations, we now derive the conditions
for identifying the original ODE system with parameters oo and A from them. In addition
to conditions Al and A2, a common identifiability condition from aggregated/time-scaled

observations is

A3 The sample size of the aggregated/time-scaled observations 1 > d.

3.2.3.1 Identifiability condition from aggregated observations

Though the identifiability of vector auto-regressive model from aggregated observations
has been studied [74, 80], the identifiability condition of ODEs from aggregated observa-

tions remains unknown. Based on Theorem 3.4, we derive the following corollary.



Identifiability of Linear ODE Systems from Discrete Observations 27

Corollary 3.7 (aggregated observations). If conditions A1-A3 are satisfied, where xqy €
R% and A € R4, then the aggregated ODE system parameters &y and A can be uniquely
determined by the aggregated observations X, and the original ODE system (3.1) (with
parameters xg and A) is (xg, A) identifiable from the aggregated observations X, with

xo = k(I + A2t 4 - 4 ARDA)"1g0 and A = A.

The proof of Corollary 3.7 can be found in Appendix A.1.3. This corollary implies
that the ODE system (3.1) is still identifiable from the aggregated observations under
mild conditions. Moreover, the new parameter matrix corresponding to the aggregated

ODE system is the same as that of the actual model, that is, A=A

3.2.3.2 Identifiability condition from time-scaled observations

Time plays a critical role in ODE systems. However, in practical applications, using the
actual time of the system directly may cause inconvenience. A common practice is to use
the method defined in Definition 3.6 to scale the actual timeline into a fixed one, such
as [0,1], to simplify the calculation [38, 77]. How will the time scaling affect the causal
relationship between variables, that is, parameter matrix A7 This motivates us to derive

the following corollary.

Corollary 3.8 (time-scaled observations). If conditions A1-A3 are satisfied, where xy €
R? and A € R¥™4 then the time-scaled ODE system parameters &y and A can be uniquely
determined by the time-scaled observations X, and the original ODE system (3.1) (with
parameters xo and A) is (xg, A) identifiable from the time-scaled observations X, with

xo=xo and A = kA.

The proof of Corollary 3.8 can be found in Appendix A.1.4. This corollary implies
that the ODE system (3.1) is identifiable from the time-scaled observations, and the new
parameter matrix corresponding to the time-scaled ODE system is reduced by a factor of
k from the parameter matrix corresponding to the actual model, that is, A = A/k. This
corollary provides theoretical support for time scaling and implies that one can safely

scale the actual timeline into a fixed one for the ODE system (3.1).
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3.3 Asymptotic properties of the NLS estimator

Now that we have established the sufficient condition for the identifiability of the ODE
system from discrete error-free observations. However, in practical applications, the obser-
vations are typically disturbed by measurement noise. In this case, one can not calculate
the true unknown parameters explicitly from e42t = X, X 1_1 and xg = e~ ;. Instead,
we resort to parameter estimation procedures to estimate the unknown parameters. In this
section, we will investigate the asymptotic properties of the parameter estimator based on
the Nonlinear Least Squares (NLS) method. First, we introduce the measurement model

and the NLS method.

Measurement model. Suppose the system state x(¢) in ODE system (3.1) is measured
with noise at time points t1,...,t,, with ¢; € [0,T] foralli =1,...,n,and 0 < T < 4o0.
Abusing notation a bit, from now on, we use 8 := (x, A) € R4 o vectorize the
parameters xg, A. We further let © := (M°, Q) to denote the parameter space, where
M° ¢ R? and Q € R4, The true parameter is denoted as 6* := (xj, A*). Then the

measurement model can be described as:

A

y, = x(t;0%) + € = eV lixh + e, (3.4)

foralli =1,...,n, where y,; € R? denotes the noisy observation at time t; and €; € R? is

the measurement error at time t¢;.

Nonlinear least squares (NLS) method is well used for parameter estimation in
nonlinear regression models including ODEs [32, 81]. In the following, based on the
identifiability condition we build in Section 3.2, with mild assumptions, we show the

consistency and asymptotic normality of the NLS estimator.

Suppose the ODE system (3.1) is (x, A*) identifiable from a set of equally-spaced
error-free observations sampled from a single trajectory: @1, ..., @y, with x; = x(t;;0") =
eAtizgt and t; € [0,T] for all i = 1,...,n, then the true parameter 8* = (z;, A*) uniquely

minimizes:

1 pT
M(9) = T/o | ety — eAtag |3 dt, (3.5)

where || - ||2 denotes the Euclidean norm. The proof is straightforward, since the ODE

system (3.1) is (z, A*) identifiable from 1, ..., x,, the ODE system (3.1) is also (x{;, A*)
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identifiable from the corresponding trajectory at time [0,7], which implies that M (@)
attains its unique global minimum at 8*. In practical applications, typically, one can only
access the noisy observation y,’s as described in (3.4). Therefore, we propose to estimate
0" by minimizing the empirical version of M (@), which is

1

Mn(0) = => " |l y; — ™o |I3 (3.6)
=1

n-

That is, the NLS estimator of 8" is defined as

6, = in M, (6) .
arg min My (6)

Assumptions. Now we investigate the asymptotic properties of the NLS estimator 0.,.

We first list all the required assumptions:

A4 Parameter space O is a compact subset of Ra+d*,
A5 Error terms {¢;} fori = 1,...,n are independent and identically distributed random
vectors with mean zero and covariance matrix ¥ = diag(o?, . . . ,U?l), where 0 < 0]2- <

oo forall j=1,...,d.

A6 We have n equally-spaced observations Y := {y;,...,y,}, where y, is defined by
measurement model (3.4). Without loss of generality, we assume observation time

starts with ¢; = 0, ends with ¢, = T', and thus the equal time space At =T/(n—1).

AT 6% is an interior point of the parameter space ©.

In addition to the aforementioned assumptions A4-A7, assumptions Al and A2 stated
in Theorem 3.4 are required with respect to the true parameter 8* = {x{, A*}. These
two assumptions guarantee the ODE system (3.1) is (z, A*) identifiable from any d + 1
equally-spaced error-free observations sampled from the trajectory z(-; xj, A*). Al and
A2 are needed because the identifiability of the system is a prerequisite for obtaining a
consistent parameter estimator. A4 is commonly used in deriving consistency for param-
eter estimators, as demonstrated in references such as [82, Thm 2.1, Thm 2.5, Thm 2.6].
While alternative conditions for consistency exist without the compactness assumption,
they typically require the objective function to be convex [82]. Given that our objective

function M,,(€) is not convex, the compactness assumption remains indispensable. The
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compactness assumption implicitly requires having known bounds on the true parameter
values, which can be challenging to check in real-world situations since the true param-
eters of the ODE systems are unknown. However, since our derived confidence sets do
not depend on the bounds of the parameter values, we may safely assume enormously
large parameter boundaries. Consequently, in practical applications, there is no need to
verify this assumption, and the derived statistical inferences will remain unaffected. A5
is a common way to define measurement noise, note that we do not require the error
terms follow a normal distribution. It is worth mentioning that the error terms are not
necessarily identically distributed. In other words, one can easily generate our theoretical
results for cases that only require the error terms being independently distributed. A6
ensures the observations are collected at equally-spaced time points, following the rules of
observations collection required by Theorem 3.4. Assumption A7 is a standard condition

for proving asymptotic normality [32, 83, 84].

3.3.1 Consistency

In this subsection, we study the consistency of the NLS estimator. An estimator is said

to be consistent, if it converges in probability to the true value of the parameter.

Theorem 3.9. Suppose assumptions Al, A2 are satisfied with respect to 0% and assump-

tions A4-A6 hold, the NLS estimator 0, % 0%, as n — oo.

The notation 2 stands for convergence in probability. The proof of Theorem 3.9 can
be found in Appendix A.1.5. This theorem shows the consistency of our NLS estimator
6,, to the true 8*. That is, as n goes to infinity, the NLS estimator 0., converges to the
true system parameters 8* with probability approaching 1. Note that the consistency of

the estimator is a necessary condition for the estimator’s asymptotic normality.

In the case where we only observe degraded data, we let Y = (Y1,Yy,---,7;) denote
the noisy aggregated/time-scaled data, which are collected from the original observations
Y in the same way as the corresponding error-free observations X from X defined in
Definition 3.5/3.6. Then we can estimate the corresponding parameters 6 := (&}, A*)
by minimizing the NLS objective function in (3.6), with the data replaced by Y. Let
such an estimator be 8 = (o, ;1) Using the relationship between 8" and 6* found in

Corollary 3.7/3.8, we can define a mapping g : RHE 5 R+ from 6" to 0*, and obtain
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A

an estimator of 8* by 0; = 9(0). In the following, we present the expressions of g and the
consistency of the NLS estimators by using the aggregated and time-scaled observations,

respectively.

Corollary 3.10 (aggregated observations). Suppose assumptions Al, A2 are satisfied
with respect to 8° and assumptions A3-A6 hold, the NLS estimator 0; & 0%, as 1 — oo,
where 0, := g(0) = (k(I + eAA 4 eA(kfl)At)*lfno, fl)

Corollary 3.11 (time-scaled observations). Suppose assumptions Al, A2 are satisfied
with respect to @* and assumptions A3-A6 hold, the NLS estimator 0: 2 0%, as i — oo,

~

where 0z := g(0) = (o, kufl)

The proofs of Corollary 3.10 and Corollary 3.11 can be found in Appendix A.1.6 and
Appendix A.1.7, respectively. Now in addition to the assumptions mentioned in Theo-
rem 3.9, assumption A3 is also required for the consistency from degraded observations.
These two corollaries show that the NLS estimators obtained from degraded observations
are consistent to the true parameters of the original ODE (3.1). Since we have estab-
lished the identifiability conditions for the original system parameters of the ODE (3.1)
from the degraded observations in Corollary 3.7/3.8 in Section 3.2, the consistency of
their NLS estimators is a natural result from Theorem 3.9. To see this, we first show
that the NLS estimator from aggregated/time-scaled observations converges to the true
system parameter corresponding to the new ODE system, that is, (:9 2, é*, as n — 00.
Since we have derived the mapping g such that g(é*) = 0" in Corollary 3.7/3.8, then by
multivariate continuous mapping theorem, one takes the function g(-) with respect to g’
and 0, respectively, one can reach the conclusion g(é) LN g(é*), as n — oo. That is,

0;, 5 6%, as i — .

3.3.2 Asymptotic normality

After establishing the consistency of our NLS estimators, we can study their asymptotic

distributions.

Theorem 3.12. Suppose assumptions Al, A2 are satisfied with respect to 0™ and as-
sumptions Ad-AT hold, we have /n(0, —0*) LN N(O,H-'VH™1), asn — oo, where H =
V2M(0*), is the Hessian matriz of M(0) at 6* and V = lim,_, var(v/nVeM,(0%)),
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with VoM, (0™) the gradient of M, (0) at 8*. M(0) and M, (0) are defined in Equations
(3.5) and (3.6), respectively.

The notation % stands for convergence in distribution. The proof of Theorem 3.12
can be found in Appendix A.1.8. From the theorem, we see that the NLS estimator is

asymptotically normal, and the convergence rate is n—1/2

. Here, the rate meets the one
of the standard parametric NLS estimator [71, 81]. This result is reasonable because our

model in (3.4) is a parametric one.

Now, with the asymptotic normality result, if we can estimate the asymptotic co-
variance matrix ¥* := H-'VH~!, we can perform statistical inference for the unknown
system parameters. In particular, we derive the explicit expressions of matrices H and V'
in (A.47) and (A.42). According to their formulae, they are functions of the true system
parameter 8%, which are unknown in practice. Therefore, we approximate H and V by
substituting 8 with the NLS parameter estimate 6., in their formulae. Then the inference
can be performed based on the approximated covariance matrix, denoted by 3. In the
following two subsections, we introduce the details of the inference. For those who are
not familiar with statistical inference, please refer to [85, 86] for relevant concepts and

methods.

3.3.2.1 Confidence sets for unknown parameters

Based on Theorem 3.12, we can derive the approximate confidence sets for the unknown
true parameters 8*. In our work, we employ the term “confidence set” as a general
descriptor for a range of values within which we have a certain level of confidence that the
true parameters reside. This umbrella term encompasses two specific types of confidence
sets: confidence intervals (CIs) and confidence regions (CRs). When the parameter under
consideration is one-dimensional, we refer to the confidence set as a confidence interval
(CI). When the parameter is multidimensional, we use the term confidence region (CR)

to describe the confidence set. For the detailed theoretical definition, please refer to [85].

We first construct the simultaneous confidence region (CR) for all the d+d? parameters
0%, where 0 denotes the ith entry of 8, and i = 1,...,d + d?. According to Theorem
3.12, we have

n(0, —6*) {1716, — ") XGiqz > @SN — 00.
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Therefore, we approximate the 1 — a CR by the set

—
e
=8
D
3
\
)
4
™
L
£

n—0) §x3+d2(1a)}, (3.7)

where an(l — ) denotes the upper-tail critical value of x? distribution with m degrees
of freedom at significance level a.. Please note that in statistical hypothesis testing, the
significance level a represents the probability of rejecting the null hypothesis when it is
actually true. Typically set to 5% or lower depending on the field of study, « is chosen
by the experimenter. In the meantime, 1 — o denotes the corresponding confidence level,

where CI/CR contains the true parameter value (1 — «)% of the time.

We then construct a pointwise confidence interval (CI) for each 7,7 =1,...,d + d°.

Based on Theorem 3.12, we can derive that
V0, — 07) % N(0,Dy(2%)), asn — oo,

where ém denotes the ith entry of én and D;(M) denotes the ith diagonal entry of matrix
M. Then, the 1 — a CI for each 6 can be estimated by

[ém — Zajo\/ Di(E0) /0, Opi + 2020/ Di(S0) /n] : (3.8)

where z, /5 is the two-tailed critical value of the standard normal distribution at signifi-

cance level a. That is, if Z ~ N(0,1), then P(Z < —z,/2) + P(Z > 24/2) = a.

3.3.2.2 Infer the causal structure of the ODE system

Another application of Theorem 3.12 is to infer the causal structure among variables
within the ODE system, specifically by testing the hypothesis a;k = 0, where a;k denotes
the jk-th entry of the true parameter matrix A*, with j,k =1,...,d. When a;‘fk £ 0, as
delineated by the expression of the ODE system (3.1), the derivative of z;(t) is influenced
by x(t), implying a causal link from variable zj, to variable z;, as referenced in Schélkopf
et al. [22]. Here, x; denotes the j-th variable of the ODE system, and z;(t) denotes the
state of the j-th variable at time ¢. Note that the ODE system is fully observable, that

is, there are no latent variables interacting with the system.
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Then based on the derived 1 —« CI for each parameter in (3.8), we propose to conduct
a hypothesis test:
Ho:az, =0 vs Hy:aj, #0 (3.9)

by assessing the following inequality:

x| > Za/Q\/Dd+(jfl)d+k(in)/n7 (3.10)

where a;, denotes the estimator of a;k, which is the test statistic and equals the d +
(j — 1)d + k-th entry of 8,. If (3.10) holds, we have significant evidence to reject the
null hypothesis at the significance level «, and conclude that a;k # 0, thereby affirming a

causal link from variable xj, to variable x;.

3.3.2.3 Asymptotic normality of NLS estimators from degraded observations

Here we present the asymptotic normality of NLS estimators from degraded observations.
Recalling the transformation rules from 6" to 0", g, defined in Corollary 3.10/3.11, we
denote its gradient at 0 by G := Vg(é*). We have derived the explicit formulae of
H(T,0") and V(T,0%) as matrix functions of 7" and 6" in (A.47)/(A.42). Then we

establish the following corollaries.

Corollary 3.13 (aggregated observations). Suppose assumptions Al, A2 are satisfied
with respect to 0%, assumptions A3-A6 hold and assumption AT is satisfied with respect
to 8", we have Vii(0; — %) 4 N(O,GH 'WH'GT), as it — oo, where 0 is defined in
Corollary 3.10, H=H(T,0") and V =V (T,0")/k, with T = (|n/k| — kT /(n—1) and
0 = (&5, A*) = (I + MDA B DAY /| AY).

Corollary 3.14 (time-scaled observations). Suppose assumptions Al, A2 are satisfied
with respect to 8%, assumptions A3-A6 hold and assumption AT is satisfied with respect
to é*, we have \/771(9,3 —0) 4 N(0,GH'VH'G"), as i — oo, where 0;, is defined in
Corollary 3.11, H = H(KT,0") and V = V(kT,0"), with " = (@5, A*) = (x5, A* k).

The proofs of Corollary 3.13 and Corollary 3.14 can be found in Appendix A.1.9 and
Appendix A.1.10, respectively. With the consistency property of the NLS estimators,

these two corollaries can be directly derived from Theorem 3.12 by using multivariate
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Delta method. The explicit formulae for matrices G, H and V for aggregated /time-scaled

observations are derived in the proofs.

Worth to be noted that matrix V in Corollary 3.13 is not V(T',0*) by substituting T
and 0* with T and é*, but also reduced by a factor of k. The reason is that, the equation
of V includes the variance matrix ¥ of the error term €; in (A.42). By the generation
rules of aggregated observations defined in Definition 3.5, the variance of the aggregated
noise term &; becomes k times smaller than that of the original one, that is ¥ = ¥ /k. And
thanks to the reduced variance, we will show that the parameter estimates of aggregated
observations can reach the same level of accuracy as that of the original observations with

a much smaller sample size in the simulation results in subsection 3.4.4.1.

Now that we have derived the asymptotic normality results from aggregated/time-
scaled observations. We can perform statistical inference for the unknown original system

parameters 0* using the same way introduced in subsection 3.3.2.1 and 3.3.2.2.

3.4 Simulations

The simulations in this section are designed to illustrate the asymptotic results estab-
lished in Section 3.3. The identifiability conditions in Section 3.2 are deterministic and
established by theoretical proofs, and therefore do not require simulation-based valida-
tion. In contrast, the asymptotic properties of the estimator are statistical in nature and

thus benefit from numerical verification through simulations.

3.4.1 Data simulation

For each d = 2,3,4, we first randomly generate a d X d parameter matrix A} and a
d x 1 initial condition x{,; as the true system parameters for each d-dimensional ODE
system (3.1). Moreover, to test whether ajk = 0, we randomly set several entries to
zero in each A%. Without loss of generality, we set 7' = 1. Then n equally-spaced noisy
observations are generated based on Equation (3.4) in [0, 1] time interval with error term
€; ~ N(0,diag(0.05%,...,0.05%)). We tested various sample sizes for each d-dimensional

ODE system. For each configuration, we run 200 random replications. The A} and =,
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are shown below.

1.76 0.9 0 2.24
1.76 0 0.98
1.76 —0.1 1.87 —098 0 —1.15
A5 = A5 =1224 0 —0.98]|, A1 = ;
098 0 ~1.1 0 064 0
095 0 —0.1
1.26  0.12 094 0

and zf, = [1.87,—0.98] T, %, = [0.41,0.14,1.45] T, =}, = [-0.42,1.01,1.97, —0.38] .

Note that since the NLS loss function (3.6) is a non-convex function, in practical
application, one may require a global optimization technique to obtain the NLS estimates.
However, in this chapter, we focus on the theoretical statistical properties analysis of
the NLS estimator. Theoretically, the non-convexity of the NLS loss function does not
influence our derived theoretical results. Therefore, for the purpose of illustrating our
theoretical results, we do not apply the global optimization technique in our simulation
due to its high computational cost. Instead, we use a bound-constrained minimization
technique [87] to obtain the NLS estimates. In order to get the global minimum NLS
estimate (or a local minimum that is close enough to the global minimum), we apply two
tricks when implementing the optimization method. Firstly, we initialize the parameter
with a value close to the true parameter (for example, 8* —0.001). Secondly, we constrain
the bounds of the parameter within a reasonable neighbourhood of the true parameter
(for example, [6* —0.5,0% 4 0.5]). According to the simulation results below, the attained
NLS estimates are precise enough to illustrate the correctness of our theoretical results.
In other words, suppose we apply a global optimization technique to obtain the NLS
estimates. In that case, the simulation results will be more supportive of the correctness

of our theoretical results with the help of potentially more accurate NLS estimates.

3.4.2 Metrics

Mean Squared Error (MSE) is introduced to check the consistency of the parameter

estimator. It is defined as:

N
o 1 50) * 12
MSE_N§ 1H0n -0 ||2>
J:

where 955 ) denotes the estimated parameter of the jth replication, and N is the number

of replications.
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MSE Within CR rate % Type | error rate % Type |l error rate %
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FI1GURE 3.1: Simulation results for d = 2, 3,4 dimensional ODE system, respectively

Within CR rate is defined as the rate of replications with the true parameters 0*
included in the CR at 95% confidence level. Whether the 95% CR includes 8* at each
replication can be calculated by Equation (3.7). Worth to be mentioned that here we use
this metric aiming to test the correctness of our asymptotic normal theory, for example,
the variance matrix ¥*, not to infer the confidence region. Therefore, we use the true value
of ¥* here rather than the estimated one in Equation (3.7). Since we set the confidence
level at 95%, if our theoretical results are correct, the within CR rate in our simulation

results should approach 95%.

Type I/II error rate is calculated based on the hypothesis test introduced in subsec-
tion 3.3.2.2. We set the significance level a = 0.05. Type I error rate is the rate of
replications rejecting the null hypothesis, for a;fk = 0. And type II error rate is the rate
of replications not rejecting the null hypothesis, for a;‘fk # 0. Whether we reject the null
hypothesis or not is calculated by Equation (3.10). Given the significance level set at 0.05,
the anticipated outcome is that if our theoretical results are correct, the Type I error rate
in our simulation results should approximate 5%, while the Type II error rate should tend
towards zero. It is noteworthy that the lower the type II error rate is, the more powerful

our causal structure inference test is.
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3.4.3 Results analysis

The simulation results are presented in Figure 3.1. We first explain the legend in the figure.
Since A3 only has one zero entry a3,, the type I error rate is based on a3,. However, A3
and A} have multiple zero entries, and the type I error rate for each zero entry is similar.
Therefore, we show the average value of all zero entries in A3 and A}, labelled as avg.
For type II error rate in cases with d = 2 and d = 3, we only show the value of aj, and
ajs, respectively. Because all other non-zero entries in A3 and Aj have zero or close to
zero type II error rate since the sample size n is small. For d = 4, we present the results
of all the 11 non-zero entries in A}, but due to space limitations, we only label entry aj,,

which has a different trend from others.

It can be seen from the first column in Figure 3.1 that for all three cases where d = 2,3
and 4, MSE decreases and approaches zero with the increase of sample size n, which
indicates the consistency of the estimators. As can be seen from the figure, for d = 2 and
d = 3 cases, the within CR rate is around 95%, and the type I error rate is around 5%
for all different sample sizes n. Moreover, the type Il error rate reduces as the sample
size increases and attains or approaches zero when the sample size is large enough. This
result implies the correctness of our asymptotic normality theory and indicates that the

test of causal structure inference for the ODE system is powerful.

For the 4-dimensional case, we can see that with the increase of sample size, the within
CR rate increases, and the type I error rate decreases, which implies that as the parameter
estimates approach their true parameter values, the within CR rate and type I error rate is
closer to 95% and 5% respectively. They do not attain their ideal values in our simulation
because the parameter estimates are not precise enough under the current sample sizes
due to the high dimension of the system parameters. For the same reason, the type II
error rate of entry aj, keeps high. This result is reasonable because aj, = 0.12 is close
to zero. When the parameter estimate is not accurate enough, it is easy to get a wrong
result that does not reject the null hypothesis. The type II error rates for d = 2 and
d = 3 cases also support this conclusion. We can see that the absolute values of aj, in
A5 and aj4 in A3 are also small. Nevertheless, as sample size increases, with the help of

sufficiently accurate parameter estimates, their type Il error rates approach zero.

It is worth noting that in the 4-dimensional case, the type II error rates of other entries

approach zero when the sample size is much smaller compared to the case of a},. This
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result implies that when the causal effect between variables, that is, ]a;k|, is significant,
the causal structure can be easily and correctly discovered using our method. However,
for cases where the causal effect is small or negligible, we need a sufficiently large sample

to discover the causal relationship.

3.4.4 Simulation results from degraded observations

In this subsection, we illustrate the corollaries built on aggregated/time-scaled observa-

tions in Section 3.3 by simulation.

We chose the d = 3 case with the true system parameters (z{, A3) the same as the one
we used in subsection 3.4.1. The original noisy observations are generated using the same
way we introduced in subsection 3.4.1. And then the aggregated/time-scaled observations

are generated from the original ones based on Definition 3.5/Definition 3.6 with various

k.

3.4.4.1 Simulation results from aggregated observations

In the following, we show the simulation results for aggregated observations with k& =
5,10, and 20, respectively. Moreover, to compare the results from the aggregated and the
original observations, we also present the simulation results from the original observations
in Table 3.1. We use n and n to denote the sample size of the original observations and

the aggregated observations, respectively.

TABLE 3.1: Simulation results from original observations

M MSE  CR Type I Error Rate% Type II Error Rate%
n n Rate% a12 a2 asz ai; a3 G a3 431 G33
100 - 0.480 94 3 2 5.5 0 0 0 0 0 82.5
200 - 0.243 97.5 55 45 4 0 0 0 0 0 75.5
500 - 0.093 97 3.5 4 2.5 0 0 0 0 0 38.5
1000 - 0.045 95 5 4.5 2 0 0 0 0 0 8.5
2000 - 0.023 98 7 4 3.5 0 0 0 0 0 0

The results show that for all three cases where £ = 5,10 and 20, MSE decreases and
approaches zero with the increase of sample size 7, which indicates the consistency of the

estimators. As can be seen from the tables, the within CR rate is around 95% and the
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TABLE 3.2: Simulation results from aggregated observations with k =5

Sample Size MSE  CR Type I Error Rate% Type IT Error Rate%
n n Rate% a1p a asz ail a3 a1 a3 4zl as3
100 20 0.498 95.5 1.5 2 2.5 0 0 0 0 0 88.5
200 40 0.247 99 4.5 35 3 0 0 0 0 0 81
500 100  0.092 97.5 35 4 2.5 0 0 0 0 0 42
1000 200  0.045 95.5 5 4.5 2 0 0 0 0 0 9.5
2000 400  0.023 98.5 6.5 4 3.5 0 0 0 0 0 0
TABLE 3.3: Simulation results from aggregated observations with k = 10
Sample Size MSE  CR Type I Error Rate% Type II Error Rate%
n n Rate%o aip a2 asz a1 @13 a1 A3 4zl a33
100 10 0.536 84 1 0.5 2.5 0 0 0 0 0 94.5
200 20 0.262 98 3 25 25 0 0 0 0 0 85.5
500 50 0.093 98 3 3 1.5 0 0 0 0 0 47
1000 100  0.045 96 5 4.5 2 0 0 0 0 0 8.5
2000 200  0.023 98.5 6.5 3.5 3.5 0 0 0 0 0 0
TABLE 3.4: Simulation results from aggregated observations with k = 20
Sample Size MSE  CR Type I Error Rate% Type II Error Rate%
n n Rate% a1z ax asz ail a3 az Az Azl ass
100 5 0.858 30.5 05 1 0.5 0 0 0 0 3.5 99
200 10 0.301 86 05 3 1.5 0 0 0 0 0 91
500 25 0.093 98 3.5 25 1 0 0 0 0 0 53.5
1000 50 0.045 96.5 4 35 2 0 0 0 0 0 11.5
2000 100  0.023 99 6 4 3.5 0 0 0 0 0 0

type I error rate for each of the zero entries in A is around 5% when the sample size 7 is
large enough in all £ = 5,10 and 20 cases. In addition, the type II error rate reduces to
zero as the sample size 1 increases. This result implies the correctness of our asymptotic
normality theory and indicates the test of causal structure inference for the ODE system

is powerful.

As can be seen from the tables, the type II error rate from the aggregated observations
tend to be slightly greater than that of the original observations for each n. Specifically,
with the greater the k£ being, the greater the type II error rate is. This is reasonable,
because the sample size of the aggregated observations (72) is much smaller than that of
the original ones (n), which causes the lack of accuracy of the parameter estimates when

the sample size 7 is not large enough. Thus leading to a higher MSE and a higher type
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II error rate.

However, it can be seen from the last two rows in each of the four tables, the MSEs and
type Il error rates are almost same for each case, which implies that when the sample size of
the aggregated observations 7 is large enough, the parameter estimates of the aggregated
observations can reach the same level of accuracy as that of the original observations. In
addition, the power of inferring the causal structure of the ODE system from aggregated
observations can be as good as that from the original observations. The reason why the
aggregated observations with a much smaller sample size n = n/k can still perform as
good as the original observations with the corresponding size n is that, the variance of the

aggregated noise term €; becomes k times smaller than that of the original one ¢;, that is
> =%/k

based on the generation rules of the aggregated observations. Therefore, with a much
smaller noise variance, the parameter estimates from aggregated observations can reach
the same level of accuracy as that of the original observations with a much smaller sample

size.

3.4.4.2 Simulation results from time-scaled observations

In the following, we show the simulation results for time-scaled observations with k& =
0.01,0.1,1,10, and 100, respectively. Since for all the metrics except MSE, under all
cases the simulation results are identical, we present their results in one table. The
MSE for each k are the same up to 107°, therefore, the differences of MSE are negligible
and one can safely conclude that the simulation results for time-scaled observations with
various k is the same as that of the original observations (that is, k& = 1). This implies
the correctness of our theoretical results of the time-scaled observations established in

Section 3.3.

3.5 Related work

In this section, we introduce the related work from three closely related aspects.
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TABLE 3.5: Simulation results from time-scaled observations with £ = 0.01,0.1, 1, 10, 100

M MSE CR Type I Error Rate% Type II Error Rate%
n n Rate% ai12 az as: ail a3 G G23 G3] a33
100 100 0.419 96 2 25 2 0 0 0 0 0 85.5
200 200 0.269 94 7 6 4.5 0 0 0 0 0 72.5
500 500 0.104 91.5 55 55 6 0 0 0 0 0 38.5
1000 1000 0.050 92.5 5 6 3 0 0 0 0 0 9
2000 2000 0.022 95 3.5 45 05 0 0 0 0 0 1

Identifiability Analysis of Linear ODE systems Most current studies for iden-
tifiability analysis of parameters in linear dynamical systems are in the control theory
[23-27]. In the applied mathematics area, Stanhope et al. [28], Qiu et al. [29] provided
systematic studies of the identifiability analysis of linear ODE systems from a single
trajectory. Our identifiability analysis is built upon [28]. However, instead of building
identifiability based on the entire continuous trajectory, we extend the identifiability work
to more practical scenarios where we only have discrete observations sampled from the
trajectory and do not know the initial conditions. The authors in [28] also discussed using
equally-spaced error-free observations to calculate the system parameters explicitly. Our
work’s main distinction is that we build the identifiability condition entirely on the param-
eter of interest, that is, (A and x(), without further linearly independent assumption on
the observations. With the help of our identifiability condition, the parameter estimator’s
asymptotic properties can be established with mild assumptions. Specifically, the covari-
ance matrix of the asymptotic normality distribution can be explicitly expressed. Thus,
we can perform statistical inference for the unknown parameters. Moreover, we treat the
initial condition x( as a parameter while x( is a given fixed value in their setting. In the
most recent work [29], the authors proposed several quantitative scores for identifiability

analysis of linear ODEs in practice.

Parameter Estimation Methods for ODE systems The NLS method is applied
to estimate parameters in ODE systems in [30-32]. However, to our knowledge, no ex-
isting work provides a systematic asymptotic analysis of the NLS estimator for the ODE
system (3.1). The closest related work is that of Xue et al. [32], who studied asymptotic
properties of the NLS estimator based on approximating ODEs’ solutions by using the
Runge-Kutta algorithm [88]. Nonetheless, their work requires strong assumptions, which

are complex and cumbersome to verify. In contrast, our approach necessitates milder
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assumptions and yields an analytic covariance matrix for the asymptotic normal distribu-
tion. In addition to the NLS method, the two-stage smoothing-based estimation method
is also well used for parameter estimation in ODE systems and its asymptotic properties
have been extensively explored [5, 33, 34, 89, 90]. This method usually applies smoothing
approaches such as penalized splines to estimate the state variables and their derivatives
at the first stage. Thus a large number of observations are needed to ensure the esti-
mates’ accuracy. Principal differential analysis [35, 36, 68, 91] and Bayesian approaches
[37] were also proposed to estimate unknown parameters in ODE systems. In recent years,
several neural-network-based parameter estimation methods for ODE systems have been
proposed [38, 39, 92]. In these works, the authors use multiple (usually a large number)
trajectories instead of a single trajectory to train the neural network model and aim to

perform trajectory prediction. No identifiability is guaranteed.

Connection between Causality and Differential Equations Aalen et al. [93]
suggested, differential equations allow for a natural interpretation of causality in dynamic
systems. The authors in [18-20] built an explicit bridge between the differential equations
and the causal models by establishing the relationship between ODEs/Random Differen-
tial Equations (RDEs) and structural causal models. Hansen and Sokol [21] and Wang
et al. [3] proposed causal interpretations and identifiability analysis of Stochastic Differ-
ential Equations (SDEs). Bellot et al. [48] proposed a method to consistently discover the
causal structure of SDE systems based on penalized neural ODEs [62]. These works aim
to build a theoretical connection between causality and differential equations in various
ways. Our work contributes to this body of literature by proposing a method for infer-
ring the causal structure of ODEs from a statistical perspective. To our knowledge, our
approach represents the first application of hypothesis testing in ODE systems for the

inference of causal structure.

3.6 Conclusion of chapter

In this chapter, we derived a sufficient condition for identifiability of homogeneous linear
ODE systems from a sequence of equally-spaced error-free observations. Specifically, the
observations lie on a single trajectory. Furthermore, we studied the consistency and
asymptotic normality of the NLS estimator. The inference of unknown parameters based

on the established theoretical results was also investigated. In particular, we proposed a
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new method to infer the causal structure of the ODE system. Finally, we extended the
identifiability and asymptotic properties results to cases with aggregated and time-scaled

observations.

A time series is most commonly collected at equally-spaced time points in practice,
which motivates us to focus on the study over equally-spaced observations from a single
trajectory in this chapter. However, as the authors pointed out in [94], using irregularly-
spaced observations can be advantageous in obtaining more information from the dynam-
ical system. Therefore, extending the study to cases with irregularly-spaced observations

from a single trajectory is a possible direction for future work.



Chapter 4

Identifiability Analysis of Linear
ODE Systems in the Presence of
Hidden Confounders

The identifiability analysis of linear Ordinary Differential Equation (ODE) systems is a
necessary prerequisite for making reliable causal inferences about these systems. While
identifiability has been well studied in scenarios where the system is fully observable, the
conditions for identifiability remain unexplored when latent variables interact with the
system. This chapter aims to address this gap by presenting a systematic analysis of
identifiability in linear ODE systems incorporating hidden confounders. Specifically, we
investigate two cases of such systems. In the first case, latent confounders exhibit no
causal relationships, yet their evolution adheres to specific functional forms, such as poly-
nomial functions of time t. Subsequently, we extend this analysis to encompass scenarios
where hidden confounders exhibit causal dependencies, with the causal structure of latent
variables described by a Directed Acyclic Graph (DAG). The second case represents a more
intricate variation of the first case, prompting a more comprehensive identifiability anal-
ysis. Accordingly, we conduct detailed identifiability analyses of the second system under
various observation conditions, including both continuous and discrete observations from
single or multiple trajectories. To validate our theoretical results, we perform a series of

stmulations, which support and substantiate our findings.

This chapter is derived from the following publication: Identifiability Analysis of Linear ODE Systems
with Hidden Confounders [2]

45
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4.1 Introduction

Understanding the dynamics of systems governed by Ordinary Differential Equations
(ODEs) is fundamental in various scientific disciplines, from physics [95-98], biology [99-
103] to economics [59, 60, 104, 105]. These ODE systems provide a natural framework for
modeling causal relationships among system variables, enabling us to make reliable inter-
pretations and interventions [18, 19, 22]. Central to unraveling the causal mechanisms of
such systems is the concept of identifiability analysis, which aims to uncover conditions
under which system parameters can be uniquely determined from error-free observations.
Identifiability is crucial for ensuring reliable parameter estimates, thereby guaranteeing
reliable causal inferences about the system [3]. The motivation for our research on the
identifiability analysis of ODE systems arises from the necessity of making reliable causal

inferences about these systems.

Our research focuses on the homogeneous linear ODE system, represented as:

x(t) = Azx(t), =(0)=wxo, (4.1)

where t € [0,00) denotes time, x(t) € R represents the system’s state at time ¢, @(t)
denotes the first derivative of @ (¢) w.r.t. time, and @y represents the initial condition of
the system. The solution (trajectory) of the system, denoted as x(t; g, A) for ¢t € [0, 00),

is a single d-dimensional trajectory initialized with x.

Existing literature has extensively examined the identifiability of linear ODE systems
under the assumption of complete observability, where all state variables are directly ob-
servable [1, 23-26, 28, 29]. Specifically, researchers have investigated identifiability of
the ODE system (4.1) from a single whole trajectory [28, 29], and extended analysis to
discrete observations sampled from the trajectory [1]. However, practical scenarios often
entail systems with latent variables, rendering them not entirely observable. In this chap-
ter, we explore the identifiability analysis of this ODE system under latent confounders,
particularly examining cases where no causal relationships exist from observable vari-
ables to latent variables, a commonly assumed condition in causality analysis with hidden

variables [106-111].

In this chapter, we focus on two scenarios:
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1. Independent latent confounders: Latent variables exhibit no causal relation-

ships among themselves, leading to the following linear ODE system:

a(t) A B |x(t) 0 x(0) X0
2(t) 0 0 [=(t) f(t) z(0) 20

2. Causally related latent confounders: Latent variables exhibit causal relation-
ships among themselves, specifically, they follow a DAG structure, represented as:
a(t) A Bl |x(t) x(0) o

- : - . (4.3)
2(t) 0 G| |=z(t) z(0) 20

In these two ODE systems, x(t) € R? denotes the state of observable variables x =
(x1,22,...,24), while z(t) € RP denotes the state of latent variables z = (z1, 22, ..., 2p).
Example causal structures of these two ODE systems are illustrated in Figure 4.1. It
is noteworthy that the structure may include cycles and self-loops within the observable

variables. Additionally, two real-world examples are provided in Appendix B.2.

— =

Z; Zy e Zp

Cngend - Zx) (ngenl - Sx)

Independent latent confounders Causally related latent confounders

FIGURE 4.1: Example causal structures of the ODE system (4.2) and (4.3).

This chapter provides an identifiability analysis for the ODE system (4.2) under specific
latent variable evolutions, such as polynomial functions of time ¢. Additionally, we conduct
a systematic identifiability analysis of the ODE system (4.3) when the causal structure of
the latent variables can be described by a DAG.
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4.2 Background

4.2.1 Causal interpretation of ODE systems

When an ODE system describes the underlying causal mechanisms governing a dynamic
system, it provides a natural framework for modeling causal relationships among system
variables. The causal structure inherent in such systems can be directly read off [18, 22].
For instance, in the ODE system (4.1), where the ij-th entry of the parameter matrix A
is denoted as A;;, the presence of A;; # 0 signifies that the derivative of x;(t) is influenced
by z(t), thus indicating a causal link from x; to z;. Here, z; denotes the i-th variable of
the ODE system (4.1), and z;(t) represents its state at time ¢. Since the system matrix A
in the ODE system (4.1) is constant and does not explicitly depend on time ¢, the causal

structure of this system is time-invariant.

An essential prerequisite for reliably inferring the causal structure and effects of an
ODE system, for purposes of interpretation or intervention, is the identifiability analysis
of such systems. To underscore this necessity, we provide an illustrative example. Consider

the ODE system (4.3). Set

1 1 11 01
Lo = , R0 = 7B: 7G: )
1 1 1 1 0 0
10 oo A B A B
A: 5 A: 9 M: 9
0 1 10 0 G 0

Calculations reveal that the solutions (trajectory) of the ODE system (4.3) with parameter

matrices M or M’ are identical, i.e.,

z(t) Z0 Z0

This indicates that using observations sampled from this trajectory to estimate param-
eter matrix M may end up yielding M’, which exhibits a fundamentally distinct causal
relationship between x; and x2, see Figure 4.2. This discrepancy in parameter estimation,
wherein M’ is obtained instead of the true underlying parameter matrix M, may lead to

misleading interpretations and causal inferences, potentially influencing decision-making,
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A1

Zy Z

Zy

( (X1 xzD X1 —— X2

M M’
FIGURE 4.2: Causal structures of the ODE system (4.3) with parameter matrix M and
M.
particularly regarding interventions. For instance, intervention with x1(¢) = 1, under the
true underlying parameter matrix M, yields the trajectory wo(t) = 4e' —t — 3 (post-

intervention), whereas under matrix M’, the trajectory becomes xo(t) = t2/2 + 3t + 1

(post-intervention). Detailed calculations are provided in Appendix B.3.

4.2.2 Identifiability analysis of the linear ODE system (4.1)

The identifiability analysis of the ODE system (4.1) has been well studied. Here, we
present a fundamental definition and theorem essential for understanding identifiability
in the ODE system (4.1). Denoting its solution as x(t; xo, A), it is noteworthy that the
system is fully observable, without latent variables interacting with it. We present the

identifiability definition and theorem as follows.

Definition 4.1. For ¢y € R% A € R4 the ODE system (4.1) is said to be (xq, A)-
identifiable, if for all ), € R? and all A’ € R™? with (zg, A) # (), A’), it holds that
z (0, A) £z ), A').L

Lemma 4.2. For xy € R, A € R¥™4 the ODE system (4.1) is (xo, A)-identifiable if and
only if condition A0 is satisfied.

A0 the set of vectors {xg, Axg, ..., AT xg} is linearly independent.

Definition 4.1 and Theorem 4.2 are adapted from [1, Definition 1] and [1, Lemma2].
We use @, and A’ to distinguish other system parameters from the true system parameters

xo and A; x, and A’ can represent any d-dimensional initial conditions and any d x d

Ye (@0, A) = {x(t; 20, A) : 0 < t < o0}, this inequation means that there exists at least one ¢ > 0 such
that x(t; o, A) # = (t; o, A').
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parameter matrices, respectively. Here instead of describing a collective property of a set
of systems, we describe an intrinsic property of a single system with parameters (zg, A). In
practice, the aim is to ascertain whether the true underlying system parameter (xg, A) is
uniquely determined by observations. Hence, (xg, A)-identifiability offers a more intuitive

description of the identifiability of the ODE system from a practical perspective.

From a geometric perspective, condition AO stated in Lemma 4.2 indicates that the
initial condition @ is not contained in an A-invariant proper subspace of R%. Intuitively,
this means the trajectory of this system started from xg spans the entire d-dimensional
state space. That is, our observations cover information on all dimensions of the state
space, thus rendering the identifiability of the system. Additionally, condition AO is
generic, as noted in [3], meaning that the set of system parameters violating this condition
has Lebesgue measure zero. Thus, condition AO is satisfied for almost all combinations

of &y and A.

4.3 Identifiability analysis of the linear ODE system (4.2)

In this section, we present the identifiability condition for the linear ODE system (4.2).
We consider the function f(¢) in (4.2) as a specific function of time ¢. Here we first define

f(t) as a r-degree polynomial function of time ¢, expressed as follows:
T
f&)=> wtt, v, R (4.4)
k=0

Simple calculations show that

T

Vg,
z(t) = Z mtkﬂ +z0.
k=0

Thus,

" Bv
i(t) = Ax(t) + B2(t) = Ax(t) + Y kaltkH + Bz, (4.5)
k=0

We denote the unknown parameters of the ODE system (4.2) as 0, specifically, 8 :=
(x0, 20, A, B, {v}.}}), where {vy }§; denotes all the vi'sfor k = 0,...,r. Let [27 (;0), 27 (¢;0)]"
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denote the solution of the ODE system (4.2). It is important to note that under our hid-
den variables setting, only x(t; @) is observable. Based on Equation (4.5), we present the

following identifiability definition.

Definition 4.3. For ¢y € R% 2y € RP, A € R4 B € R¥P and {v;}; € RP, for
all z) € R, all zj € RP, all A’ € R4 all B € R™P, and all {v,}; € RP, we
denote 0’ := (x(, z(, A, B',{v}.}}), we say the ODE system (4.2) is @-identifiable: if
(zo, A, Bzo, {Bvi}}) # (z(, A', B'z(, {B'v} }}), it holds that =(-;0) # x(-;6).

In the ODE system (4.2), where only variables @ are observable, we will, with some
terminological leniency, refer to x(-;0) as the trajectory of the ODE system (4.2) with
parameters 6. According to Definition 4.3, if the ODE system (4.2) with a polynomial f(t)
is @-identifiable, then the trajectory of the system can uniquely determine the values of
(zo, A, Bzg, {Bvyg};). This determination is sufficient to identify the causal relationships
between observable variables x as described by Equation (4.5). Consequently, one can
safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem 4.4. For xg € R, zg € R?, A € R4 B € R>P [y} € RP, the ODE system
(4.2) is O-identifiable if and only if assumption A1 is satisfied.

A1 the set of vectors {3, AB, . .., A% 13} is linearly independent, where 3 = A" (Axy+
Bzp) + Zgzoj!AT_ijj, and j! denotes the factorial of j.

The proof of Theorem 4.4 can be found in Appendix B.4.1. Condition A1 is both
sufficient and necessary, indicating, from a geometric perspective, that the vector 3 is not

contained in an A-invariant proper subspace of R? [28, Lemma 3.1].
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The key point of the proof is the introduction of an augmented state y(t) = [z (¢),1,¢,2,...,t" 17T

with a corresponding ODE system:

A Bzy Bvg ... Buv,_i/r Bv./(r+1)
0q O 0o ... 0 0
y(t) =104 1 0o ... 0 0 y(t),
(4.6)
0, 0 0 ... 741 0o |

denoted as F'

y(0) = [wg,l,o,...,O}T =Yg,

where 04 is a d-dimensional zero row vector, and matrix F € R(@Hr+2)x(d+r+2) = The
ODE system (4.6) is a homogeneous linear ODE system analogous to (4.1) but with fully
observable variables y. In other words, we transform our system of interest, (4.2), which
includes hidden confounders, into a fully observable ODE system (4.6). This allows us to
leverage existing identifiability results for homogeneous linear ODE systems, specifically

Lemma 4.2, to derive the identifiability condition for the ODE system (4.2).

Based on this approach, if the state of the hidden variables z(t), as determined by
the function f(¢) in the ODE system (4.2), can be described by some linear combinations
of observable functions of time ¢, then the identifiability condition of the ODE system
(4.2) can be derived. For an illustration, in the Appendix B.5, we provide identifiability
conditions for the ODE system (4.2) when f(t) = ve! and f(t) = visin(t) + vacos(t).
While we do not enumerate all functions f(¢) that meet this condition, our primary
objective is to demonstrate a method for deriving the identifiability condition for the
ODE (4.2) when the evolution of its hidden variables conforms to certain specific functions.
Researchers can apply this approach to find appropriate functions f(¢) according to their

specific requirements.

4.4 Identifiability analysis of the linear ODE system (4.3)

In this section, we extend the identifiability analysis to linear ODE systems with causally
related latent confounders. Specifically, we assume that the causal structure of latent

variables satisfies the following latent DAG assumption.
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Latent DAG: the causal structure of latent variables can be described by a DAG.

The DAG assumption is commonly employed in causality studies [106, 107, 109, 110,
112, 113]. Under the latent DAG assumption, the matrix G can be permuted to be
a strictly upper triangular matrix, i.e., an upper triangular matrix with zeros along the
main diagonal [107, 114]. Without loss of generality, we set G as a strictly upper triangular

matrix.

Since G is a strictly upper triangular matrix, by the Cayley—Hamilton theorem [115],

G is a nilpotent matrix with an index < p. Consequently, G¥ = 0 for all k > p.

Based on [28, 116], the solution of z(¢) can be expressed as:

> GkZO p—l GkZQ
_ Gt _ k _ k
z(t) = e%zg =) ot => A
k=0 k=0
Thus,
1 BGkZ()
©(t) = Am(t) + Bz(t) = Am(t) + ) o £k (4.7)
k=0 '

We observe that Equation (4.7) has the same function form as Equation (4.5), but with
different coefficients (system parameters) for the polynomial of time ¢. Therefore, the
ODE system (4.3) under the latent DAG assumption can be considered a more complex
version of the ODE system (4.2) when f(t) follows a polynomial function of time ¢. Since
the ODE system (4.3) incorporates causally related latent confounders, which is a more
interesting and practical case, we will provide a more comprehensive identifiability analysis
of the ODE system (4.3). The derived identifiability results can be easily generated to
the case of the ODE system (4.2).

4.4.1 Identifiability condition from a single whole trajectory

We denote the unknown parameters of the ODE system (4.3) as m, that is, n := (@0, 20, 4, B, G).
We further denote the solution of the ODE system (4.3) as [x” (¢;m), 27 (t;1)]”; note that
under our latent variables setting, only @(¢;n) is observable. Thus, based on Equation

(4.7), we present the following identifiability definition.

Definition 4.5. For g € R%, 2y € RP, A € R4 B € R¥™P and G € RP*P, under the

latent DAG assumption, for all zj € R? all z{ € RP, all A’ € R4 all B’ € R¥P,
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and all G’ € RP*P, we denote 0’ := (x(, z(, A’, B',G'), we say the ODE system (4.3) is n-
identifiable: if (xq, A, Bzo, BGzo, ..., BGP"'z¢) # (z},, A", B'z},, B'G'z}, ..., B'G"""'2}),
it holds that x(-;n) # x(;n’).

Similar to the case of the ODE system (4.2), we refer to x(-;m) as the trajectory of
the ODE system (4.3) with parameters 1. Definition 4.5 defines the identifiability of the
ODE system (4.3) from a single whole trajectory (-;n). Once the ODE system (4.3) is n-
identifiable, the causal relationships among the observable variables & can be determined
through Equation (4.7). We then establish the condition for the identifiability of the ODE
system (4.3) based on Definition 4.5.

Theorem 4.6. For ¢y € R, zy € RP, A € R4 B € R¥™P and G € RP*P, under the
latent DAG assumption, the ODE system (4.3) is n-identifiable if and only if assumption
B1 is satisfied.

B1: the set of vectors {~, Ay, ..., A1~} is linearly independent, where v = APxq +
Sy AP BGY 2.

The proof of Theorem 4.6 can be found in Appendix B.4.2. Condition B1 is both
sufficient and necessary, and from a geometric perspective, it indicates that the vector ~

is not contained in an A-invariant proper subspace of R¢ [28, Lemma 3.1].

4.4.2 Identifiability condition from discrete observations sampled from

a single trajectory

In practice, we often have access only to a sequence of discrete observations sampled
from a trajectory rather than knowing the whole trajectory. Therefore, we also derive
the identifiability conditions under the scenario where only discrete observations from a
trajectory are available. Firstly, we extend the identifiability definition of the ODE system
(4.3) as follows.

Definition 4.7. For zp € R% zp € RP, A € R4 B € R¥? and G € RP*P. For any
n>1,let t;,j =1,...,n be any n time points and x; := x(t;;7) be the error-free ob-
servation of the trajectory x(-;n) at time ¢;. Under the latent DAG assumption, we say

the ODE system (4.3) is n-identifiable from 1, ..., x,, if for all =) € R%, all z{, € RP, all
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Al € R all B € R™*P, and all G' € RP*P with (xo, A, Bzg, BGzq, ..., BGP~lzq) #
(zp, A, B'z{, B'G'z,...,B'G"" '2{), it holds that 3j € {1,...,n} such that (t;; n)#£x(t;; 7).

Definition 4.7 defines the identifiability of the ODE system (4.3) from n observations
sampled from the trajectory @ (-;n). Then we establish the condition for the identifiability

of the ODE system (4.3) from discrete observations based on Definition 4.7.

Theorem 4.8. Forxg € R% zy € R, A € R¥™*? B € R¥™P and G € RP*P. We define new
observation y; := [:c;[, 1,t;, t?, . ,t§_1]T e R“P, forj=1,...,n. Under the latent DAG
assumption, the ODE system (4.3) is m-identifiable from discrete observations x1, ..., &y,

if and only if assumption C1 is satisfied.

C1: there exists (d + p) y;’s with indices denoting as {j1,j2,---,Ja+p} € {1,2,...,n},

such that the set of vectors {yjl,y]-Q, e } is linearly independent.

’ yjd+p

The proof of Theorem 4.8 can be found in Appendix B.4.3. Condition C1 is both
sufficient and necessary. This theorem states that as long as there are d 4+ p observations
x;’s such that the corresponding augmented new observations y;’s are linearly indepen-
dent, the ODE system (4.3) is m-identifiable from these discrete observations. Under
the latent DAG assumption, we can transfer the ODE system (4.3), which includes hid-
den confounders, into a (d + p)-dimensional fully observable ODE system (4.1) through
the augmented state y(t). Condition C1 indicates that our observations span the entire

(d + p)-dimensional state space, thus rendering the system identifiable.

Both Definition 4.5 and Definition 4.7 define the identifiability of the ODE system
(4.3) to some extent of the unknown parameters. In other words, given the available
observations, under Definition 4.5 and Definition 4.7, one can only identify the values of
(0, A, Bzg, BGzy, ..., BGP~1zg), but not the values of (29, B,G). Based on Equation
(4.7), this level of identifiability is sufficient to identify the causal relationships between
observable variables x, enabling safe intervention on the observable variables with reliable
causal inferences. However, in scenarios where practitioners can intervene in the latent
variables and require inferring the causal effects of the intervened system, identifying
the matrices B and G becomes essential for reliable causal references. For instance, in
chemical kinetics, where the evolution of chemical concentrations over time can often be

modeled by an ODE system [117, 118], some chemicals may not be measurable during
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the reaction, rendering them latent variables. Nonetheless, practitioners can intervene in
these latent variables by setting specific initial concentrations. Therefore, we provide an
identifiability analysis of the linear ODE system (4.3) when practitioners can control the

initial condition of the latent variables: zg.

4.4.3 Identifiability condition from p controllable whole trajectories

Assuming the initial condition of the latent variables zg is controllable, which means that
the values of zg can be treated as given values, we denote it as z{. In the following, we
provide the identifiability condition of the ODE system (4.3) when we are given p initial

conditions z{;, denoting as z%’. We first present the definition.

Definition 4.9. Given 2’ € RP for i = 1,...,p, for zyg € RY, A € R4 B € R¥*P and
G € RP*P_under the latent DAG assumption, for all ¢, € R?, all A’ € R4 all B’ € R¥*P,
and all G/ € RP*P, we denote n; := (o, 25!, A, B,G) and n} := (xf, 28!, A, B',G'), we
say the ODE system (4.3) is {n, }|-identifiable: if (xz¢, 4, B,G) # (', A’, B',G’), it holds
that 3¢ such that x(;m;) # x(-;n)).

Definition 4.9 defines the identifiability of the ODE system (4.3) from p whole tra-
jectories x(-;m;) with ¢ = 1,...,p, and under this definition, matrix B and G are also

identifiable. Based on this definition, we provide the identifiability condition.

Theorem 4.10. Given zf‘)i ERP fori=1,...,p, forzg € R:, A € R4 B € R¥>*P gnd
G € RP*P, under the latent DAG assumption, the ODE system (4.3) is {n;}}-identifiable

if assumptions By, Bs and By are all satisfied.

B2: cach z§ fori=1,...,p, satisfies assumption B1. That is, if we set v, = APxo +
E?;é APTI=IBGIZ%, then the set of vectors {v;, Av;, ..., A%"1y,} is linearly inde-

pendent for all i =1,...,p.
B3: the set of vectors {z8!, 252 ... .20} is linearly independent.
BjY: the matriz composed by vertically stack the matrices {B, BG, ..., BGP~'} has rank

p-

The proof of Theorem 4.10 can be found in Appendix B.4.4. Assumption B2 en-
sures that the ODE system (4.3) is m,-identifiable for all ¢ = 1,...,p. Consequently,
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(xo, A, B2y, BGz, ..., BGP~125)) for all i = 1,...,p is identifiable. Then, under as-
sumption B3, the identifiability of matrix B is established. To identify matrix G, as-
sumption B4 is required. While the ability to control the initial condition of the latent
variables may appear strict, it is a reasonable assumption in our context. This is be-
cause identifying matrices B and G is necessary only when practitioners can intervene in
the latent variables, thereby allowing control over their initial conditions. An alternative
approach to identifying B and G involves intervening in the initial condition of each la-
tent variable z; independently, rather than controlling the initial condition of all latent
variables z simultaneously. This method draws inspiration from the ”genetic single-node
intervention” proposed by [119], where one can intervene at each latent node individually.

Further details of this method can be found in Appendix B.6.

4.4.4 ldentifiability condition from discrete observations sampled from

p controllable trajectories

We also extend the identifiability analysis of the ODE system (4.3) to cases where only

discrete observations from p controllable trajectories are available.

Definition 4.11. Given z§’ € RP for i = 1,...,p, for zg € R, A € R4 B € R¥P and
G € RP*P. For any n > 1, let t;,j = 1,...,n be any n time points and x;; := x(t;;n;)
be the error-free observation of the trajectory x(-;7;) at time ¢;. Under the latent DAG
assumption, we say the ODE system (4.3) is {n;}{-identifiable from x;1,..., @i, i =
1,...,p, if for all z € RY, all A’ € R4 all B’ € R¥>P, and all G’ € RP*P with
(zo, A, B,G) # (z,, A’, B',G’), it holds that 3i € {1,...,p} and j € {1,...,n} such that

x(ty;m;)Fx(t;; ).

Based on Definition 4.11 we present the identifiability condition.

Theorem 4.12. Given z§ € RP fori = 1,...,p, for ¢y € RY A € R¥¥4 B ¢ RI*P
and G € RP*P. We define new observation y,; := [wg;,l,tj,t?,...,tg_l]T e RHP, for
i=1,...,pand j =1,...,n. Under the latent DAG assumption, the ODE system (4.3)

is {m;}]-identifiable from discrete observations 1, ..., Tin, i = 1,...,p, if assumptions

C2, B3 and B4 are all satisfied.
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C2: foreachi € {1,...,p} there exists (d+p) y,; 's with indexes denoting as {ji1, jiz, - - -, Ji,dip} <

{1,2,...,n}, such that the set of vectors {Y;j,sYij.: - - } is linearly inde-

»Yijiaty

pendent.

The proof of Theorem 4.12 can be found in Appendix B.4.5. Assumption C2 ensures
that the ODE system (4.3) is n;-identifiable from discrete observations x;1, . .., &, for all
i=1,...,p. As in Subsection 4.4.3, under assumptions B3 and B4, the matrices B and

G are also identifiable.

4.5 Simulations

To evaluate the validity of the identifiability conditions established in Section 3 and 4,
we present the results of simulations. As previously indicated, the ODE system (4.3) can
be treated as a more intricate version of the ODE system (4.2); hence, our simulation

experiments are centered on the former.

Simulation design. We conduct four sets of simulations, which include one identi-
fiable case and one unidentifiable case for both the m-identifiable check and the {n,}}-
identifiable check. The dimensions of both observable variables, d, and latent variables,
p, are set to 3. The true underlying parameters of the systems are provided below. Ob-
servations are simulated from the true ODE systems for each case, with n equally-spaced
observations generated from the time interval [0, 1] for each trajectory, and we only keep

the values of the observable variables x.

2 =2 1 -2 -2 2 0 2 1 1 00

1 0 2 ~1 -1 -2 00 0 00 1
-1 1 1 0 0

zo= |1, =zo=|-2|, =z'=10|, =z>={1|. =2°=]o0
1 —1 0 0 1

n-identifiable: n = (xo, 20, 4, B, G), unidentifiable: n = (x¢, z9, 4’, B, G) .

{m;}}-identifiable: n; = (xo, 2§, A, B,G), unidentifiable: n, = (xq, 25', A, B,G),i = 1,2,3.
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Parameter estimation. The Nonlinear Least Squares (NLS) method is employed for
parameter estimation, a widely used technique for estimating parameters in nonlinear
regression models, including ODEs [30, 32, 81]. The ”least_squares” function from the
?scipy.optimize” Python module, with default hyperparameter settings, is utilized for
implementation. Given that the NLS loss function for our simulation is non-convex,
parameter initialization is performed near the true values to promote convergence to the
global minimum. Specifically, for the m-(un)identifiable cases, initial parameter values
are set to the true parameters plus a random value drawn from a uniform distribution
U(—0.1,0.1) for each replication. For {n,}}-(un)identifiable cases, initial parameter values

are set to the true values plus a random value from U(—0.3,0.3).

Evaluation metric. Mean Squared Error (MSE) is adopted as the metric to assess the
accuracy of the parameter estimator. To ensure the reliability of the estimation results,
100 independent random replications are run for each configuration, and we report the

mean and variance of the squared error.

Results analysis. Table 4.1 and Table 4.2 present the simulation results for the
1-(un)identifiable cases and the {n;}}-(un)identifiable cases, respectively. According to
Definition 4.5 and Definition 4.9, for the n-(un)identifiable cases, the identifiability of
(z0, A, Bz, BGzo, BG?2() needs to be checked, while for the {n,}}-(un)identifiable cases,
we need to check the identifiability of (xo, A, B,G). Since xg is consistently identifiable
(with MSE less than 1.00E-10) across all (un)identifiable cases, its results are not pre-

sented.

In both Tables, for identifiable cases, as the number of samples n increases, the MSEs
for all parameters of interest decrease and approach zero. However, in the unidenfiable
cases, where the identifiability condition B1/B2 stated in Theorem 4.6/4.10 is unmet,
the MSEs for certain parameters remain high irrespective of sample size. These results
offer strong empirical support for the validity of the identifiability conditions outlined in
Theorem 4.6 and Theorem 4.10. It is noteworthy that in the {n;}] case, where obser-
vations are sampled from p = 3 controllable trajectories, remarkably accurate parameter

estimates can be obtained even with a limited number of samples.

For the m-(un)identifiable cases, assumption C1 stated in Theorem 4.8 holds true for
all values of n in the identifiable cases, while it is violated across all n in the unidentifiable

cases. In the {n,}]-(un)identifiable cases, condition C2 stated in Theorem 4.12 is satisfied
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TABLE 4.1: MSEs of the n-(un)identifiable cases of the ODE (4.3)

" Identifiable Unidentifiable
A BZO BGZ() BG2ZO A BZQ BGZO BG2Z0
6.00E-05 0.0004 0.0044 0.0007 0.0994 0.0494 0.9185  0.6482
(45.40E-08)  (4+3.45E-06)  (+0.0004)  (+3.91E-06) (+0.0157) (40.1243) (£8.3148) (+1.4306)
100 4.15E-05 0.0003 0.0029 0.0005 0.0372  0.0174  0.3517  0.5767
(+1.62E-08)  (4+8.52E-07) (4+9.42E-05) (+2.90E-06) (+0.0032) (4+0.0087) (£0.3460) (+1.4055)
500 2.65E-05 0.0002 0.0019 0.0002 0.0461  0.1071  0.5783  0.3648
(+8.71E-09)  (4+4.38E-07) (+4.84E-05) (+8.38E-07) (+0.0099) (40.1768) (£2.5747) (+0.4507)

TABLE 4.2: MSEs of the {n,}}-(un)identifiable cases of the ODE (4.3)

n Identifiable Unidentifiable
A B G A B G
10 5.83E-22 2.85E-21 2.27E-21 0.6349 0.1913 0.0044
(£7.41E-42)  (£2.75E-40) (+5.69E-41) (£0.7464) (4+0.0686) (+0.0011)
20 1.50E-22 7.80E-22 5.76E-22 0.6169 0.1850 0.0045
(£3.23E-43)  (£1.14E-41)  (£5.28B-42) (£0.7194)  (40.0657)  (40.0007)
50 5.16E-23 3.01E-22 2.39E-22 0.5876 0.1761 0.0045

(£6.20E-44)  (£3.27E-42)  (+8.46BE-43) (£0.6895) (40.0627)  (40.0008)

for all values of n in the identifiable cases, but is found to be violated for all values of n

in the unidentifiable cases. These findings provide strong empirical evidence supporting

the validity of the identifiability conditions proposed in Theorem 4.8 and Theorem 4.12.

In Appendix B.7, we present additional simulation results for higher-dimensional cases,

along with simulations that incorporate a variety of ground-truth parameter configura-

tions. These results consistently affirm the validity of our proposed identifiability condi-

tions. For further details, please refer to Appendix B.7.

4.6 Related work

Identifiability analysis of linear ODE systems. Within control theory, extensive

research has been conducted on the identifiability analysis of linear dynamical systems

governed by ODEs [23-26]. In the applied mathematics area, Stanhope et al. [28] and

Qiu et al. [29] have systematically investigated the identifiability of linear ODE systems
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based on a single trajectory. Furthermore, Wang et al. [1] have extended these findings
to scenarios where only discrete observations sampled from a single trajectory are avail-
able. However, existing studies primarily concentrate on linear ODE systems with fully
observable variables. To the best of our knowledge, our work represents the inaugural en-
deavor to systematically analyze the identifiability of linear ODE systems in the presence

of hidden confounders.

Connection between causality and differential equations. Differential equa-
tions provide a natural framework for understanding causality within dynamic systems,
particularly in the context of continuous-time processes [22, 93]. Consequently, signifi-
cant efforts have been directed towards establishing a theoretical link between causality
and differential equations. In the deterministic case, Mooij et al. [18] and Rubenstein et
al. [19] have established a mathematical connection between ODEs and Structural Causal
Models (SCMs). Wang et al. [1] have proposed a method for inferring the causal structure
of linear ODEs. In the domain of neural ODEs, Aliee et al. [46, 47] have applied various
regularization techniques to enhance the recovery of the causal relationships. Turning
to the stochastic case, Hansen et al. [21] and Wang et al. [3] have proposed causal
interpretations and identifiability analysis of Stochastic Differential Equations (SDEs).
Additionally, Bellot et al. [48] have introduced a method for consistently discovering
the causal structure of SDE systems using penalized neural ODEs. These works aim to
establish a theoretical connection between causality and differential equations in various
ways. Our contribution to this scholarly landscape lies in the systematic analysis of the

identifiability of linear ODEs, particularly in the presence of hidden confounders.

4.7 Conclusion of chapter

This chapter presents a systematic identifiability analysis of linear ODE systems incor-
porating hidden confounders. Specifically, we establish a sufficient and necessary identifi-
ability condition for the linear ODE system with independent latent confounders. Addi-
tionally, we provide four identifiability conditions for the linear ODE system with causally
related latent confounders, wherein the causal structure of the latent confounders adheres

to a DAG.
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A notable limitation of our work lies in the practical verification of these identifiability
conditions, given that the true underlying system parameters are often unavailable in real-
world scenarios. However, our study significantly contributes to the understanding of the
intrinsic structure of linear ODE systems with hidden confounders. By providing insights
into the identifiability aspects, our findings empower practitioners to utilize models that
adhere to the proposed conditions (e.g., through constrained parameter estimation) for

learning from real-world data while ensuring identifiability.



Chapter 5

Generator Identification for
Linear SDE Systems with
Additive and Multiplicative Noise

In this chapter, we present conditions for identifying the generator of a linear stochas-
tic differential equation (SDE) from the distribution of its solution process with a given
fixed initial state. These identifiability conditions are crucial in causal inference using
linear SDEs as they enable the identification of the post-intervention distributions from
its observational distribution. Specifically, we derive a sufficient and necessary condition
for identifying the generator of linear SDEs with additive noise, as well as a sufficient
condition for identifying the generator of linear SDFEs with multiplicative noise. We show
that the conditions derived for both types of SDEs are generic. Moreover, we offer geomet-
ric interpretations of the derived identifiability conditions to enhance their understanding.
To validate our theoretical results, we perform a series of simulations, which support and

substantiate the established findings.

5.1 Introduction

Stochastic differential equations (SDEs) are a powerful mathematical tool for modelling

dynamic systems subject to random fluctuations. These equations are widely used in

This chapter is derived from the following publication: Generator Identification for Linear SDEs with
Additive and Multiplicative Noise [3]

63
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various scientific disciplines, including finance [120-122], physics [123-125], biology [126—
128] and engineering [124, 129, 130]. In recent years, SDEs have garnered growing interest
in the machine learning research community. Specifically, they have been used for tasks

such as modelling time series data [131-133] and estimating causal effects [48, 134, 135].

To enhance understanding we first introduce the SDEs of our interest, which are
multidimensional linear SDEs with additive and multiplicative noise, respectively. Con-
sider an m-dimensional standard Brownian motion defined on a filtered probability space
(Q, F,P,{F:}), denoted by W := {W; = [Wit,..., Wy :0<t < oo} Let X; € R be
the state at time ¢ and let o € R? be a constant vector denoting the initial state of the

system, we present the forms of the aforementioned two linear SDEs.

1. Linear SDEs with additive noise.
dX; = AXydt + GdWy, Xo = xg, (5.1)

where 0 <t < 00, A € R¥™*% and G € R¥*™ are some constant matrices.

2. Linear SDEs with multiplicative noise.
dX; = AXdt + Z?];nzl GkXtde,t , Xo=wxg, (52)
where 0 < t < 00, 4,Gj, € R™4 for k =1,...,m are some constant matrices.

Linear SDEs are wildly used in financial modeling for tasks like asset pricing, risk
assessment, and portfolio optimization [136-138], where they are used to model the evo-
lution of financial variables, such as stock prices and interest rates. Furthermore, linear
SDEs are also used in genomic research, for instance, they are used for modeling the gene
expression in the yeast microorganism Saccharomyces Cerevisiae [21]. The identifiabil-
ity analysis of linear SDEs is essential for reliable causal inference of dynamic systems
governed by these equations. For example, in the case of Saccharomyces Cerevisiae, one
aims to identify the system such that making reliable causal inference when interventions
are introduced. Such interventions may involve deliberate knockout of specific genes to
achieve optimal growth of an organism. In this regard, identifiability analysis plays a
pivotal role in ensuring reliable predictions concerning the impact of interventions on the

system.
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Previous studies on identifiability analysis of linear SDEs have primarily focused on
Gaussian diffusions, as described by the SDE (5.1) [41-45, 139]. These studies are typically
based on observations located on one trajectory of the system and thus require restric-
tive identifiability conditions, such as the ergodicity of the diffusion or other restrictive
requirements on the eigenvalues of matrix A. However, in practical applications, multiple
trajectories of the dynamic system can often be accessed [38, 39, 140, 141]. In particular,
these multiple trajectories may start from the same initial state, e.g., in experimental
studies where repeated trials or experiments are conducted under the same conditions
[142-145] or when the same experiment is performed on multiple identical units [146].
To this end, this work presents an identifiability analysis for linear SDEs based on the
distribution of the observational process with a given fixed initial state. Furthermore, our
study is not restricted to Gaussian diffusions (5.1), but also encompasses linear SDEs with
multiplicative noise (5.2). Importantly, the conditions derived for both types of SDEs are
generic, meaning that the set of system parameters that violate the proposed conditions

has Lebesgue measure zero.

Traditional identifiability analysis of dynamic systems focuses on deriving conditions
under which a unique set of parameters can be obtained from error-free observational
data. However, our analysis of dynamic systems that are described by SDEs aims to
uncover conditions that would enable a unique generator to be obtained from its ob-
servational distribution. Our motivation for identifying generators of SDEs is twofold.
Firstly, obtaining a unique set of parameters from the distribution of a stochastic process
described by an SDE is generally unfeasible. For example, in the SDE (5.1), parameter
G cannot be uniquely identified since one can only identify GG based on the distribu-
tion of its solution process [21, 41]. Secondly, the identifiability of an SDE’s generator
suffices for reliable causal inferences for this system. Note that, in the context of SDEs,
the main task of causal analysis is to identify the post-intervention distributions from the
observational distribution. As proposed in [21], for an SDE satisfying specific criteria,
the post-intervention distributions are identifiable from the generator of this SDE. Conse-
quently, the intricate task of unraveling causality can be decomposed into two constituent
components through the generator. This chapter aims to uncover conditions under which
the generator of a linear SDE attains identifiability from the observational distribution.
By establishing these identifiability conditions, we can effectively address the causality

task for linear SDEs.



Generator Identification for Linear SDE Systems 66

In this chapter, we present a sufficient and necessary identifiability condition for the
generator of linear SDEs with additive noise (5.1), along with a sufficient identifiability

condition for the generator of linear SDEs with multiplicative noise (5.2).

5.2 Background knowledge

In this section, we introduce some background knowledge of linear SDEs. In addition, we
provide a concise overview of the causal interpretation of SDEs, which is a critical aspect
of understanding the nature and dynamics of these equations. This interpretation also

forms a strong basis for the motivation of this research.

5.2.1 Background knowledge of linear SDE systems
The solution to the SDE (5.1) can be explicitly expressed as (cf. [49]):
¢
X, = X(t; 20, A, G) = eMtay + / A=) Gaw, . (5.3)
0

Note that in the context of our study, the solution stands for the strong solution, refer to

[50] for its detailed definition.

In general, obtaining an explicit expression for the solution to the SDE (5.2) is not
feasible. In fact, an explicit solution can be obtained when the matrices A,Gq,...,Gy

commute, that is when
AGp =GrA and GLG; = GGy (5.4)

holds for all k,l =1,...,m (cf. [51]). However, the conditions described in (5.4) are too
restrictive and impractical. Therefore, this study will focus on the general case of the

SDE (5.2).

We know that both the SDE (5.1) and the SDE (5.2) admit unique solutions that
manifest as continuous stochastic processes [50]. A d-dimensional stochastic process is a
collection of R%valued random variables, denoted as X = {X;;0 < t < oo} defined on

some probability space. When comparing two stochastic processes, X and X, that are
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defined on the same probability space (2, F,P), various notions of equality may be con-
sidered. In this study, we adopt the notion of equality with respect to their distributions,
which is a weaker requirement than strict equivalence, see [50] for relevant notions. We

now present the definition of the distribution of a stochastic process.

Definition 5.1. Let X be a random variable on a probability space (€2, F,P) with values
in a measurable space (S,B(S5)), i.e., the function X : Q — S is F/B(S)-measurable.
Then, the distribution of the random variable X is the probability measure PX on

(S,B(S)) given by
PX(B)=P(X€B)=P{wecQ:X(w)€ B}, BecB(S).

When X := {X;;0 < ¢t < oo} is a continuous stochastic process on (2, F,P), and S =
C[0,00), such an X can be regarded as a random variable on (€2, F,P) with values in
(C[0,00), B(C[0,¢))), and P is called the distribution of X. Here C[0, 00) stands for

the space of all continuous, real-valued functions on [0, co].

It is noteworthy that the distribution of a continuous process can be uniquely deter-
mined by its finite-dimensional distributions. Hence, if two stochastic processes, labelled
as X and X, share identical finite-dimensional distributions, they are regarded as equiv-
alent in distribution, denoted by X 4 X. Relevant concepts and theories regarding this

property can be found in [50].

The generator of a stochastic process is typically represented by a differential operator
that acts on functions. It provides information about how a function evolves over time
in the context of the underlying stochastic process. Mathematically, the generator of a

stochastic process X; can be defined as
E[f(Xits) — f(Xp)| X = ]
(L)) = lim ———— ,

s—0 S

where f is a suitably regular function.

In the following, we present the generator of the SDEs under consideration. Obviously,

both the SDE (5.1) and the SDE (5.2) conform to the general form:

ClXt = b(Xt)dt + O'(Xt)th y XQ = Xy . (55)
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where b and o are locally Lipschitz continuous in the space variable . The generator £
of the SDE (5.5) can be explicitly computed by utilizing It6’s formula (cf. [49]).
Proposition 5.2.1. Let X be a stochastic process defined by the SDE (5.5). The generator
L of X on CZ(RY) is given by

d d

— N\ 2f(ac)
(Lf) (=) .—sz(x 8961 Z 8%6% (5.6)

=1 7j=1

for f € C2(R?) and = € RY, where c(z) = o(z) - o(z)" is a d x d matrix, and CZ(R?)
denotes the space of continuous functions on R? that have bounded derivatives up to order

two.

5.2.2 Causal interpretation of SDE systems

An important motivation for the identification of the generator of an SDE lies in the desire
to infer reliable causality within dynamic models described by SDEs. In this subsection,
we aim to provide some necessary background knowledge on the causal interpretation of

SDEs. Consider the general SDE framework described as:
dXt = CL(Xt)dZt s XO =Xy, (57)

where Z is a p-dimensional semimartingale and a : R — R%*P is a continuous mapping.

By writing the SDE (5.7) in integral form
Xi=mh+ 3P, [yai(X)dZl, i<d. (5.8)

The authors of [21] proposed a mathematical definition of the SDE resulting from an
intervention to the SDE (5.8). In the following, X~ denotes the (d — 1)-dimensional

vector that results from the removal of the I-th coordinate of X € R

Definition 5.2. [21, Definition 2.4.] Consider some | < d and ¢ : R~ — R. The
SDE arising from (5.8) under the intervention X} := C(Xt(_l)) is the (d — 1)-dimensional
equation

(VOO = ah+ 00 fy by (VT azd, i A1 (5.9)

where b : R¥™1 — RE-D*P is defined by bi;(y) = ai;j(y1,.--,C(Y),- .., ya) for i # | and
j < p and the ((y) is on the I-th coordinate.
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Definition 5.2 presents a natural approach to defining how interventions should affect
dynamic systems governed by SDEs. We adopt the same notations as used in [21]. As-
suming (5.8) and (5.9) have unique solutions for all interventions, we refer to (5.8) as
the observational SDE, to its solution as the observational process, to the distribution of
its solution as observational distribution, to (5.9) as the post-intervention SDE, to the
solution of (5.9) as the post-intervention process, and to the distribution of the solution
of (5.9) as the post-intervention distribution. The authors in [21] related Definition 5.2
to mainstream causal concepts by establishing a mathematical connection between SDEs
and structural equation models (SEMs). Specifically, the authors showed that under
regularity assumptions, the solution to the post-intervention SDE is equal to the limit
of a sequence of interventions in SEMs based on the Euler scheme of the observational
SDE. Despite the fact that the parameters of the SDEs are generally not identifiable from
the observational distribution, the post-intervention distributions can be identified, thus
enabling causal inference of the system. To this end, Sokol and Hansen [21] derived a
condition under which the generator associated with the observational SDE allows for the
identification of the post-intervention distributions. We present the corresponding theory

as follows.

Lemma 5.3. [21, Theorem 5.3.] Consider the SDEs
dXt = a(Xt)dZt N X[) = Xo, (510)

dX; = a(X)dZ;, Xo= o, (5.11)

where Z is a p-dimensional Lévy process and Zisa p-dimensional Lévy process. Assume
that (5.10) and (5.11) have the same generator, that a : R? — R¥P and ¢ : R¥™1 — R are
Lipschitz and that the initial values have the same distribution. Then the post-intervention
distributions of doing X' := (XY in (5.10) and doing X' := ¢(XV) in (5.11) are

equal for any choice of ¢ and I.

A main task in the causality research community is to uncover the conditions under
which the post-intervention distributions are identifiable from the observational distribu-
tion. In the context of dynamic systems modelled in SDEs, similar conditions need to be
derived. Lemma 5.3 establishes that, for SDEs with a Lévy process as the driving noise,

the post-intervention distributions can be identifiable from the generator. Nevertheless,
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a gap remains between the observational distribution and the SDE generator’s identifi-
ability. This chapter aims to address this gap by providing conditions under which the

generator is identifiable from the observational distribution.

5.3 Main results

In this section, we present some prerequisites first, and then we present the main theoreti-
cal results of our study, which include the condition for the identifiability of generator that
is associated with the SDE (5.1) / SDE (5.2) from the distribution of the corresponding

solution process.

5.3.1 Prerequisites

We first show that both the SDE (5.1) and the SDE (5.2) satisfy the conditions stated in

Lemma 5.3.

Lemma 5.4. Both the SDE (5.1) and the SDE (5.2) can be expressed as the form of

(5.10), with Z being a p-dimensional Lévy process, and a : R* — RI*P being Lipschitz.

The proof of Lemma 5.4 can be found in Appendix C.1.1. This lemma suggests that
Lemma 5.3 applies to both the SDE (5.1) and the SDE (5.2), given that they meet
the specified conditions. Therefore, for either SDE, deriving the conditions that allow
for the generator to be identifiable from the observational distribution is sufficient. By
applying Lemma 5.3, when the intervention function ( is Lipschitz, the post-intervention

distributions can be identified from the observational distribution under these conditions.

We then address the identifiability condition of the generator £ defined by (5.6).

Proposition 5.3.1. Let £ and £ be generators of stochastic processes defined by the form of
the SDE (5.5) on CZ(R%), where £ is given by (5.6) and £ is given by the same expression,
with b(z) and &(x) substituted for b(z) and ¢(z). It then holds that the two generators
£ = £ if and only if b(x) = b(z) and c¢(x) = &(x) for all z € RY.

The proof of Proposition 5.3.1 can be found in Appendix C.1.2. This proposition states

that for stochastic processes defined by the SDE (5.5), the generator is identifiable from

functions associated with its coefficients: b(x) and c¢(z) = o(z) - o(z)".
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5.3.2 Conditions for identifying generators of linear SDE systems with

additive noise

Expressing the SDE (5.1) in the form given by (5.5) yields b(x) = Az and c¢(z) = GG''.
By defining b(x) = Az and é(x) = GG, it can be easily checked that b(z) = b(x)
and c(x) = &(z) for all € R? if and only if (4, GGT) = (A, GGT). Therefore, based on
Proposition 5.3.1, we define the identifiability of the generator of the SDE (5.1) as follows.

Definition 5.5 ((xg, 4, G)-identifiability). For ¢y € R% A € R¥4 and G € R¥™, the
generator of the SDE (5.1) is said to be identifiable from g, if for all A € R¥*? and all
~ IO d - o~

G € R with (A,GG") # (A,GG"), it holds that X (-;zo, A,G)' # X(-;x0, A, G).

In the following, we begin by introducing two lemmas that serve as the foundation for

deriving our main identifiability theorem.

Lemma 5.6. Forxzg € R4 A, A € R and G, G € R>™, let X; := X (t;x0, A, G), X; ==
X(t; o, A, G), then X(-;x0, A, G) 4 X (320, A, G) if and only if the mean E[X:] = E[f(t]
and the covariance E{(Xin—E[Xn) (X —E[X]) T} = E{(Xin—E[ X)) (X —E[X]) T}

for all0 <t < oo and 0 < h < .

The proof of Lemma 5.6 can be found in Appendix C.1.3. This lemma states that for
stochastic processes modelled by the SDE (5.1), the equality of the distribution of two
processes can be deconstructed as the equality of the mean and covariance of the state

variables at all time points. Calculation shows

E[X;] = e,
V(t,t+h) :=E{(Xern — E[Xe4n))(Xe — E[X)) T} (5.12)

=MV (1),

where V(t) := V(t,t). Please refer to the proof C.1.5 of Theorem 5.8 for the detailed
calculations. It can be easily checked that E[X;] follows the linear ordinary differential
equation (ODE)

m(t) = Am(t), m(0) =z, (5.13)

where m(t) denotes the first derivative of function m(t) with respect to time ¢. Similarly,

each column of the covariance V' (¢,¢ + h) also follows the linear ODE (5.13) but with a

X (20, A,G) = {X(t;20,A,G) : 0 <t < o0}
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different initial state: the corresponding column of V(¢). This observation allows us to
leverage not only the characteristics of the SDE (5.1), but also the established theories [28,
29] on identifiability analysis for the ODE (5.13), to derive the identifiability conditions
for the generator of the SDE (5.1).

We adopt the same setting as in [29], discussing the case where A has distinct eigenval-
ues. Because random matrix theory suggests that almost every A € R?*? has d distinct
eigenvalues with respect to the Lebesgue measure on R%*¢ [29]. And the Jordan decom-
position of such a matrix A follows a straightforward form which is helpful for deriving
the geometric interpretation of the proposed identifiability condition. The Jordan decom-

position can be expressed as A = QAQ ™!, where

Ji Ak, ifk=1,... K,

, k=K +1,...,K.

Q=[Q1]...|Qk] = [v1]...|vd],

Vk, ifk‘zl,...,Kl,
Qr = _
|:02]€*K1*1‘,U2k7K1 s lfk:K1+1,...,K,

where )\, is a real eigenvalue of A and vy, is the corresponding eigenvector of A\, for k =
1,...,Ky. For k= Ki+1,..., K, [vap—k,—1|v2k—K,] are the corresponding “eigenvectors”
of complex eigenvalues ay, £bgi. Inspired by [29, Definition 2.3., Lemma 2.3.], we establish

the following Lemma.

Lemma 5.7. Assuming A € R*? has d distinct eigenvalues, with Jordan decomposition
— -1 d 5 . N1 d s ;

A=QAQ". Letv; € R and ¥, := Q v; € R? forall j = 1,...,n withn > 2. We
define

?j’kERl, fork=1,..., Ky,

Wik =4 ) S

(’Yj,Qk*K1717’}/j,2k7K1) ER ) fO’l"k:Kl—Fl,...,K,
where 7; . denotes the k-th entry of ;. rank([y{|Av4]. .. |A v ] vl A, - AT, )) <
d if and only if there exists k € {1,..., K}, such that |w;| =0 for all j =1,...,n, where
|wj k| is the absolute value of wjy for k =1,..., Ky, and the Euclidean norm of w;, for

k=K +1,... K.
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The proof of Lemma 5.7 can be found in Appendix C.1.4. From a geometric perspec-

tive, v; can be decomposed into a linear combination of Q’s

- K
Vi = QY = D Qrwjk -

Let Ly, := span(Qy). According to [29, Theorem 2.2], each Ly, is an A-invariant subspace
of R?. Recall that a space L is called A-invariant, if for all v € L, Ay € L. We say L is
a proper subspace of R? if L ¢ R and L # RY. If lw;k| =0 (i.e., wjr =0 in R! or R?),
then v, does not contain any information from L. In this case, 7, is contained in an A-
invariant proper subspace of R? that excludes Ly, denoted as L_y,. It is worth emphasizing
that L_j;, C R%is indeed a proper subspace of R¢. This further implies that the trajectory
of the ODE (5.13) generated from initial state ~; is confined to L_j [28, Lemma 3.2].
Lemma 5.7 indicates that if rank([y;|A~4|... A% yq] ... ¥l A7, - - . |49, ]) < d then
all v, for j = 1,...,n are confined to an A-invariant proper subspace of R?, denoted as
L. Therefore, all trajectories of the ODE (5.13) generated from initial states 7; are also
confined to L. Furthermore, based on the identifiability conditions proposed in [28], the
ODE (5.13) is not identifiable from observational data collected in these trajectories. This
lemma provides an approach to interpreting our identifiability conditions from a geometric

perspective.
Now we are ready to present our main theorem.

Theorem 5.8. Let xg € RY be fired. Assuming that the matriz A in the SDE (5.1) has

d distinct eigenvalues. The generator of the SDE (5.1) is identifiable from xq if and only
if

rank([zg|Axo| . .. |AY  ao|H|AH | .. |AY T H | .. |Hg|AH4| ... |ATH]) =d,
(5.14)
where H := GGT', and H.; stands for the j-th column vector of matriz H, for all j =
1,---,d.

The proof of Theorem 5.8 can be found in Appendix C.1.5. The condition in Theorem
5.8 is both sufficient and necessary when the matrix A has distinct eigenvalues. It is worth
noting that almost every A € R%*9 has d distinct eigenvalues concerning the Lebesgue

measure on R4*?, Hence, this condition is both sufficient and necessary for almost every
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A in R¥*? However, in cases where A has repetitive eigenvalues, this condition is solely

sufficient and not necessary.

Remark. The identifiability condition stated in Theorem 5.8 is generic, that is, let
S :={(xo,A,G) € RA++dm - condition (5.14) is violated} ,

S has Lebesgue measure zero in R4+ +dm - Refer to Appendix C.2.2 for the detailed

proof.

From the geometric perspective, suppose matrix A has distinct eigenvalues, the gener-
ator of the SDE (5.1) is identifiable from &y when not all of the vectors: g, H.1,...,H.4
are confined to an A-invariant proper subspace of R%. A key finding is that when all
the vectors H.;, 7 = 1,...,d are confined to an A-invariant proper subspace L of R,
each column of the covariance matrix V(¢) in Equation (5.12) is also confined to L, for
all 0 < t < co. Thus, the identifiability of the generator of the SDE (5.1) can be fully
determined by xq and the system parameters (A, GG). Further details can be found in

the proof C.1.5 of Theorem 5.8.

By rearranging the matrix in (5.14), the identifiability condition can also be expressed

as

rank([xzo|Azo| . .. |4 xg|GGT|AGGT ... |ATIGGT]) = d. (5.15)
Based on the identifiability condition (5.15), we derive the following corollary.

Corollary 5.9. Let xg € R? be fived. Ifrank([G|AG|...|A"1G]) = d, then the generator
of the SDE (5.1) is identifiable from xg .

The proof of Corollary 5.9 can be found in Appendix C.1.6. This corollary indicates
that the generator of the SDE (5.1) is identifiable from any initial state o € R? when
the pair [4, G] is controllable (rank([G|AG]...|A"'G]) = d). Notably, this identifiability
condition is stricter than that proposed in Theorem 5.8, as it does not use the information

of xg.
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5.3.3 Conditions for identifying generators of linear SDE systems with

multiplicative noise

Expressing the SDE (5.2) in the form given by (5.5) yields b(x) = Az and o(x) =
[Giz|...|Gpx] € R>™ thus, ¢(x) = o(x)o(z)" = S, Grxza G} . By defining b(zx) =
Az and é(x) = 7, Grxax ' G, it can be easily checked that b(x) = b(z) and c(z) =
&(x) for all x € R? if and only if (4,3}~ , Grzx ' G]) = (A, X0, GreaxTG)) for all
x € R Let X(t;xo, A, {Gr}7,) denote the solution to the SDE (5.2), then based on
Proposition 5.3.1, we define the identifiability of the generator of the SDE (5.2) as follows.

Definition 5.10 ((xg, A, {G}2, )-identifiability). For g € R, A, G), € R¥4 for all k =
1,...,m, the generator of the SDE (5.2) is said to be identifiable from @, if for all A, G}, €
R4 there exists an @ € R?, such that (4,3 -, Grex'G]) # (A, 7, Grzx'G)), it
holds that X (+; o, 4, {Gx}T,) ;é X (20, A, {G}T,).

Based on Definition 5.10, we present the identifiability condition for the generator of
the SDE (5.2).
Theorem 5.11. Let &g € R? be fivred. The generator of the SDE (5.2) is identifiable
from xq if the following conditions are satisfied:
Al rank([zo|Axg| ... |A%  xg]) = d,
A2 rank([v]|Av|... [A@+TI-2)/2y]) = (42 + d)/2,
where A=A A+ -G, @Gy € Rde‘F, @ denotes Kronecker sum and ® denotes

Kronecker product, v is a d>-dimensional vector defined by v := vec(zox, ), where vec(M)

denotes the vectorization of matrix M.

The proof of Theorem 5.11 can be found in Appendix C.1.7. This condition is only suffi-
cient but not necessary. Specifically, condition A1l guarantees that matrix A is identifiable,
and once A is identifiable, condition A2 ensures that the identifiability of ;" , GkazazTG;—
holds for all 2 € R%.

Remark. The identifiability condition stated in Theorem 5.11 is generic, that is, let

S = {(mo, A, {Gr}iv,) € RI+HMHDE . either condition Al or A2 in Theorem 5.11 is violated} ,
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. 2
S has Lebesgue measure zero in R&t(m+1)d

. This signifies that the conditions are satisfied
for most of the combinations of xy, A and G}’s, except for those that lie in a set of
Lebesgue measure zero. The corresponding proposition and detailed proof can be found

in Appendix C.2.1.

Since obtaining an explicit solution for the SDE (5.2) is generally infeasible, we resort
to utilizing the first- and second-order moments of this SDE to derive the identifiability
conditions. Let m(t) := E[X;] and P(t) := E[X;X,'], it is known that these moments
satisfy ODE systems. Specifically, m(t) satisfies the ODE (5.13), while P(t) satisfies the
following ODE (cf. [147]):

P(t)= AP(t) + P()AT + 37, GxP(t)G] , P(0) = 2oz . (5.16)

An important trick to deal with the ODE (5.16) is to vectorize P(t), then it can be
expressed as:

vec(P(t)) = Avec(P(t)), vec(P(0))=wv, (5.17)

where A and v are defined in Theorem 5.11. In fact, the ODE (5.17) follows the same
mathematical structure as that of the ODE (5.13), which is known as homogeneous linear
ODEs. Thus, in addition to the inherent properties of the SDE (5.2), we also employ some
existing identifiability theories for homogeneous linear ODEs to establish the identifiability
condition for the generator of the SDE (5.2).

From the geometric perspective, condition Al indicates that the initial state xq is not
confined to an A-invariant proper subspace of R¢ [28, Lemma 3.1.]. And condition A2
implies that the vectorization of :L'oa:g is not confined to an A-invariant proper subspace
of W, with W c R*, and dim(W) = (d2 + d)/2, where dim(W) denotes the dimension

of the subspace W, that is the number of vectors in any basis for W. In particular, one

can construct a basis for W as follows:
{VGC(EH), VeC(Egl), VGC(EQQ), e ,VeC(Edd)} y

where E;; denotes a d x d matrix whose ij-th and ji-th elements are 1, and all other
elements are 0, for all 4,5 =1,...,d and 7 > j. Refer to the proof C.1.7 of Theorem 5.11

for more details.
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5.4 Simulations and examples

In order to assess the validity of the identifiability conditions established in Section 5.3, we
present the results of simulations. Specifically, we consider SDEs with system parameters
that either satisfy or violate the proposed identifiability conditions. We then apply the
maximum likelihood estimation (MLE) method to estimate the system parameters from
discrete observations sampled from the corresponding SDE. The accuracy of the resulting
parameter estimates serves as an indicator of the validity of the proposed identifiability

conditions.

Simulations. We conduct five sets of simulations, which include one identifiable
case and one unidentifiable case for the SDE (5.1), and one identifiable case and two
unidentifiable cases with either condition A1 or A2 in Theorem 5.11 unsatisfied for the
SDE (5.2). We set both the system dimension, d, and the Brownian motion dimension,
m, to 2. Details on the true underlying system parameters for the SDEs can be found in
Appendix C.3. We simulate observations from the true SDEs for each of the five cases
under investigation. Specifically, the simulations are carried out for different numbers of
trajectories (IV), with 50 equally-spaced observations sampled on each trajectory from the
time interval [0,1]. We employ the Euler-Maruyama (EM) method [148], a widely used

numerical scheme for simulating SDEs, to generate the observations.

Estimation. We use MLE [49, 149] to estimate the system parameters. The MLE
method requires knowledge of the transition probability density function (pdf) that gov-
erns the evolution of the system. For the specific case of the SDE (5.1), the transition
density follows a Gaussian distribution, which can be computed analytically based on the
system’s drift and diffusion coefficients (cf. [49]). To compute the covariance, we employ
the commonly used matrix fraction decomposition method [49, 150, 151]. However, in
general, the transition pdf of the SDE (5.2) cannot be obtained analytically due to the
lack of a closed-form solution. To address this issue, we implement the Euler-Maruyama
approach [148, 152], which has been shown to be effective in approximating the transition

pdf of SDEs.

Metric. We adopt the commonly used metric, mean squared error (MSE), to assess
the accuracy of parameter estimates. For each configuration, we conduct 100 indepen-

dent random replications and present the MSEs along with their variances to evaluate
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estimation reliability.

TABLE 5.1: Simulation results of the SDE (5.1)

Identifiable Unidentifiable
MSE-4 MSE-GGT MSE-A MSE-GG'

5 0.0117 £0.0115 5.28E-05 £ 4.39E-05 3.66 £0.10 0.05+£0.03
10  0.0063 £0.0061  2.39E-05 £ 1.82E-05 3.88+0.06 0.64 +0.59
20 0.0029 £0.0027 1.87E-05+1.51E-05 3.70£0.06 0.09 £0.07
50  0.0013 £0.0010 8.00E-06 &+ 5.68E-06 3.76 £0.07 0.11 £0.08
100  0.0007 +0.0004 4.34E-06 + 2.70E-06 3.66 £0.02 2.09 £1.98

Results analysis. Table 5.1 and Table 5.2 present the simulation results for the SDE
(5.1) and the SDE (5.2), respectively. In Table 5.1, the simulation results demonstrate
that in the identifiable case, as the number of trajectories N increases, the MSE for both
A and GG decreases and approaches zero. However, in the unidentifiable case, where
the identifiable condition (5.14) stated in Theorem 5.8 is not satisfied, the MSE for both
A and GG remains high regardless of the number of trajectories. These findings provide
strong empirical evidence supporting the validity of the identifiability condition proposed
in Theorem 5.8. The simulation results presented in Table 5.2 show that in the identifiable
case, the MSE for both A and Gsx decreases and approaches zero with the increase of
the number of trajectories N . Here, Gsx := Y ;- Grxx' G, where x is a randomly
generated vector from R? (in these simulations, = = [1.33,0.72] 7). Interestingly, even in
unidentifiable case 1, the MSE for both A and Gsx decreases with an increasing number
of trajectories N, indicating that the generator of the SDE utilized in this particular
case is still identifiable, although a larger number of trajectories is required compared
to the identifiable case to achieve the same level of accuracy. This result is reasonable,
because it aligns with our understanding that condition Al is only sufficient but not
necessary for identifying A, as the lack of an explicit solution for the SDE (5.2) results in
condition A1l not incorporating any information from (G}’s. The identifiability condition
derived for the SDE (5.1) in Theorem 5.8 leverages the information of G, similarly, if
information regarding Gy’s is available, a weaker condition for identifying A could be
obtained. For illustration, in Appendix C.5, we present such a condition assuming the
SDE (5.2) has a closed-form solution. In the case of unidentifiable case 2, the MSE for
A decreases with an increasing number of trajectories INV; however, the MSE for Gsx
remains high, indicating that A is identifiable, while Gsx is not, albeit requiring more
trajectories compared to the identifiable case to achieve the same level of accuracy of A

(since the Gszx is far away from its true underlying value). This finding is consistent with
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the derived identifiability condition, as condition Al is sufficient to identify A, whereas
condition A2 governs the identifiability of Gsax. Worth noting that in cases where neither
condition Al nor condition A2 is satisfied, the estimated parameters barely deviate from
their initial values, implying poor estimation of both A and Gsx. These results indicate

the validity of the identifiability condition stated in Theorem 5.11.

TABLE 5.2: Simulation results of the SDE (5.2)

Identifiable Unidentifiable
N casel: Al-False, A2-True case2: Al-True, A2-False
MSE-A MSE-Gsx MSE-A MSE-Gsx MSE-A MSE-Gsx
10  0.069 £0.061 0.3647 +0.3579 0.509 +£0.499 0.194 £0.140 2.562 +2.522 9763 + 8077
20  0.047+0.045 0.1769 £0.1694 0.195+0.180 0.088 +£0.058 0.967 +0.904 8353 £ 6839
50 0.018 £0.018 0.1703 +0.1621 0.1324+0.131 0.081 £0.045 0.423 £0.410 4779 4+ 4032
100  0.006 +0.006 0.0015 4 0.0012  0.065 + 0.065 0.068 +0.036 0.207 +£0.198 3569 + 3150
500 0.001 £0.001  0.0004 £ 0.0001  0.008 & 0.008 0.059 +0.004 0.046 +0.046 4490 + 3991

Illustrative instances of causal inference for linear SDEs (with interven-
tions). To illustrate how our proposed identifiability conditions can guarantee reliable
causal inference for linear SDEs, we present examples corresponding to both the SDE (5.1)
and the SDE (5.2). In these examples, we show that under our proposed identifiability
conditions, the post-intervention distributions are identifiable from their corresponding
observational distributions. Please refer to Appendix C.4.1 and C.4.2 for the details of

the examples.

5.5 Related work

Most current studies on the identifiability analysis of SDEs are based on the Gaussian
diffusion processes that conform to the form described in the SDE (5.1). In particular, the
authors of [40-42] have conducted research on the identifiability or asymptotic properties
of parameter estimators of Gaussian diffusions in view of continuous observations of one
trajectory, and have highlighted the need for the diffusion to be ergodic. A considerable
amount of effort has also been directed towards the identifiability analysis of Gaussian
diffusions, relying on the exact discrete models of the SDEs [43-45, 139, 153]. Typically,
these studies involve transferring the continuous-time system described in the SDE (5.1)
to a discrete-time model such as a vector autoregressive model, based on equally-spaced
observations sampled from one trajectory, and then attempting to determine conditions

under which (4,GGT) is identifiable from the parameters of the corresponding exact
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discrete models. These conditions often have requirements on eigenvalues of A among
other conditions, such as requiring the eigenvalues to have only negative real parts, or
the eigenvalues to be strictly real. Due to the limitation of the available observations
(continuous or discrete observations located on one trajectory of the SDE system), the

identifiability conditions proposed in these works are restrictive.

Causal modelling theories have been well-developed based on directed acyclic graphs
(DAGs), which do not explicitly incorporate a time component [112]. In recent years,
similar concepts of causality have been developed for dynamic systems operating in both
discrete and continuous time. Discrete-time models, such as autoregressive processes, can
be readily accommodated within the DAG-based framework [154, 155]. On the other hand,
differential equations offer a natural framework for understanding causality in dynamic
systems within the context of continuous-time processes [22, 93]. Consequently, consid-
erable effort has been devoted to establishing a theoretical connection between causality
and differential equations. In the deterministic case, Mooij et al. [18] and Rubenstein
et al. [19] have established a mathematical link between ODEs and structural causal
models (SCMs). Wang et al. [1] have proposed a method to infer the causal structure
of linear ODEs. Turning to the stochastic case, Boogers and Mooij have built a bridge
from random differential equations (RDEs) to SCMs [20], while Hansen and Sokol have
proposed a causal interpretation of SDEs by establishing a connection between SDEs and

SEMs [21].

5.6 Conclusion of chapter

In this chapter, we present an investigation into the identifiability of the generators of
linear SDEs under additive and multiplicative noise. Specifically, we derive the conditions
that are fully built on system parameters and the initial state @y, which enables the
identification of a linear SDE’s generator from the distribution of its solution process with
a given fixed initial state. We establish that, under the proposed conditions, the post-
intervention distribution is identifiable from the corresponding observational distribution

for any Lipschitz intervention (.

The main limitation of our work is that the practical verification of these identifiabil-

ity conditions poses a challenge, as the true underlying system parameters are typically
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unavailable in real-world applications. Nevertheless, our study contributes to the under-
standing of the intrinsic structure of linear SDEs. By offering valuable insights into the
identifiability aspects, our findings empower researchers and practitioners to employ mod-
els that satisfy the proposed conditions (e.g., through constrained parameter estimation)
to learn real-world data while ensuring identifiability. We believe the paramount signif-
icance of this work lies in providing a systematic and rigorous causal interpretation of
linear SDEs, which facilitates reliable causal inference for dynamic systems governed by
such equations. It is worth noting that in our simulations, we employed the MLE method
to estimate the system parameters. This necessitates the calculation of the transition pdf
from one state to the successive state at each discrete temporal increment. Consequently,
as the state dimension and Brownian motion dimension increase, the computational time
is inevitably significantly increased, rendering the process quite time-consuming. To expe-
dite parameter estimation for scenarios involving high dimensions, alternative estimation
approaches are required. The development of a more efficient parameter estimation ap-
proach remains an important task in the realm of SDEs, representing a promising direction

for our future research.



Chapter 6

Conclusion and Discussion

6.1 Summary of contributions

This thesis investigates fundamental identifiability problems in continuous-time causal
models, focusing on linear ODE and SDE systems under various observational settings.

The contributions span three complementary dimensions:

1. Identifiability of linear ODE systems from discrete observations. In Chap-
ter 3, we establish that a homogeneous linear ODE system is identifiable from a
single sequence of equally spaced observations, even when the initial condition is
unknown. We prove that under mild regularity conditions, the Nonlinear Least
Squares (NLS) estimator is consistent and asymptotically normal. These results
provide a rigorous statistical foundation for constructing confidence intervals and

performing hypothesis testing on causal structures.

2. Identifiability of linear ODE systems with hidden confounders. Chap-
ter 4 extends the analysis to settings where part of the dynamical system is unob-
served. We consider two classes of latent confounding: (i) independent latent vari-
ables evolving according to a known functional form, and (ii) dynamically evolving
latent states structured by a DAG. For both cases, we establish identifiability condi-
tions—sufficient, and in some instances also necessary—that guarantee partial/full
recovery of the causal mechanism from observed data. These results enable valid

causal inference even in the presence of latent confounders.

82
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3.

6.2

Generator identification for linear SDE systems. Chapter 5 addresses identi-
fiability in stochastic dynamics. For linear SDEs with additive noise, we prove that
the generator is generically identifiable under a structural condition on the drift and
diffusion matrices, which is both sufficient and necessary. For multiplicative noise,
we establish a generic sufficient identifiability condition. Both conditions ensure
that the infinitesimal generator—which determines all Lipschitz-continuous post-
intervention distributions—can be uniquely recovered from observational data. In

both cases, we provide geometric insights to aid interpretation and understanding.

Future directions

The results in this thesis open several promising directions for further research:

1.

Beyond linearity. Extending identifiability analysis to nonlinear ODE and SDE
systems remains an important challenge. Approaches such as local linearization,
Lie algebraic methods, or kernel-based representations may offer tractable paths

forward.

. Finite-sample and robust inference. The theoretical results in this thesis as-

sume idealized noise-free observations or asymptotic regimes. Bridging these with
robust finite-sample estimators that retain identifiability guarantees under bounded

noise or model misspecification is essential for real-world applications.

. Empirical validation and benchmarks. Developing benchmark datasets and

empirical protocols for validating identifiability conditions in scientific domains (e.g.,
systems biology, finance, climate science) will provide a testbed for assessing prac-

tical applicability.

. Causal discovery under SDE generators. In stochastic settings, identifiability

of the generator opens avenues for causal discovery frameworks that directly operate
on observational distributions. Leveraging recent developments in score-based or

generative modeling may prove fruitful.
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5. Interventional design and control. Building on identifiability, one can explore
how to optimally design interventions or control inputs to improve inference ef-
ficiency or disambiguate latent causal structure—especially in adaptive or online

settings.

6. Irregularly spaced discrete observations. In our analysis of identifiability for
linear ODE systems from discrete observations, we focused on the case of equally
spaced sampling from a single trajectory. While this setting is common in practice,
extending the results to irregularly spaced discrete observations would be valuable.
As noted in [94], irregular sampling can sometimes provide richer information about

the underlying dynamics.

7. Applications to real-world datasets. While this thesis has focused on theo-
retical results supported by simulation studies, an important next step is to apply
the proposed methods to suitable real-world datasets. Such applications would help
assess the empirical utility of the identifiability conditions and demonstrate their

relevance in scientific domains.

6.3 Concluding remarks

Reliable causal inference in continuous-time systems hinges critically on whether the un-
derlying dynamical model is uniquely recoverable from data. This thesis provides theo-
retical and statistical tools to address this challenge for linear ODE and SDE systems,

even in the presence of latent confounding and stochasticity.

By formalizing parameter-identifiability or generator-identifiability under various ob-
servational regimes, we offer a principled framework for causal reasoning and prediction
in time-dependent domains. We hope these results contribute to a deeper understand-
ing of causal mechanisms in dynamical systems, and serve as a foundation for future

methodological and applied research.
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Appendix of Chapter 3

A.1 Detailed proofs

In this appendix, we present the detailed proofs of all our lemmas, theorems and corol-

laries.

A.1.1 Proof of Lemma 3.2

Proof. For A, A, xy, x{, defined in Definition 3.1, if @y # x{, one sees that x(-;xo, A) #
x(; ), A), because x(0; xg, A) # x(0; x(, A’). Therefore, one only needs to consider the
case where xyp = x{, and A # A’. Under this circumstance, the Definition 3.1 and Lemma
3.2 are similar to [28, Definition 2.3, Theorem 2.5], with the only difference is that the
identifiability of ODE system (3.1) not only applies to a fixed initial condition ¢ but an
open set M? C R?. According to [28, Proof of Theorem 2.5], we can directly get the proof
for Lemma 3.2. O

A.1.2 Proof of Theorem 3.4

Proof. Let ®(t) denote the principal matrix solution of model (3.1), that is, ®(t) := e“?.
Let X4 denote the matrix (x4, Tgt1, ..., Tgrd—1) € R4 for ¢ = 1,2. As defined in the
statement of Theorem 3.4, we have d + 1 equally-spaced observations x; = x(t;; o, A),

with the ¢;’s denoting equally-spaced time points, for j = 1,...,d+1, we denote the equal
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time space as At := tj41 —tj, for all 5 = 1,...,d. According to the solution function

(3.3), one obtains

i1 =x(tjr1;20, A) = x(t; + At;x, A) = A2t A g = eAAt:c(tj; xo, A) = O(At)x;,

for all j =1,...,d. Therefore,
Xo=0(A1) X .

Then the proof can be broken down into three steps.

Step i: We show that X is invertible, thus ®(At) = XgXl_l.

Suppose that X1 = (1, xa, ..., xq) € R¥?is singular, that is, &1, 2, ..., 24 are linearly
dependent, then there exists a non-zero vector ¢ = [c1, ca, ..., ¢q] | # 0g4 satisfying X ¢ =
0,4, that is,

c1xy +caxo + -+ cqgrg = 0g,

where 04 denotes the d-dimensional zero vector. By plugging the solution of x; in the

above equation, one obtains that
Cl@Atl o 4 C2€AAteAt1 o e CdeA(d—l)AteAtl Ty = Od 7

which is

AN
b+

(e + c2e oo egedldT DAY AL g — 0 (A.1)

Under condition A2 stated in Theorem3.4, one gets the Jordan decomposition of param-
eter matrix A, denoting as A = QAQ ™!, with A = diag(\1, A2, ..., \q), a d-dimensional
diagonal matrix, where A1, Ag, ..., Aq are d distinct real eigenvalues of the parameter ma-

trix A. Then Equation (A.1) is equivalent to
Q(ClI + CQ@AAt 4o+ CdeA(dfl)At)eAhQ*le — Od )

Since matrix @ is invertible, by multiplying Q' in both hand sides of the equation, one
sees that

(e1] + 2™ o egeMd-DAY A =1, g
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which is
c1 + CQ@AlAt 4+ 4 cdeh(d—l)At
At1 H—1
€ lQ Lo = 0d7
1 + coeMBAt 4 o erald=DAL
Let
U; = etitt (Cl + Cge)‘iAt 4t cde)\i(dfl)At) 7

forall i =1,...,d and matrix U := diag(uq, ..., uq), Equation (A.1) is equivalent to

UQilil}o =04. (AQ)

We next show that if Equation (A.2) holds, then U is a zero matrix. Let

D VI /\tf—l
i 1 Ay - )\gfl
RV

Since, by condition A2, A is a square Vandermonde matrix with all the \;’s distinct, A is

invertible. Thus, for any ¢, there always exists a unique vector I = [l1, 1, .. ,ld]T e R?
such that -
u1
~ u9
l=A""1
_Ud_

That is I; + oA + ... + ld)\f_l =u,; for allt =1,...,d. Using the Jordan decomposition

form of A, we then have
lixg + lbAxg + -+ - + ldAdilw() = Q(llf + A+ -+ ldAdil)Qflilto = QUQilwo .
Thus, if Equation (A.2) holds, then we have

lixog + lgAxg + - - - + ldAd_liL'o =04. (A3)
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Under condition Al stated in Theorem 3.4, if Equation (A.3) holds, one obtains I = 04
since {xg, Axg, ..., A% txg} are linearly independent. Then u; = 0 for all 4 = 1,...,d

and U is a zero matrix, which means

A1 AL 4. A1(d-1)At _ 0

c1 + cee -+ cqe

Y

(A4)

c1 + CQBAdAt 4+ Cdex\d(d—l)At =0.

Equation (A.4) can be written in matrix form as:

1 e}th 62)\1At .. e(d*l))\lAt c1
1 e)\QAt 62/\2At e(d—l))\zAt o

=0g4,
1 eAdAt e?AdAt .. e(d—l)AdAt cd

where, by condition A2, the first matrix on the left-hand side is again an invertible square
Vandermonde matrix. This implies that ¢ = [c1,¢2,...,¢4]| = 04, which contradicts the
assumption (¢ # 04) made at the beginning of the proof. Therefore, one concludes that
X1 is invertible, and thus

D(AL) = X X'

Step ii: We prove that under conditions A1l and A2, there always exists a unique loga-

rithm of matrix ®(At)(= eA2), thus, A is identifiable from ®(At).

We first present a lemma we will use for our proof.

Lemma A.1. |28, Theorem 6.3] Let C be a real square matriz. Then there exists a unique
real solution Y to the equation C = €Y if and only if all the eigenvalues of C are positive

real and no Jordan block of C' belonging to any eigenvalue appears more than once.

The Jordan decomposition of eA2? is

e)th

eAAt —_ QeAAthl — Q L Q*l .

GAdAt
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Under condition A2, A1, \a, ..., \g are d distinct real values, therefore, eA2t has d distinct
positive real eigenvalues e’4t for all j = 1,2,...,d. Then by Lemma A.1, one obtains

ANt by taking logarithm of e4%¢, thus one obtains A.

Step iii: We show the initial condition xg is identifiable.

One sees that

det(eAt) = det(QeAthl) = det(Qfl)det(eAt)det(Q)
— det(Q ' Q)det(eM) = det(eM) = eXimi Mt £ 0,

for any ¢ > 0. Therefore, e? is nonsingular for any ¢ > 0. Since x; = e*' z, one obtains

that xg = e~ 4t ;.

Therefore, we have proved that both A and xy can be explicitly calculated by using
any d + 1 equally-spaced error-free observations, which means the ODE system (3.1) is

identifiable from these observations. O

A.1.3 Proof of Corollary 3.7

Proof. By definition of the aggregated observations in Definition 3.5, one sees that

Tj = (T(-1)k+1 + TG-1kt2 T X)) [k
= (eMo-vrtigy + eMi-Drt2py 4 - eAlikag) K (A.5)

— AtG—1k+1 (I + APt 4y GA(k_l)At)$0/k )

where At =t;11 —t;, forall j =1,...,n— 1, denotes the equal time space of the original

observations.

If we set the time of the aggregated observation Z; as the time of the first origi-
nal observation (that is, @(j_1)r41) of these k consecutive, non-overlapping observations.
Then according to Equation (A.5), one sees that the solution function of the aggregated

observations follows the structure of
i (t; &0, A) = Mg (A.6)

with
Ty = (I—{—eAAt 4t eA(k_l)At)mo/k and A= A.
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This implies that the aggregated observations follow a new ODE system as (3.1) but with

a different system parameter (&g, A). To see whether (:I:o,fl) are the true parameters
corresponding to the new ODE system, one has to prove the identifiability of the new

ODE system from the aggregated observations.

According to Theorem 3.4, one needs to prove {:Eo,flzfzo, . ,fld_lzi'o} are linearly
independent first, that is, proving {&g, AZo, ..., A7 1&g} are linearly independent. Let

1 =1,ls,...,1q)" be such that
Lo+ lbAZg + - + gAYy = 04, (A7)
we want to show that I = 04. If one sets
Bi= (I 48 4o ARDAY /L
then one sees &y = Bxgy. Taking Jordan decomposition of A in B, one obtains that
B= QI+ M 4o AE=DAN O

If one sets s; = 1 + Bt e (BEDAL for all j = 1,...,d, and denotes S as the

diagonal matrix with the jth element being s;, one obtains that
B=QSQ /k. (A.8)
Substituting &¢ in Equation (A.7) with Bxg, one obtains that
(W + 1A+ -+ 1A Y Bay = 0.
By further taking Jordan decomposition of A, one obtains that
QLI + oA+ - + A" Q' Bxy = 04.

By plugging B expressed in Equation (A.8) into the previous equation, and multiply Q!

in both-hand sides of the equation, one obtains that

(llf + LA+ + ldAdfl)SQile =0g,
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that is,

s1(lh + 1l + -+ ld)\gd—l))
Sd(ll + lgAd 4+ o4 ld)\((id_l))

According to the proof process of Theorem 3.4 in Appendix A.1.2, one obtains that

Sl(ll + A+ + ld)\il_l) =0,

(A.10)
sa(li +loAg+ -+ 123 =0.
Since s; > 0 for all j =1,...,d, the system of equations (A.10) is equivalent to
l1+l2)\1+"'+ld)\(1i_1 =0,
(A.11)

l1+l2)\d+--~+ldx\g_1:0.

Now Equation (A.11) can be written in matrix form as:

1o A2 a1 (]
1 oda A3 - A i

:0d7
1 A A3 AT |l

where, by condition A2, the first matrix on the left-hand side is an invertible square
Vandermonde matrix. This implies that I = 04. Therefore, {&g, A&y, ..., A% &y} are

linearly independent.

Obviously, the aggregated observations are equally-spaced, since
fj_t,_l - Ej = t1+jk - tl+(j71)k - kAt, (A12)

forall j =1,...,7—1. Under condition A2, /I(that is, A) has d distinct real eigenvalues,
and under condition A3, i > d. Therefore, by Theorem 3.4, one concludes that the new

ODE system is identifiable from aggregated observations with &g = (I + 4%t + ... +
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eAF=DAN) g /k and A = A. Since
T4 e o AR (] 4 A AB-DAY O
is invertible, one obtains that
2o = k(I + 2D 4 ... 4 AR-DAY)—15

and obviously,

A=A.

Therefore, the original ODE system with initial condition ¢y and parameter matrix A is

fully identifiable from the aggregated observations. O

A.1.4 Proof of Corollary 3.8

Proof. By Definition of the time-scaled observations in Definition 3.6, one sees that

T; =x; = x(tj; xo, A) = eAligy = Ak kg, (A.13)
By definition the time of the time-scaled observation x; is kt;. Therefore, according to
Equation A.13, one sees that the solution function of the time-scaled observations follows

the structure of

&(t; &0, A) = ey,

with &9 = @, and A = A/Ek. This implies that the time-scaled observations follow a

new ODE system as (3.1) but with a different system parameter (&g, A). To see whether

(Zo, A) are the true parameters corresponding to the new ODE system, one has to prove

the identifiability of the new ODE system from the time-scaled observations.

Obviously, {&g, A&y, ..., A% &g} = {mo, Axo/k,..., A% lxg/k%1} are linearly in-
dependent, since {xg, Axg,..., A% lxy} are linearly independent under condition Al.
Moreover, A has d distinct real eigenvalues since A has d distinct real eigenvalues under

condition A2.

Based on the generation rules of the time-scaled observations, one sees that the new

time-scaled observations are also equally-spaced. And under condition A3, n = n > d.
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Then by Theorem 3.4, one concludes that the new ODE system is identifiable from the

time-scaled observations, with g = xg and A=A k.

Since k # 0, simple calculation shows that
g = 5130, A= kzzl

Therefore, the original ODE system with initial condition &g and parameter matrix A is

fully identifiable from the time-scaled observations. O

A.1.5 Proof of Theorem 3.9

We first present two Lemmas we will use for our proof.

Lemma A.2. [82, Lemma 2.9] Suppose My, M,: R%» — R% for some finite integer
dy,d; > 1. If © is compact, M1(80) is continuous,

Py Gp =
M, (0) 2 M(0), asn — (A.14)

for all @ € ©, and there exist & > 0 and B,, = Op(1) such that for all 61,02 € O,
| Ma(81) — Mq(62) ll2 < B || 61 — 65 I3 (A15)

almost surely, then

sup || M, (8) — M1(8) |22 0, asn — oc.
6co

Lemma A.3. [156, Theorem 5.7 Let M, be random functions and let My be a fized

function of @ such that for every e >0

sup || My (0) — My(6) [[2= 0, (A.16)
0co

sup  Mi(0) > M;(0). (A.17)
6:d(6,0%)>¢

Then any sequence of estimators 0,, with

M,(8,) < M (6%) 4 0,(1) (A.18)
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converges in probability to 0*. d(0,0%) denotes the distance between 6 and 0*.

Proof. Recall that we have defined M (6) and M,,(€) in Equations (3.5) and (3.6), respec-

tively. Here, we set

o T A A 2 2 (A.19)
M(6) :=M(6) + E[|| € [|l5] = T/o I el — o |I3 dt + E] € 3] '

In order to prove the NLS estimator 0, % 0%, as n — oo, by Lemma A.3, we need to prove
that all three conditions (A.16), (A.17) and (A.18) are satisfied w.r.t M, (0) and M;(8).
Therefore, the proof can be broken down into three steps based on the proofs of each of
these three conditions. In the following, we will show that all these three conditions are

satisfied.
Step i: We prove that condition (A.16) in Lemma A.3 is satisfied based on Lemma A.2.

According to Lemma A.2, to prove the uniform convergence of M,,(0) to M;(0) in param-
eter space O, that is, condition (A.16), we first need to prove the point-wise convergence

of M, (0) to M;(0), that is, condition (A.14).

According to Equation (3.6), one sees that
1 n
M(6) = 3" [l wi — Mo |3

1.» n
= 3 ety — Mg | + Zu & 13 + ZJ@A g — M) .
i=1 et

(A.20)
Let n tend to infinity, one obtains that
1 A*t; At;
T =3 - i |
= (A.21)

n—oo nT

nol& T A%t At o T ATt Aty |2
= i — izt —eMigy 2= — - dt .
im 30 e ey — e [ [ et - e 13

i=1
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By weak law of large numbers, one sees that

*Z lei I3 = Ell € [13], as n— oo, (A.22)

where we set E[|| € ||3] := E|| € 3] = Z;l 03, foralli=1,...,n. Since

[ Ze gk —eAtixo)} =0,

then by Chebyshev’s inequality, for any € > 0, one has

* 2 " *
Ze?(eA ticcz;—eAtiwo)—O‘ > 8) < war <n Ze?(eA tiwz‘)—eAt"azo)> /e%. (A.23)
' i=1

2 n
p(
n

=1

2 n

ar<§ e (eMlixh —e Zwo) E var( x| eAtiazo))
n
i=1

(A.24)
At 4 A*t
nQZE {e] (4t — M) ) QZE | ei 31 e e — etiag 3],
by Cauchy-Schwarz inequality. Specifically,
” EA*tizca o eAti:I:() ||2: H eA*tiZL'S _ eA*timo + BA*tiQL'Q o eAti:IEo ||2
= || et (@g — o) + (M — e M)g |2
< | At — o) o + I (47 — Ao [ (A.25)
<l ol &g — o [l2 + || e — e |la]| 20 2
<l e gl — o llz+ ] e = e g | 2o |2,
~——
item 1 item 2 item 3 item 4
where || M ||z denotes the subordinate matrix norm induced by the norm | - [|2 of a
matrix M € R"™*" with
| Mw |2
| M [la=sup

veRrwzo ||V ll2

and || M || is the Frobenius norm of matrix M, with

| M ||r=
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where M;; is the ij-th entry of matrix M.

Under assumption A4, parameter space © is a compact subset of Rd+d2, therefore, ©
can be enclosed with a (d + d2)-dimensional box. We denote it as © C [—I,1]4t% with

0 <! < oo. Then we will analyse each of the four items in Equation (A.25).

item 1 = || 47t [[p = || A" — elati 4 elati o< | A"t — elati | | hat ||

< || A%t — Iti || p ellatillr ollA™ti—IatillF [ elati 7,

where I; denotes the d-dimensional identity matrix. Simple calculation shows that

| A* = Iy llp < VI+12xd+ 12 x (d2—d)=12d +2ld + d,

| Ig || p=Vd,

and

| ela || p= Ve x d = e'iV/d.

Since t; < T foralli=1,...,n and 0 < T < oo by condition A6, therefore, one obtains
that

item 1 = | e ||p < O, (A.26)

where 0 < C’, < 00 is a constant only depending on d. Similarly,

item 2 = || &} — x0 |2 < V/(20)2 x d = 21V4d, (A.27)
and
item 3 = || et — e ||p < || A*t; — At || ellAtillr ATt Atille
= || A* — A ||p tielAlrtillAT=Alrt:
where

|Allp<VEXxd=1d,
| A — A |p< /@202 x d2 = 21d,

therefore, by simple calculation one obtains that

item 3 = || e — M || < O, (A.28)
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with 0 < CY/ < 00, is a constant only depends on d. One sees that

item 4 = || zo o < VI2 x d=1Vd. (A.29)

Combining (A.26), (A.27), (A.28), (A.29) and (A.25), one sees that

[l e i — e [|l2 < Ca,

where 0 < Cy < oo is a constant only depends on d. Then (A.24) can be expressed as
2" 4 n
var (30 el (4w — ) ) < Sl 6 I3 4w — e [
i=1 i=1

d
<ACIE[| e |B)/n=4C3Y " o?/n.

=1

Therefore, (A.23) can be expressed as

402 d

2 n
P B T A%t % AL . > <
(nZel (e My —e i) — 0| > ¢ —Za — 0, as n — oo.
=1 7=1
That is
EZ e (eMtimh —eMizg) B0, asn — oo (A.30)

Combining (A.21), (A.22), (A.30) and (A.20), one obtains that

) 2 / At A |12 dt + B[] € 2], as n — oo (A.31)

By the definition of M;(0) in Equation (A.19), the right-hand side of (A.31) is M;(6),
that is,
M, (0) 2 M (0), as n — .

Now that we have proved that condition (A.14) in Lemma A.2 is satisfied. Next, we will
find a @ > 0 and a B, = O,(1) such that for all 81,0, € ©, condition (A.15) is met.
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For any 61 = (o1, A1), 02 = (T02, A2) € O,

| My, (01) — My (62) |2

1.7 1.7
EZ | y; — eMixgy |3 _EZ | y; — e™'ixgy |3
=1 =1

1 n
B ’nZ{H eMtliggr |3 — || eMfimgy |3 —2(e? iay + &) T (M imr — eMimgy)}
=1
1 n
<= | et [ 1| e o I3
=1

—2(eM i) T (eMtimy — eMizgy) — 2€] (eMixg — eAQtiwog)‘

1 n
< ﬁz {] Il eM@or [I5 — | €0z |13 |
i=1

+ ‘Q(GA*timS)T(eAlti$01 — €A2tim02)} + ‘262—(6141“$01 — €A2ti$02)’}

1 n
<=3l e mon — ey [l (I e won |2 + || e os |l2)
i=1

As H €A1t

+2 || e tiay |lo - || eMhimor — ez ]2 +2 || € |2 - izor — eN'iagy [|2}

n
:ﬁz | eMtimor — eMimoy ||z (|| e imon |2 + || e mon |2 +2 || i [l2 +2 || € [l2)-

i=1
(A.32)

Similar to the process of analysing || ez} — eAlizg ||2 in Equation (A.25), by some

calculation one obtains that

At Asg Aty

| eMtiag — e2liagy [|a < || e || p| zor — @02 |2 + || € e | gl oz [|2

<Cg || o1 — xo2 [l2 + CF' || A1 — Az ||r < max(Cy, Cg') (|| o1 — xo2 [l2 + || A1 — Az [|F)

where 0 < C’,, C!/' < oo are constants only depending on d. Since

(Il wor — @oz [l2 + || A1 — Az ||p)* < 2(|| o1 — @02 I3 + || A1 — Az [|7) = 2| 61— 02 |3,
one obtains that

| @01 — o2 fl2 + || A1 — A2 [F< V2 || 01 — 62 |2
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Therefore,

H eAltiCC()l — eAQtie’B()Q H2 S ﬁmax(Cél, Cél”) H 91 — 92 HQ . (A.33)

Then we analyse the second item in (A.32), some simple calculation shows that
e izor 2 < || e o] @or 2 < || €™ ||p]| @on [|l2 < CllVd. (A.34)
Similarly, one sees that
| ey 2, || e fiag |2 < ChIVd. (A.35)

Combining (A.33), (A.34), (A.35) and (A.32), one obtains that
1 - / u !
| Ma(02) ~ Ma(82) < > Vamax(Cl CF)ACKI +2 | € 1) [ 61— 2
i=1

20, X
<(Gr S el ) 1606 e,
=1

where Cy = max(v2max(C’},C%'),4C"ld) and 0 < Cy < oo is a constant that only

depends on d. If one sets
- 204
By, = 34‘72 H €; H27
i=1

one sees

| M (1) — M (62) [l2 < By || 01— 02 |2,

for all 81,05 € ©. Let
1 n
Fn = nzl H €; HQ,
1=

by Chebyshev’s inequality, one sees that
F, = Op(E[F,] + /var(Fy)),

where

n

1 n
BRI = | el | = 3 Bl el = Ell € |l = 0.

i=1
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because E|| € ||3] = Zgzl 0? < oo implies that E[|| € [|2] < co. And

1.7 1 n
var(Fy,) :var<nz || € ||2> = EZ’UGT(H € |2)
i=1 i=1
1 n
=— > {Ell e 3] - (Elll & [2)*} = 0(1),
i=1

therefore, one obtains F,, = Op(1), which implies B,, = Op(1). Thus, the condition (A.15)
is satisfied with o = 1. Since M;(@) is continuous w.r.t 8, and under assumption A4,

parameter space O is compact, therefore, by Lemma A.2, one sees that

sup || Mp(8) — My(0) |22 0, as n — oo,
0co

that is, the condition (A.16) in Lemma A.3 is satisfied.
Step ii: We show that condition (A.17) in Lemma A.3 is satisfied.

Recall that

1 T
Mi0) = 7 [ 1 e — Mg [ a4 B € 3.

when assumptions Al and A2 are satisfied with respect to 8*, according to Theorem 3.4,
the ODE system (3.1) is identifiable at 8* = (xj, A*) from any d + 1 equally-spaced
error-free observations, which implies the ODE system is also identifiable at 8* from the
corresponding trajectory at [0,7] , which further implies that M;(0) attains its unique
global minimum at 6*. Therefore, one sees that the condition (A.17) in Lemma A.3 is

satisfied.
Step iii: We show that condition (A.18) in Lemma A.3 is satisfied.

The definition of én, that is

0, = arg gleig M,(0),

implies that the condition (A.18) is satisfied.

Now that we have proved that all the three conditions in Lemma A.3 are satisfied,
therefore, one concludes that

0,2 0% asn— 0.



Appendix of Chapter 3 101

A.1.6 Proof of Corollary 3.10

Proof. The main task in this proof is to prove that the NLS parameter estimator 8 :=

(s%o,A) from aggregated observations is consistent to the true system parameters corre-

sponding to the new ODE system, that is, 0" = (588,121*). Once one has proved this
result, one can reach the conclusion in Corollary 3.10 by taking the function g(-) with

respect to 0 and é*, respectively.

In order to prove

~ %k

50", as i — o0,

Qv

base on Theorem 3.9, one needs to prove that the assumptions Al, A2 and A4-A6 are
satisfied with respect to the new ODE system, the new parameter 6" and the new error

terms & corresponding to the aggregated observations Y.

Under assumptions A1-A3, according to the proof of Corollary 3.7 in Appendix A.1.3,

one sees that assumptions A1-A2 are satisfied with respect to é*, where

0" = (25, A*) = (I + Bt o 4 AT DA o A% (A.36)
Since under assumption A4, © is compact, and according to the relationship between 0"
and 0* = (x}, A*) in Equation (A.36), one obtains that the new parameter space © is

compact.

Based on the generation rules of the aggregated observations, assumption A5 is satisfied
with the new error terms {€;} being independent and identically distributed random
vectors with mean zero and covariance matrix

2
94

~ 0'2
Z:Z/k:diag(?l,...,?).

By aggregated observations generation rules, assumption A6 is satisfied with #; =
t(i*l)k+l7 AtN = kAt and
T = ([n/k] = DKT/(n - 1),

where | -] stands for the floor function.
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Then by Theorem 3.9, one concludes that 0L é*, as n — oo.

By definition of 97~L in Corollary 3.10, that is

~ A

05, = g(0) := (k(I+ Ay efi(’“*l)ﬁt)*lz%o,A) ,
one obtains that
g(0") = (k(I + M2 4o ATB=DAN TLg J%) — (g5 A*) = 0"
By multivariate continuous mapping theorem, one concludes that
9(0) % 9(8"), as i — oo,

that is

A.1.7 Proof of Corollary 3.11

Proof. Similar to the proof of Corollary 3.10 in Appendix A.1.6, one first needs to prove
that the NLS parameter estimator é = (5:0, /:1) from time-scaled observations is consistent
to the true system parameters corresponding to the new ODE system, that is, 0" =
(5:8,!1*). Once one has proved this result, then the conclusion in Corollary 3.11 can be

reached by taking the function g(-) with respect to 0 and é*, respectively.

In order to prove

P B -
=0 , asn — o0,

D

base on Theorem 3.9, one needs to prove that the assumptions Al, A2 and A4-A6 are
satisfied with respect to the new ODE system, the new parameter 6" and the new error

terms & corresponding to the time-scaled observations Y.

Under assumptions A1-A3, according to the proof of Corollary 3.8 in Appendix A.1.4,

one sees that assumptions A1-A2 are satisfied with respect to é*, where

~ %

0 = (a5, A%) = (z}, A*/k). (A.37)
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Since under assumption A4, © is compact, and according to the relationship between 0"

and 0* = (x, A*) in Equation (A.37), one obtains that the new parameter space © is
compact.

Based on the generation rules of the time-scaled observations, assumption A5 is satis-

fied with the new error terms {€;} being the original error terms {¢;}.

Assumption A6 is satisfied with

t = kt; , AT = kAt, T = kT.

Then by Theorem 3.9, one concludes that é 2, é*, as n — oo.
By definition of 67 in Corollary 3.11, that is

0; = g(é) = (ii'o, k‘fi),

one obtains that

9(8") = (&}, kA*) = (x}, A*) = 6*.

By multivariate continuous mapping theorem, one concludes that

that is

A.1.8 Proof of Theorem 3.12

Proof. Recall that we have defined M,,(0) in Equation (3.6), one sees that M, () is twice
differentiable at @ € ©. Then by the mean value theorem, one obtains

VoM, (0,) = VoM, (6%) + V3M,(0)(0, — 6%), (A.38)
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where VoM, (6%) denotes the gradient of M, (8) with respect to 8 at 6%, and VZM,,(0*)
denotes the Hessian matrix of M, () with respect to 6 at %, and @ is in the line joining

0,, and 6*.

Since assumptions Al and A2 are satisfied with respect to 8* and assumptions A4-A6

hold, then by Theorem 3.9, one obtains that

0,20 asn— co.

Assumption A7 implies that 6., is an interior point of © as n — oo, and by definition,

0, = arg Inein M, (0),

therefore, one obtains that

VoM, (0,)=0.
Suppose that V%Mn(é) is nonsingular, by rearranging Equation (A.38), one obtains that
V(0 = 0%) = —{V§M(0)} ' VnVpMy(6").
By definition of 8 and the convergence of 6,, to 6%, one obtains that
020", asn— oo,
and according to the proof of Theorem 3.9 in Appendix A.1.5,

sup || My, () — M1(8) |22 0, as n — oo,
0c0O

one obtains that

ViM,(0) & VEM,(6%), as n — oo,

By the relationship between M;(6) and M (0) defined in Equation (A.19), one sees that
VoM (0%) = VgM(67),

therefore,

ViM,(0) & VEM(6%), as n — co.
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For the simplicity of notation, we set
H:=ViM(6*).
We will show that H is positive definite, thus invertible. In addition, if one shows that
—/nVeM,(0%) % N(0,V), asn — oo, (A.39)
then, based on the Slutsky’s theorem one obtains that
Vi, — 0L NO,HWVH™), asn— 0.

In the following, we will first prove —/nVgM,(0") converges in distribution to a normal

distribution, that is, (A.39), and calculate matrix V. Then we will calculate matrix H.

Step i: We prove that —/nVgM,,(0*) converges in distribution to a normal distribution,

and we calculate matrix V.

By definition of the system parameter 6, one sees that
2
0= (SCQ,A) = [ac(—)r,an,.. cyAldy .- ,add]T S Rd+d s

where ajj, is the jk-th entry of parameter matrix A, for all j,k =1,...,d.
Therefore, VoM, (0) € R4 with

S0~ 2 1

OM, ()" OM,(6)  OM,(0)  OM,(0)]"
5 } '

83:0 3&11 Y 8a1d B aadd

Recall that

1 n
M(0) = — 3 [l y; = ey [}, (A.40)
i=1

obviously, if one wants to calculate the partial derivative of M,, (@) with respect to ajj,
that is, M, (0)/da;, one needs to calculate de! /da,y, first. Suppose that matrix A has

d distinct eigenvalues A1, ..., Ag, and A has the Jordan decomposition A = QAQ ™!, where
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A = diag(A1,...,Aq). Then according to [157, 158], one obtains that

o eAt

Zj (t) = aajk

— Q{Q3' Q) UMIQ

here, for notational simplicity, we denote de‘tt/0ajy, as Z;i(t). The column vector Q;l
stands for the jth column of matrix Q' and the row vector Q. denotes the kth row of

matrix ). Let B o C denote the Hadamard product, with each element
(BoC)ij = (B)i(C)ij ,

where matrices B and C' are of the same dimension. U(t) has the form:

" e)\lt _ 6/\2t e)qt _ e)\dt
teM -
AL — A2 A1 — Ag
Aot At Aot Aat
(& — € (& — €
ut)=|___ ter2t e
Ao — A Ao — Mg
6)\dt _ e/\lt e)\dt _ e)\gt .
tend
L Ad— M1 Ad — A2 i

In the following, we will calculate VoM, (0). Simple calculation shows that

n

1.7 1
Mn(0) = ;Z | y; — eMizg 3= EZ(% — eMigg) T (y, — eMizg)
i=1 —

1 n
=D (vl y 2 (") Ty — ) Mo +ag () et}
=1

Then one obtains that

OM, ()

83@0

1 n
= Y2 Ty 2™ Te
1=1
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oM,(0) 12 0| y; — eMizg |3\ T 0eAt:
=—»T
dajr  n ; r{ ( et ) day }

1 n
- EZ Tri(—ymg — ysaq + 2 @ozg ) Z(ti)}
i=1

1 n
= EZ Tri{—2zoy, + 2zoxg ()"} Zji ()]
=1

1 n
= EZ{_Qy;ijk(ti)wo + 2:cg(eA“)Tij(ti)x0} .
=1

Therefore, one obtains that

OM,(8")  OM,(6)

1 n
= EZ{_Q@A YT (e tiah + €;) + 2(eM ) TeA i)
=1

2 A*t\T
= —52(6 ’L) €;,
=1
OM,(0%) OM,,(9) 1.n
D= =— —2(eMliah 4+ €) T 25 () + 2(xh) T (e )T 20 (1))
Gan ™ Ta oo~ m oo 2+ ) Zit)at + 2(a) () Zit)a)
:—*ZGZT Te(ti)®g
=1
where
aeAt
() = 5 = Q'{(Q");' QYo U (Q") 7,
JklA=A*

with Q*, U*(t) corresponding to the true parameter matrix A*. That is, the Jordan de-
composition of A* is A* = Q*A*(Q*)™!, where A* = diag(\},..., \;), with A}, A5, ..., A%
being the eigenvalues of A*, and under assumption A2, these eigenvalues are distinct real
values. Set V := lim, oo var(y/nVeM,(0)), then we will calculate V in the following.

By some calculation, one obtains that

{“ﬁaM“’)} —nvar ST

9z i—1

4 4
= nivaw “leit == () Tmet
1=

=1

4 rT
—>T/ (e Txe dt | asn — co.
0
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Recall that X is the covariance matrix of error terms €; for all i = 1, ..., n under Assump-

tion A5. Similarly, one obtains that

I

cov{ VoM (O) \/ﬁaMn(g*)} - OM(6) 8Mn(9*)] B nE[@Mn(G*)}}g{@Mn(O*)}

acc() 6ajk 63:0 8ajk aa:() aajk

3

9 n

A*tN\T T 7% *

(e) e, - ~ E €; ij(ti)wo]
i=1

n

= fZ(eA*t")TEZ;k(ti)wS

n-
=1
4 (T
—>T/ (€)' SZ5 (s dt, asn — oo,
0

and

. {\/ﬁaMn(O*) \/ﬁaMn(O*)} 4

by Oay J ~ n i G2 R k)
1=

4 T
-7 | 20 TSz 0w dt asn - oo,
If one denotes
R(6%,t) == SV2 (e 21 ()&, . Zig ()2, Zhg(t)2]) (A.41)

one sees that

T
V=4 / R(6*,t)TR(6*,t)/T dt € RU+E)x(d+d?) (A.42)
0

Now that we have calculated V, then we will prove that —/nVgM,,(0*) converges in

distribution to a normal distribution. We first present a Lemma we will use for our proof.
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Lemma A.4. [Lindeberg-Feller Central Limit Theorem| Suppose {wy;} is a triangular

array of p X 1 random vectors such that s, = Y 1 | wyi/n and
1 n
Vi, =— Zvar(wm) -V,
i
where V is positive definite. If for every e > 0,
R 5
- > Elll wai |3 (]| wi [2> ev/n)] =0, (A.43)
i=1

then
Vs, 5 N(0,V).

If one sets
Sy = —VgM,(0%),
W = 2[{(€A*ti)Tei}T7 ejzfl(ti)mé’ B Ez—'erd(ti)wS) y T 76;Z:l<d(ti)w8]—r )

where w,; € R4 then V in Equation (A.42) corresponds the V in Lemma A.4. Then
the proof of the asymptotic normality of —/nVgM,(0") can be broken down into two
tasks. Proving condition (A.43) is satisfied and proving variance matrix V is positive

definite.

To this end, we first prove the condition (A.43) is satisfied. Simple calculation show

that

d d
A*t\T T 7% *
[ wni 5= 41 () e |5 +4) Y {e] Zp.(ti)ag}® € (—o0,00),
7j=1 k=1

therefore, one obtains that
lim || wn |3 1(]| wi [2> ev/n) =0,
n—oo

almost surely. By calculation, one obtains that

Bl (e**) e 3] < Bl eV 7] e 3] =1l e |17 El] € |I3]

d
=[ et |F D oF < o0,
j=1
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and

El{e] Zj(t)at)’] = E[{Z;(t)@o} " eie) Zi(t) )
= {Z;(t)w5} " Eleie! 1 25, (t:) @)

* *1 T * *
={Z}(ti)zo} BZ5(ti)xg < oo
Therefore, E[|| wy; ||3] < co. Since
| wni [13 1(]] wni [l2> ev/n) < wai |3,
then by Lebesgue’s dominated convergence theorem, one obtains that
lim B[l wi |3 1(| wni 2> evn)] = E[lim || wyi |3 1(]| wi 2> ev/n)] = 0.
n— o0 n— 00

Now that we have proved that the condition (A.43) is satisfied, we will then prove V' is

positive definite. If one denotes
A* * * * * * *
“’/ (t) = (e t, le(t)wo, ceey Zld(t)xo’ ceey de(t)xo) y

then according to Equation (A.41) and Equation (A.42), one sees that

= ;/OT V(t)dt = ;/OT W(t)TSW(t) dt (A.44)

In the following, we will show that fOT V(t)dt € RAT)x(@+d) j5 positive definite. Let

¢ € R be such that

T
el (/0 V(t)dt) - € =0.

We want to show that & = 0. Since V (¢) is non-negative definitely for every ¢, this implies
that
gVHE=EW(H)TEW()E =0Vt

which further implies that W (¢)€ = 0 for all ¢. By differentiation, one sees that

Wm0 =0Vm=0,1,2,...,
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where W™ (t) denotes the mth deivative of W (). As we will see, the first d+ 1 equations
are sufficient to yield that & = 0. Recall that

o eAt

8ajk

k() =

)
A=A*

by denoting the first d components of & as £, and the (j, k)-component of the last d?

components of § as £; j, one obtains that

W(m)(o)£: (8(m)eA*t H(m+1) At . Hlm+1) At .w*)é
ot |y 0tmOan |ig gm0 0U004d g pgpe
DA™ DA™
= <(A*)m, prm T G . -x;;>g

m

— <(A*)m,Z(A*)m_lE11(A*)l lxa N 7Z(A*)m ZE d(A*)l 1 *>£
=1

=1

m d d
A 33 S B

=1 j=1k=1

(A.45)

where 2?21 a; = 0 for any sequence {a;,i € Z} denotes the empty sum, E; is a d x d

matrix with the jk-th entry being 1 and all the other entries being 0.
If one identifies the last d? elements of £ with a d x d matrix Z (the jk-th entry of =

being &, ;1,), then (A.45) becomes

(A7) + > (A2 (A g =0 Ym > 0.

Taking m = 0,1,...,d respectively, one obtains the following system of equations:

£,=0
A€, +E 2 =0,
(A*)Qfd +E-A'xi+ (AE) - x5 =0,

(A*)°8q + 2+ (A")%xf + (A*E) - A + ((A7)°2) 25 =0,

(A% + 3 (AT laf + (A'F) - (A 2af + -+ ((A)1E) 2 = 0.
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From the first equation, we have £; = 0. If one multiplies the second equation by A*

on the left and subtract it from the third equation, one obtains that

E-A'x;=0.
Similarly,
“I42)-theqn” — A* x (I +1)-th eqn” = Z- (A")'zh = 0.
As a result,
Z- (xf, Az, ..., (A*)d_lazz‘]) =0.
Since the matrix (mé, Arxg, ..., (A*)d_lmé) is invertible by assumption A2, one concludes

that = = 0, that is, the last d?> components of & are all zeros.

Therefore, we have proved that & = 0, which means, fOT V() dt is positive definite.
Thus, V is positive definite. Since V' is symmetric, V is also nonsingular. By Lemma A .4,
one concludes that

—/nVeM,(0%) % N(0,V), as n — oo,
where V' is defined in Equation (A.42).
Step ii: We calculate matrix H.

Recall that H = VM (0*), that is, the Hessian matrix of M (6) at 8*. And

1 T
M(6) = /0 | At — ety |2 dt

1

T
/ | et |3+ | Mo 3 —2(ah) T () T d
0

If one sets

h(zo, A) =] eMzo |3 —2(xf) " (e?) TeM o,

by taking derivative of h(xo, A) with respect to @ one obtains

Oh(ao, A)

— 2(€At)T€At$0 _ 2(6At)TeA*tmEk) ’
8.’,80
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by further taking derivative with respect to iL'El)— one obtains that
2
9 h(:l}o,A) _ (eAt)TeAt )
8:1208933—
Therefore,
2 * 2 T
TME) _TME) 2/ (A TeA  dt
Taking derivative of h(xo, A) with respect to aj; one obtains that
Oh(xo, A) Oh(zxg, A)\ T et
R
8ajk T{ ( 8eAt ) 8ajk}
aeAt
= Tr{(QeAtccowUT — QeA*tha:g)T}
8ajk
aeAt
=Tr [{2azoa:g(eAt)T — Z:BO(wS)T(eA*t)T}}
8ajk
86At 86At
=T 9 T/ AT -T 2 *\ T A\ T
r{ xg (e™) 8ajkw0 re 2(xy) (e ) aajk:co
DeAt 9t
= 2] (¢") 5~ 2ai) () g,
by further taking derivative with respect to wg— one obtains that
0?h(xg, A) DeAt DA\ T et
T=2ZBJ{(€M)T ( ) eAt}_Q(ma)T(eA t)Ti.
8ajk8az0 8ajk 8ajk 6ajk
Therefore,
O’M(6%)  0>M(6) 2 (T .
) - / (Z5 (0 e dt
Oajr0xy  0a;p0x |g—g T'Jo
Similarly,
d%h(xo, A) e\ T deAt d%eAt . d%eAt
— = §<> ——xo+ 2] (eM)T xo—2(x) (e ———a,
0ajr0apq Oapq) Oajy 0a;j0apq 0a;j0apq
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then by some calculation, one obtains that
O’M(6%)  0?M(6) 2 (T -
= = — Z (t)x] (D) axg dt .
If one denotes
5(9*7 t) = (eA*ta ZTl(t)xSa RS Zrd(t)wév SR Z;lkd(t)xg) ’ (A46)
one sees that
T
H=2 / S(0*,t)" S(6*,t)/T dt, (A.47)
0
and H € R(d+d)x(d+d*),
Rearranging V' in Equation (A.42), one obtains that
T
V=4 / S(0*,t)'28(0%,t)/T dt (A.48)
0

obviously, V' and H have similar forms. Therefore, by using the same way of proving V'

is positive definite, one can prove that H is positive definite. Since H is symmetric, H is

nonsingular.

Therefore, we have completed the proof and provided the explicit forms of both V' and

H. Moreover, we have shown that both V and H are positive definite and nonsingular. [

A.1.9 Proof of Corollary 3.13

Proof. According to the proof of Corollary 3.10 in Appendix A.1.6, one sees that assump-

tions A1, A2 and A4-A6 hold with respect to the new ODE system, the new parameter

6" and the new error terms &; corresponding to the aggregated observations Y.
Therefore, by Theorem 3.12, one obtains that

\/ﬁ(é—é*) 4 NO,H'VH™), as i — o0,

where

~ %

0" = (&5, A") = (I + eV 2+ 4 D2 g5 )k A7)

recall that we we have built the relationship between 6" and 6* in Corollary 3.7.
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Using the same way we calculate V' and H in the proof of Theorem 3.12 in Ap-

pendix A.1.8, one obtains that

T ~ % ~ % ~
V:4/ RO ,t)TR(O",t)/kT dt,
0

where R(6”,t) is defined in Equation (A.41), and T = (|n/k| — 1)kT/(n — 1). Note that,
one devides k in the formula of V, since the covariance matrix of the new error terms {&}

is ¥2/k based on the generation rules of the aggregated observations.

Similarly, one obtains that
H:2/ SO ,)"S(6,t)/T dt,
0

where $(8”,t) is defined in Equation (A.46), and T = (|n/k| — 1)kT/(n — 1).

Moreover, by using the same way we prove that both V and H are positive definite
and nonsingular in the proof of Theorem 3.12 in Appendix A.1.8, one obtains that both

V and H are positive definite and nonsingular.

The definition of éﬁ in Corollary 3.10, that is,

~ A~

0 = g(0) := (K(I + ™ 4 ... 4 AFDAY 15, 1)
shows that the function g(0) has the following form
9(0) = g(xo, A) = (k(I + e 4. 4 AEDA) Ty A)

By plugging 0 in, one obtains that

~ %

g(0") = (k(I + N2t 4o A DAY "L Ae) — (5 A7) = 67
Taking derivative of g(@) with respect to &y one obtains that

dg(0")  dg(6)

= (K{(IT+ M8 4o g A RDAYIT g, 70d)T e Rld+d)xd
—

d? entries
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Since

8k([ + eAA: 4+t eA(k—l)At)_lmo

Japg

(I + 2Bt 4 ... 4 A=A

Oapq

= — k(I + e 4o g ARTDAN2 17 (AN + -+ Zp{(k — 1) Ao,

— _ k([+ eAAt + . + eA(k—l)At>—2 $0

one obtains that

dg(8") ~ 09(0)
Dayq Dayg 0=0"
=[ = k{(I+ e A o M ETDAN 27 (A 4+ Z5 { (= DA T

]T

0,...,0,1,0,...,0
d? entries

ER(d+d2) x1

where 1 in the last d? entries corresponds to the pg-th entry, where p,q =1,...,d.

Therefore, the gradient of g(8) with respect to 6 at 6" is

G:=Vg(8)

dxj ' a7 darg 7 Oagg

By the multivariate Delta method, one obtains that
Vi{g(®) — g(87)} 5 N(O,GHTVAT'GT), as 7 — oo,

which is

V(0 — 6%) 4 N(O,GH'VH™'GT), as 2 — c0.

A.1.10 Proof of Corollary 3.14

Proof. According to the proof of Corollary 3.11 in Appendix A.1.7, one sees that assump-
tions Al, A2 and A4-A6 hold with respect to the new ODE system, the new parameter

6" and the new error terms €; corresponding to the time-scaled observations Y.
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Therefore, by Theorem 3.12, one obtains that

where

6" = (25, A*) = (x5, A" /k)
recall that we we have built the relationship between 6" and 6* in Corollary 3.8.

Using the same way we calculate V' and H in the proof of Theorem 3.12 in Ap-

pendix A.1.8, one obtains that

KT .
V=4 RO ,t)TR(67,t)/(KT) dt,
0

where R(6",t) is defined in Equation (A.41).

Similarly, one obtains that

~ kT ~ % ~ %
H=2 SO ,1)"S(0°,t)/(kT)dt,
0

where S(0°,1) is defined in Equation (A.46).

Moreover, by using the same way we prove that both V and H are positive definite
and nonsingular in the proof of Theorem 3.12 in Appendix A.1.8, one obtains that both

V and H are positive definite and nonsingular.

The definition of 973 in Corollary 3.11, that is,
b1 := 9(8) := (a0, kA),
shows that the function g(€) has the following form
9(8) = g(xo, A) = (w0, kA) .
By plugging 6 in, one obtains that

~ %

9(6") = (@5, kA") = (x5, A") = 0"
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Following the same way we calculate the gradient of g(@) with respect to 6 at 6" in

the proof of Corollary 3.13 in Appendix A.1.9, one obtains that

_[d 0, 0 --- Od_
. 0g(0")  g(6) O k00 o
G:=Vyg(0)= 50 = 58 9:9*: OdT 0 k 0| e RU+&)x(d+d)
0
0, 0 0 k |

By the multivariate Delta method, one obtains that
Vii{g(8) — g(6")} S NO,GH'WWH'GT), as 7t — oo,

which is

Vi(0; — %) LN N(O,GH'WH'GT), as v — 0.
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Appendix of Chapter 4

B.1 Notations and proposed identifiability conditions

TABLE B.1: Summary of proposed identifiability conditions

ODEs Conds. # Traj. Obs. Def./Thm. Necessity
Eq.(4.2)+(4.4) Al 1 continuous 3.1 Yes
Eq.(4.3) latent DAG, B1 1 continuous 4.1 Yes
Eq.(4.3) latent DAG, C1 1 discrete 4.2 Yes
Eq.(4.3) latent DAG, B2, B3, B4 P continuous 4.3 No
Eq.(4.3) latent DAG, C2, B3, B4 P discrete 4.4 No

B.2 Real world examples

In this section, we present two real-world examples that correspond to the ODE models
(4.2) and (4.3). These examples initially assume fully observable systems, with latent

variables introduced by us based on prior experience or established physical laws.

B.2.1 Damped harmonic oscillators model

Consider a one-dimensional system comprising D point masses m; for i = 1,..., D with
positions @Q;(t) € R and momenta P;(t) € R. These masses are interconnected by springs

characterized by spring constants k; and equilibrium lengths /;, and each mass is subject

119
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TABLE B.2: Summary of notations

Notation Description

x/z observable/latent variables

xi/zi the i-th observable/latent variable
t time

t; the j-th time point

j
x(t)/z(t) state of observable/latent variable at time ¢

x; x(t;), observable state at time t;

xo/ 20 initial condition of observable/latent variable

x(t) first derivative of x(t) w.r.t. time ¢

d dimension of observable variables

P dimension of latent variables

A, B,G constant parameter matrices defined in Eq.(4.2) and (4.3)

ft) Function of time ¢ defined in Eq.(4.2)

Vg, constant parameter vector defined in Eq.(4.4)

{vi}o all the vy’s for k =0,...,r

0 = (o, 20, 4, B,{vi}{), the system parameter of ODE system (4.2)
B a vector defined in Thm.4.4 A1l

y(t) augmented state

Yo initial condition of augmented variable

n = (xo, 20, A, B, G), the system parameter of ODE system (4.3)
vy a vector defined in Thm.4.6 B1

z) given initial condition of latent variable

z5 the i-th given initial condition of latent variable

n; := (0, 28, A, B, G), the system parameter of ODE system (4.3)
Yi a vector defined in Thm 4.10 B2

Tij = x(t;;m;), observable state of ODE system (4.3) with parameter n, at time ¢;
Yij augmented state of x;; at time ¢,

A’ xj,... the alternative counterpart corresponding to A, o, . ..

to friction with coefficient b;. The system’s boundary conditions are fixed at Q(t) = 0

and QD—i—l (t) = L.

The dynamics of this system are described by the following linear ODE system [18]:

Pi(t) = ki(Qit1(t) — Qi(t) = 1i) — ki—1(Qi(t) — Qi—1(t) — Lim1) — b Py(t) /my
Qi(t) = Pi(t)/m;

(B.1)

where Qo(t) = 0 and @Qp41(t) = L represent the fixed boundary conditions. External
forces F)j(t) (e.g., wind force or a varying magnetic field) may influence the entire system

of coupled oscillators. These external forces can be modeled here as latent variables with
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constant derivatives. Consequently, the system can be reformulated as follows:
Bit) = ki(Qipa(t) — Qi(t) — 1) — ki1 (Qi(t) — Qi1(t) — Lim1) — biPi(t) /mi + Y _ o Fy (1)
J

Qi(t) = Pi(t)/m;
E(t) = ¢

(B.2)

where «;; is a constant determining the effect of the external force Fj(t) on the i-th
mass, and ¢; is the constant rate of change of the external force F}j(t). This model aligns

with our ODE system (2), and an illustrative causal structure for this model is provided

M
Pl PZ P3

Q1 Q2 Qs

FIGURE B.1: Example causal structure of the damped harmonic oscillators model with
3 oscillators and 2 latent variables.

in Figure B.1.

In regions with predictable wind patterns, such as during monsoon seasons or in con-
trolled experimental settings, wind force can be approximated with a constant rate, mak-
ing this an ideal context for modeling external forces with constant derivatives. Further-
more, constant forces or those represented as polynomial functions of time align well with
our ODE system structure. For instance, a uniform magnetic field acting on the system
would produce a constant force. These examples demonstrate that various latent factors

can effectively fit within our ODE structure.
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B.2.2 Population model
The growth of a population P(t) can be described by a linear ODE [76]:
P(t) = aP(t),

where a is a constant representing the population growth rate. This system may also
be influenced by latent variables L;, such as environmental factors or food supply. By

incorporating these latent influences, the system can be expressed as:

where a,b,c,l and m are constants. Here, L;(t) represents the food supply, which is
influenced by the environmental factor Lo(t). Lo(t) corresponds to an environmental
factor, such as temperature or pollution level, that changes steadily over time. This
model aligns well with our ODE system (3), and an illustrative causal structure for this

model is provided in Figure B.2.

C
FiGure B.2: Causal structure of the population model.

An example of an environmental factor changing at a constant rate is pollution from
an industrial plant that continuously releases a fixed amount of pollutants, or from a
wastewater treatment plant that discharges a specified amount of treated wastewater into

a river on an hourly basis.
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B.3 An example of an unidentifiable case of the linear ODE
system (4.3)

Recall that the parameters of the ODE system (4.3) are:

1 1 11 01
o = 7Z0_ 7B: ,G: ;
1 1 11 0 0
10 ~ o A B |4 B
A= . A= . M= . M =
01 10 0 G 0 G

We first calculate the solution of z(t),

z(t) = ez
>~ GFz 1 Gkz 1+t
— tk — Z ke —
k! k!
k=0 k=0 1

We intervene x;(t) = 1, then under matrix M:

To(t) = xo(t) + 21(t) + 22(1)

:ZL‘Q(t)—i-t—l—?.

To solve this differential equation, we rewrite it in the standard linear form and multiply

both sides by the integrating factor e~¢,
e tig(t) — e taa(t) = (t+2)et.
The left-hand side of this equation is the derivative of e twy(t):

d

$(e_ta:2(t)) = (t+2)e .

Next, integrate both sides w.r.t. ¢:

a
/ e (1))t = / (t+2)e"dt.
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The left-hand side integrates to:

e taa(t).

Next, we use integration by parts to find the integral on the right-hand side:

/(t +2)etdt = —(t +2)e " — / —e tdt
= —(t4+2)et—et

=—(t+3)e".

Thus:
e tog(t) = —(t+3)e T+ C,

where C' is the constant of the integration.

Multiplying both sides by e’ to solve for z(t):

To(t) = —t — 3+ Cet.

Now, use the initial condition x2(0) = 1, we get

Therefore,

Whereas under matrix M’:

i‘g(t) = (t) + Zl(t) + Zz(t)

=t+3.

Simple calculations show that

xo(t) =t2/2 43t + 1.
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B.4 Detailed proofs

B.4.1 Proof of Theorem 4.4

Proof. Recall that the first derivative of (¢) can be expressed as:

(t) = Az(t) + Bz(t)

Set

we see that y(t) € R¥7+2 and the first derivative of y(t) w.r.t. time ¢ can be expressed

as

(r+ 1)t"
04 0
Cos 1
04 0
04 0

r B’Uk
= Am(t) + ) mt’““ + Bzg.
k=0

A BZO B’UO

[\

o o O

denoted as F'
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where 04 denotes a d dimensional zero row vector. Obviously,
y(0) = [2§,1,0,0,...,0] ",

we denote it as y,. Therefore, y(t) follows a homogeneous linear ODE system that can

be expressed as:

y(t) = Fy(t),

y(0) =yo,

(B.3)

where F € RUEFT+2)x(d+7+2)  Worth noting that all state variables in the ODE system
(B.3) are observable. Then according to Lemma 4.2, the identifiability of the dynamical
system described by the ODE system (B.3) is contingent upon the linear independence of
the vectors {y,, Fyo, F2y, . .., F" 1y, }. Specifically, the system is (y,, F)-identifiable
if and only if this set of vectors is linearly independent, indicating that the matrix formed
by these vectors, denoted by H, has a rank of d+r+ 2. In the following, we will elucidate
that if and only assumption A1 is satisfied, the rank of this matrix H equals d + r + 2.

Some calculations show that,

AR (Amg + Bzg) + Y.5—¢ jlAF=*I By,
0

Fry, = N fork=1,2,....,r+1, (B.4)

where k! is the (d + k + 1)-th element.
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And
[ AB= (42 (A2 4 AT Bz + 3 j1A" 7 Bo;)]
. 0
Fiy, = _ fork=r+2,...,r+d+1.
L O -
(B.5)
According to assumption A1 in Theorem 4.4,
r .
B=A"zy+ A" Bzg+ > jlA"I Bu;,
j=0
therefore, F' kyo can also be expressed as
_Akf(r+2)16_
f 0
Ffy, = _ fork=r+2,...,r+d+1. (B.6)
- O -
We denote the matrix
H:= [yO FyO F2y0 o Fr+1y0 Fr+2y0 o Fd+r+1y0
Hy1 Hio

Hy1  Hao



Appendix of Chapter 4 128

as a block matrix. Then, based on Equations (B.4) and (B.6), one obtains that

Hy; = [a:o Axg+ Bzy A%xg+ ABzo+ Bvg ... A™Tlxg+ A"Bzg+ E;;éj!Ar_l_ijj]

c Rdx (T+2) ’

His = [,8 AB ... Adlg

ERdXd
100 ... 0 |
01 0 ... 0
Hy=10 0 2! ... 0 € R +2)x(r+2)
00 0 ... (r+1)]

Hyo = 0(12)x4 € RO+2)xd

Some calculations show that
rank(H) = rank(Hi2) + rank(Hoy) .

It is apparent that
rank(Ho1) =7+ 2.

To achieve rank(H) = d + r + 2, the rank of Hjs must be d. The rank of Hjs equals
d if and only if the set of vectors {3, AR, ..., A% 13} is linearly independent, that is,

assumption A1l is satisfied.

Now that we have proved that the ODE system (B.3) is (y,, F')-identifiable if and only
if assumption A1 is satisfied. That is, under assumption A1, the trajectory y(-;yg, F)
uniquely determines both y, and matrix F'. Consequently, it also uniquely determines
(xo, A, Bz, Bvy, ..., Bv,), thus establishing that the ODE system (4.2) is 8-identifiable
if and only if assumption A1 is satisfied. O



Appendix of Chapter 4

129

B.4.2 Proof of Theorem 4.6

Proof. Recall that the first derivative of (¢) can be expressed as:

Set

(t) = Az(t) + Bz(t)

p—1
Ax(t) +
k=0
x(t)
1
t
y(t) = 2
1

BGkZ()
k!

th

we see that y(t) € R¥P, and the first derivative of y(t) w.r.t. time ¢ can be expressed as

(p— )P

0g
0g
0g

0q4

0
1
0

A BZQ BGZQ

BG?zg
2!

o o O

0

BGP~2z,  BGP~lz |
(p—2)! (p—1)!
0 0
0 0
0 0
p—1 0

denoted as F'

where 04 denotes a d dimensional zero row vector. Obviously,

y(0) = [z,1,0,0,...,0] ",
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we denote it as y,. Therefore, y(t) follows a homogeneous linear ODE system that can

be expressed as:

y(t) = Fy(t),

y(0) =y,

(B.7)

where F' € R(@P)x(d+P)  Worth noting that all state variables in the ODE system (B.7)
are observable. Then according to Lemma 4.2, the identifiability of the dynamical system
described by the ODE system (B.7) is contingent upon the linear independence of the
vectors {yo, Fyo, F2y, - .., F4TP~1y,}. Specifically, the system is (y,, F)-identifiable if
and only if this set of vectors is linearly independent, indicating that the matrix formed
by these vectors, denoted by H, has a rank of d 4+ p. In the following, we will elucidate

that if and only assumption B1 is satisfied, the rank of this matrix H equals d + p.

Some calculations show that,

Akgy + 3V AR BGIz
0

Fry, = N fork=1,2,....,p—1, (B.8)

where k! is the (d + k + 1)-th element.

And

[ AB=P (AP + Y075 AP I BGY z)

0
Fry, = . fork=p,p+1,...,p+d—1. (B.9)
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According to assumption B1 in Theorem 4.4,

p—1
v =A@y + > APTIBGI 2,
j=0
therefore, F' kyo can also be expressed as
Ak—P~
& 0
Ffy, = ' fork=p,p+1,....,p+d—1. (B.10)
- 0 -
We denote the matrix
H:=lyy, Fyy, F’y, ... F'ly, FPy, ... Fp+d_1y0]
| Hu Hi
Hy  Hyo

as a block matrix. Then, based on Equations (B.8) and (B.10), one obtains that

H11: |:$0 Axy+ Bz A2$0+ABZ0—|—BGZ0 Ap_1$0+2?;(2]Ap_2_jBGjZ0i|
e R>P
His = [’y Avy .. Adly
ERdXd,
100 ... o0 |
01 0 ... 0
Hyy =10 0 21 ... 0 € RP*P
000 ... (p—1)

Hyy = 0p><d € Rde .

Some calculations show that

rank(H ) = rank(Hj2) + rank(Hy;) .
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It is apparent that
rank(Hg1) =p.

To achieve rank(H) = d + p, the rank of Hjo must be d. The rank of His equals d if and
only if the set of vectors {7, Av,..., A% !4} is linearly independent, that is, assumption
B1 is satisfied.

Now that we have proved that the ODE system (B.7) is (y, F')-identifiable if and only
if assumption B1 is satisfied. That is, under assumption B1, the trajectory y(-;yg, F)
uniquely determines both y, and the matrix F. Consequently, it also uniquely deter-
mines (xg, A, Bzo, BGzg, ..., BGP~'2;), thus establishing that the ODE system (4.3) is

n-identifiable if and only if assumption B1 is satisfied. O

B.4.3 Proof of Theorem 4.8

Before providing the main proof, we first present two lemmas we will use for our proof.

Lemma B.1. [28, Theorem 3.4] The ODE system (4.1) is (xo, A)-identifiable if and only

if the trajectory (-;xg, A) is not confined to a proper subspace of RY.

Lemma B.2. [28, Lemma 6.1] Trajectory x(-;xo, A) is not confined to a proper sub-
space of R% if and only if there exists t1,ta,...,tq such that @1, @o,...,xq are linearly

independent.

Proof. In the proof of Theorem 4.6, we demonstrated that the ODE system (4.3), un-
der latent DAG assumption, can be transformed into a fully observable homogeneous
linear ODE system (B.7). According to Lemma B.1, the ODE system (B.7) is (yq, F)-
identifiable if and only if trajectory y(-;yg, F') is not confined to a proper subspace of
R¥P. Furthermore, based on Lemma B.2, this condition holds if and only if there exists
time points #1,t2, ..., t4+p such that the vectors y;,ys, ..., Y4, are linearly independent
(i.e., assumption C1). Therefore, if and only if assumption C1 is satisfied, the trajectory
y(; Yo, F') is not confined to a proper subspace of R P ensuring that the ODE system
(B.7) is (yg, F')-identifiable. Consequently, the ODE system (4.3) is n-identifiable. O
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B.4.4 Proof of Theorem 4.10

Proof. Under assumption B2, since each zf‘)i satisfies assumption B1, Theorem 4.6 implies

that the ODE system (4.3) is n;-identifiable for all ¢ = 1,...,p. That is, one can identify
(xo, A, Bzai, BGzE")i, ce BG‘”*lzai)

foralli=1,...,p.
Next, we will prove that matrix B is identifiable under assumption B3.

Define the matrix

S = [Bz;;l Bz ... Bz;ﬂ ;
we know that S € R¥™P, and S is identifiable. The matrix S can also be expressed as:
S=2B [zz‘)l 252 L. zgp}
.= BZ,

where under assumption B3, the matrix Z is invertible. Therefore,
B=Sz7"1'.

Since Z is a known matrix, B is identifiable.
Similarly, we can prove that BGY for j = 1,...,p — 1 is also identifiable.
We now show that, under assumption B4, the matrix G is identifiable.

Define the matrix

BG

BGP1

we know that W € R%*P_and W is identifiable.
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Since G is a p X p nilpotent matrix, GP = 0, thus BG? = 0 . If we define the matrix

BG
BG?

BGP

then V € R%*P_and V is identifiable. The matrix V can also be expressed as:

B

BG
v=| = |e=wa. (B.11)

BGr—1

Under assumption B4, one can find p linearly independent rows in matrix W. Denote the
matrix composed of these p linearly independent rows as W), which is invertible. Denote

the matrix composed of the corresponding p rows of V' as V},, we have

V, =W,G.
Since W), is invertible, then
G=W,V,.
Because both V}, and W), are identifiable, G is also identifiable. O
B.4.5 Proof of Theorem 4.12
Proof. Under assumption C2, for each i € {1,...,p}, the corresponding observations

satisfy assumption C1. Based on Theorem 4.8, the ODE system (4.3) is n;-identifiable

for all i =1,...,p. This implies that one can identify
(xo, A, Bz, BGz, ..., BGP~ 25

foralli=1,...,p.

According to the proof of Theorem 4.10, under assumptions B3 and B4, matrices B
and G are also identifiable. ]
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B.5 Identifiability conditions of the linear ODE system (4.2)
with other f(t)

In this section, we provide identifiability conditions for the linear ODE system (4.2) with
f(t) = ve! and f(t) = vysin(t) + vacos(t). For notational simplicity, we slightly abuse

notation by using the same symbols as in Section 4.3.

B.5.1 When f(t) follows an exponenial function of time ¢
We define f(t) in the ODE system (4.2) as:
f(t)=ve', veERP.
Simple calculations show that
z2(t) =vel + 20 —v.
Thus,

i(t) = Ax(t) + Bz(t) (B.12)
= Az(t) + Bve! + Bzy — Bv.

We denote the unknown parameters of the ODE system (4.2) with this f(t) as 0,
specifically, @ := (xo, 20, A, B,v). Let [T (t;0),27(t;0)]7 denote the solution of the
ODE system (4.2). It is important to note that under our hidden variables setting, only
x(t; @) is observable. Based on Equation (B.12), we present the following identifiability

definition.

Definition B.3. For ¢y € R%, 25 € RP, A € R¥™4 B € R¥P and v € RP, for all = €
R, all z) € RP, all A/ € R4 all B’ € RYP, and all v' € RP, we denote ' :=
(x, 24, A, B',v'), we say the ODE system (4.2) is @-identifiable: if (zo, A, Bzo, Bv) #
(x, A', B'z(;, B'v'), it holds that x(;0) # z(-;6’).

According to Definition B.3, if the ODE system (4.2) with an exponential f(¢) is

O-identifiable, then the trajectory of the system can uniquely determine the values of
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(xo, A, Bzo, Bv). This determination is sufficient to identify the causal relationships
between observable variables & as described by Equation (B.12). Consequently, one can
safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem B.4. Forxg € R, zo € RP, A € R4 B € R¥P, and v € RP, the ODE system
(4.2) is B-identifiable if and only if assumption D1 is satisfied.

D1 the set of vectors {yy, Fyy, - .., Fi 1y} is linearly independent, where y, = [x3,1,1]7,

and
A Bv Bzg— Bv

F: Od 1 0 9
0, O 0

04 denotes a d dimensional zero row vector.

The proof of Theorem B.4 is presented below. Condition D1 is both sufficient and
necessary, indicating, from a geometric perspective, that the vector y, is not contained

in an F-invariant proper subspace of R4+2.

Proof. Set

x(t) A Bv Bzy— Bv| |x(t)
yt)=1e | =105 1 0 et |,

0 0; O 0 1

F y(t)

where 04 denotes a d dimensional zero row vector. Obviously,

y(0) = [z2, 1,117 = y,.
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Therefore, y(t) follows a homogeneous linear ODE system that can be expressed as:

y(t) = Fy(t),

y(0) =1y,

(B.13)

where F € R(2)x(4+2)  Worth noting that all state variables in the ODE system (B.13)
are observable. Then according to Lemma 4.2, the system (B.13) is (yg, F')-identifiable if
and only if condition D1 stated in Theorem B.4 is satisfied. That is, under assumption
D1, the trajectory y(-;yg, F') uniquely determines both y, and matrix F'. Consequently,
it also uniquely determines (x, A, Bzo, Bv), thus establishing that the ODE system (4.2)

is B-identifiable if and only if assumption D1 is satisfied. O

B.5.2 When f(t) follows an trigonometric function of time ¢
We define f(t) in the ODE system (4.2) as:
f(t) = visin(t) + vacos(t), wv1,v2 € RP.
Simple calculations show that
z(t) = vasin(t) — vicos(t) + zo + v1 .
Thus,

x(t) = Az(t) + Bz(t)
(B.14)
= Ax(t) + Bvasin(t) — Bvicos(t) + Bz + Bv; .

We denote the unknown parameters of the ODE system (4.2) with this f(t) as 0,
specifically, 8 := (xq, 20, A, B,v1,v2). Let [x7(¢;0),27(¢;0)]" denote the solution of the
ODE system (4.2). It is important to note that under our hidden variables setting, only
x(t; @) is observable. Based on Equation (B.14), we present the following identifiability

definition.

Definition B.5. For zp € R% zy € RP,A € R4 B € R¥P and v;,vs € RP, for

all ) € R all 2 € RP, all A/ € R all B' € RP, and all v},v), € RP, we
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denote @' := (z, z(, A, B',v},v}), we say the ODE system (4.2) is @-identifiable: if
(o, A, Bz, Bvy, Bva) # (xf), A', B'z{,, B'v}, B'v}), it holds that x(-;0) # x(-;0").

According to Definition B.5, if the ODE system (4.2) with a trigonometric f(¢) is
O-identifiable, then the trajectory of the system can uniquely determine the values of
(xo, A, Bzo, Bv, Bvy). This determination is sufficient to identify the causal relationships
between observable variables @ as described by Equation (B.14). Consequently, one can
safely intervene in the observable variables of the ODE system and make reliable causal

inferences, despite the fact that matrix B cannot be identified under this definition.

Theorem B.6. For xzyp € R%, zy € RP, A € R¥*? B € R¥*P, and v,,vy € RP, the ODE

system (4.2) is @-identifiable if and only if assumption E1 is satisfied.

E1 the set of vectors {yg, F'yy, - . ., F™ 2y} is linearly independent, where y, = [x{,0,1,1]7T,

and ) )
A Bvy —Bwv; BZO + Bv;
7o 04 0 1 0 7
0; -1 0 0
_Od 0 0 0 ]

04 denotes a d dimensional zero row vector.

The proof of Theorem B.6 is presented below. Condition E1 is both sufficient and
necessary, indicating, from a geometric perspective, that the vector y, is not contained

in an F-invariant proper subspace of R4+3.

Proof. Set
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we see that y(t) € R¥3, and the first derivative of y(t) w.r.t. time ¢ can be expressed as

a(t) A Bvy —Bvy Bzp+ B'ul- x(t)
. cos(t) 0 O 1 0 sin(t)
y(t) = = ,
—sin(t) 0, -1 0 0 cos(t)
0 0 O 0 0 1
L i L 1L _
F y(t)

where 04 denotes a d dimensional zero row vector. Obviously,
y(O) = [a:g, 0,1, 1]T =Yo-
Therefore, y(t) follows a homogeneous linear ODE system that can be expressed as:

y(t) = Fy(t),

y(0) =y,

(B.15)

where F € R(@+3)x(4+3)  Worth noting that all state variables in the ODE system (B.15)
are observable. Then according to Lemma 4.2, the system (B.15) is (yg, F')-identifiable if
and only if condition E1 stated in Theorem B.6 is satisfied. That is, under assumption
E1, the trajectory y(-; yq, F') uniquely determines both y, and matrix F'. Consequently, it
also uniquely determines (x, A, Bzo, Bv1, Bva), thus establishing that the ODE system
(4.2) is B-identifiable if and only if assumption E1 is satisfied. O

B.6 An alternative approach to identifying matrices B and

G in the ODE system (4.3)

B.6.1 Identifiability condition from 2p controllable whole trajectories

Recall that z( denotes the initial condition of the latent variables in the ODE system (4.3).
We further specify the initial condition of the latent variable z; as zg; for j = 1,...,p.
Assume that it is possible to control the initial condition of each latent variable, zpj,
independently. Specifically, for each experiment, researchers can intervene in the initial

condition of a latent variable, denoted as zj;. The value of zj; is treated as a given
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value. Under this intervention, the initial conditions of the latent variables are adjusted

to [z01,-- -, YT zop) T, which we denote as Zg;.

To identify matrices B and G, it is necessary to have at least two intervened initial
conditions for each latent variable, denoted as Zo and 202 for the latent variable z;.
Consequently, the corresponding intervened initial conditions for all latent variables can
be represented as Zéj and Egj. Under these conditions, we present the definition of the

identifiability of the ODE system (4.3).

Definition B.7. Given z(’)‘],zoj eRforj=1,...,p, for xzg € R% zg € RP, A € R B ¢
R¥P and G' € RP*P, under the latent DAG assumption, for all =, € R?, all z{, € R?, all
A e R4 all B € RP_ and all G’ € RPXP, we denote fz%j = [z01, - - .,ZS;, ..y 20p)7 and
(20;)" = [201> -+ 205 - -, 20p]", we further denote n} = (0, Z;, A, B,G) and ()" =
(0, (2;)", A", B', @) for i = 1,2, we say the ODE system (4.3) is {n}’ﬁf—iden‘uiﬁable:
if (zo, A, B,G) # («', A', B',G’), it holds that 3i € {1,2} and j € {1,...,p} such that
z(-sm5) # (5 (n})").

Definition B.7 establishes the identifiability of the ODE system (4.3) from 2p whole
trajectories a:(,n;) with 4 = 1,2 and 7 = 1,...,p. According to this definition, both
matrices B and G are identifiable. Based on this definition, we present the identifiability

condition.

Theorem B.8. Given 2037Z0] € R with z L4 z 2 forj=1,...,p, forxg € R% zy €
RP, A € R4 B € R¥*P gnd G € RP*P, under the latent DAG assumption, the ODE
system (4.3) is {n;’Z}ﬁ)—identiﬁable if assumptions Bs and By are both satisfied.

B5: each 26]- fori=1,2and j =1,...,p, satisfies assumption B1. That is, if we set
'yé = APz +Zi;é Ap_l_kBGkééj, then the set of vectors {’yé, A’yé-, . ,Ad_lfy;'»} is

linearly independent for alli=1,2 and j=1,...,p

The proof of Theorem B.8 is presented below. Assumption B5 ensures that the
ODE system (4.3) is ng-—identiﬁable for all 4 = 1,2 and j = 1,...,p. Consequently,
(zo, A, Bz{;, BGZ{;, ..., BGP%j;) foralli = 1,2and j = 1,...,pis identifiable. Through
straightforward calculations, the identifiability of matrix B is established. To identify ma-

trix G, assumption B4 is required.
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The assumption that the initial condition of each latent variable z; can be controlled
independently is inspired by the ”genetic single-node intervention” proposed in [119],
where interventions can be made at each latent node individually. This assumption is
relatively more relaxed compared to controlling the initial condition of all latent variables
z simultaneously, as discussed in Subsection 4.4.3. However, this method requires p more

trajectories, totalling 2p trajectories, to identify matrices B and G.

Proof. Under assumption B5, since each 26]- satisfies assumption B1. By Theorem 4.6,

the ODE system (4.3) is nz-—identiﬁable forallt=1,2 and j =1,...,p. Consequently,
(zo, A, BZ{;, BGZ,..., BG" ')

foralli=1,2 and j =1,...,p is identifiable.

We express Bzj; as

201
By ... Blj Blp
Bzpy= | ¢ . b e 25
By ... By ... Ba
_Zop_

We know that Bééj € R? is identifiable for i = 1, 2. Thus, the first entry of Bééj, denoted

as (B%f)j)l, is identifiable and can be expressed as

(B,%(I]J)l = Biizo1+ ...+ Bljz(’]"; + ...+ BlpZOp

(BE(Q)J)I = Bnizo1+ ...+ Bljz(’;]? + ...+ BlpZOp

Since zg} and 2832 are given values, we can easily calculate the value of By;. Similarly, one
can calculate the values of By,; forallm =1,...,dand j = 1,...,p, thereby establishing

the identifiability of matrix B.

In a similar manner, matrices BG, BG?, ..., BGP~! are also identifiable. Then, ac-
cording to the proof B.4.4 of Theorem 4.10, the matrix G is identifiable under assumption
B4. O
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B.6.2 Identifiability condition from discrete observations sampled from

2p controllable trajectories

We further extend the identifiability analysis of the ODE system (4.3) to cases where only

discrete observations from 2p controllable trajectories are available.

Definition B.9. Given z*!

0]”20] ERfOI']—l .., P, foerGRd,ZoeRp,AERdXd,BE

R¥>P and G € RP*P. For any n > 1, let t5,k = 1,...,n be any n time points and
a:;k = x(ty; n;) be the error-free observation of the trajectory x(-; n;) at time tg. Under
the latent DAG assumption, we say the ODE system (4.3) is {n;’z}ﬁ)—identiﬁable from
mél,...,:cé.n, i=1,2and j = 1,...,p, if for all &), € RY, all z; € RP, all A’ € R¥*?

all B € R™P_ and all G € RP*P with (zg, A, B,G) # (z), A', B',G’), it holds that
Jie {1,2},5€{1,...,p} and k € {1,...,n} such that m(tk;n;'-);éw(tk; (17;)”)

Based on Definition B.9 we present the identifiability condition.

Theorem B.10. Given zf]"]l,zoj € R with z L 2’82 forj =1,...,p, forxg € R% 2y €
RP, A € R B € R¥™>*P gnd G € RP*P. We deﬁne new observation yék = [(m;k)T, 1ty t2,... ,tzil]T €
RHP, fori=1,2,7=1,...,p and k = 1,...,n. Under the latent DAG assumption, the
i=1,2

ODE system (4.3) is {n}’2 P-identifiable from discrete observations x?l, ey x?n,

and j =1,...,p, if assumptions C3 and B4 are both satisfied.

C3: for eachi € {1,2},j € {1,...,p} there exists (d + p) yi-k ’s with indexes denoting as
{k‘]l, 327 ok d+p} C{1,2,...,n}, such that the set of vectors {y]k, ,y]kl - .,y]k] d+p}
is linearly independent.

The proof of Theorem B.10 is presented below. Assumption C3 ensures that the ODE

system (4.3) is né—identiﬁable from discrete observations x'

s, xy, forall i = 1,2 and

j=1,...,p. As in Subsection B.6.1, matrix B is identifiable. Then, under assumption

B4, matrix G is also identifiable.

Proof. Under assumption C3, for each ¢ € {1,2} and j € {1,...,p}, the corresponding
observations satisfy assumption C1. Based on Theorem 4.8, the ODE system (4.3) is

nj»—identiﬁable foralli=1,2and j =1,...,p. Consequently,

(zo, A, Bz};, BGZ;, ..., BGP %)
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foralli=1,2and j =1,...,p is identifiable.

Following the proof of Theorem B.8, matrix B is identifiable. Under assumption B4,

matrix G is also identifiable. O

B.7 More simulation results

In this section, we present additional simulation results for higher-dimensional cases, along

with simulations that incorporate a variety of ground-truth parameter configurations.

B.7.1 Higher dimensional cases

In this subsection, for the n-(un)identifiable cases of the ODE system (4.3), we provide a
case with d = 5 and p = 5. The true underlying parameters of the systems are provided
below. Initial parameter values are set to the true parameters plus a random value drawn
from a uniform distribution U(—0.14, 0.14) for each replication. To ensure reliability in the
estimation results, we perform 50 independent random replications for each configuration,

reporting the mean and variance of the squared error in Table B.3.

(0 2 1 1 1] (1 2 -1 1 1]
11 0 2 -2 1 -2 -1 -1 -1
A=|-2 2 0 -1 =2, B=|-2 0 2 1 1],
1 -1 -2 -1 2 0 2 0 -2 -2
1 -2 1 -2 0| 2 2 2 -1 2|
00 0 -2 —1 [ 9] 9]
00 -1 1 1 2 1
G=100 0 1 2|, A=Is5, xo=|2]|, zo=|-1|,
00 0 0 2 1 1
00 0 0 0] 0 -2,

n-identifiable: n = (xo, 20, 4, B, G), unidentifiable: n = (xo, 20, 4’, B, G).

I; denotes a j x j identity matrix.

For {m;}}-(un)identifiable cases of the ODE system (4.3), we consider a case with

d = 10 and p = 5. To accelerate estimation, sparsity is introduced in the parameter
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TABLE B.3: MSEs of the n-(un)identifiable cases of the ODE (3) with d =5,p =5

n A BZ(] BGZO BG2Z0 BG3Z0 BG4ZO
10 0.0148 0.3911 0.9624 0.7316 0.1037 0.0096
9 (£0.0006)  (£0.5989)  (£3.9249)  (£1.8971)  (40.0374)  (%0.0003)
Q
q‘:“ 100 0.0059 0.1529 0.1726 0.2447 0.0212 0.0012
'-E (£4.01E-05)  (£0.0277)  (£0.0541)  (£0.0748)  (£0.0007) (=£1.10E-05)
ﬁ 1000 0.0053 0.1394 0.1241 0.2119 0.0164 0.0004
(£2.92E-05)  (£0.0200)  (£0.0251)  (4£0.0479)  (£0.0004) (4+6.00E-07)
o 10 0.0853 1.0067 3.7422 2.7696 0.9229 0.0508
% (£0.0075)  (£1.3518)  (£55.8402) (£24.5043) (£2.7959)  (£0.0111)
% 100 0.0357 0.4091 1.0428 0.9782 0.3871 0.0256
_§ (£0.0019)  (£0.3812)  (£2.1792)  (£5.3654)  (£0.6747)  (£0.0032)
k= 0.0332 0.3286 0.7123 0.9782 0.5487 0.0393
= 1000
(£0.0017)  (40.1824)  (£1.8836)  (£2.3163)  (£0.9240)  (£0.0047)

matrices by randomly setting 70, 35, and 20 entries in matrices A, B and G, respectively,

as zero. The true underlying parameters of the systems are provided below. Initial

parameter values are set to the true parameters plus a random value drawn from a uniform

distribution U(—0.1,0.1) for each replication.

To ensure reliability in the estimation

results, we perform 50 independent random replications for each configuration, reporting
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the mean and variance of the squared error in Table B.4.

(0 0 —2 -1 1 2 0 -2 -1 0] 1 0 0 0 2]
0O 0 0 0 0 2 0 -2 2 0 0 -1 0 2 0
0O 0 0 0 0 2 0 1 1 0 0 -1 0 0 0
0 0 0 -1 0 0 1 0 -2 0 0 0 0 1 1
L |2 0 0 10 =200 -1 1 B 0 0 0 0 O |
2 0 0 0 0 0 0 2 0 -2 0 1 0 0 1
0 2 0 0 0 0 0 0 0 O 0 0 —1 0 0
-2 -1 0 0 0 0 0 0 0 0 1 0 0 0 0
0O 0 0 -2 0 0 0 0 0 -2 1 0 0 0 —1
(0 0 0 0 -1 0 0 0 0 -1 -1 0 0 0 -1
01 -1 0 2]
00 2 0 0
G=100 0 -1 0|, A =1Iy,
00 0 0 0
00 0 0 0

T )
T=|-2 00 -2 2 -1 1 01 1} , 2y =e,fori=1,...,5.
{n,;Y¥-identifiable: n; = (x0, 25’, A, B,G), unidentifiable: n; = (xo, 2§, A', B, G).
e; stands for a p-dimensional vector, with the i-th entry being 1 and the other entries

being 0.

TABLE B.4: MSEs of the {n, }}-(un)identifiable cases of the ODE (3) with d =10,p =5

" Identifiable Unidentifiable
A B G A B G
10 1.53E-11 2.49E-10 3.01E-10 0.8345 0.2118 0.0037

(£2.36E-21)  (£6.30E-19) (£9.20E-19) (£0.6268) (£0.0260) (£0.0002)

9.15E-13 1.49E-11 1.80E-11 0.7216 0.1952 1.25E-21
(£4.45E-24)  (£1.18E-21) (+1.73E-21) (£0.4099) (4+0.0156) (+5.18E-41)

9.64E-14 1.57E-12 1.90E-12 0.6510 0.2211 0.0042
(£1.29E-25)  (£3.43E-23) (4+5.02E-23) (£0.2251) (+0.0278)  (£0.0003)

Tables B.3 and B.4 present results similar to those in Tables 4.1 and 4.2, providing

strong empirical support for the validity of our proposed identifiability conditions.
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B.7.2 Various true parameters

To further support our proposed identifiability conditions, we conduct additional simu-
lations incorporating a variety of ground-truth parameter configurations, rather than a
fixed underlying parameter set. Specifically, for each simulation run, a unique ground-
truth parameter configuration was generated using different random seeds, and we sub-
sequently reported the mean and variance of the squared error across all results. For the
low-dimensional i and {n;}} (un)identifiable cases, we perform 100 replications, while
for the higher-dimensional cases, we perform 50 replications. Additionally, in the {n;}}-
(un)identifiable cases, we initialize the parameter values as the true parameters plus a
random value drawn from U(—0.1,0.1) for the d = 3, p = 3 case and from U(—0.05,0.05)
for the d = 10, p = 5 cases. For the n-(un)identifiable cases, the initialization settings are

the same as those used in the fixed-parameter configurations.

The simulation results are presented in Tables B.5, B.6, B.7, and B.8. Across all these
tables, parameter estimates in the identifiable cases are notably more accurate than in the
unidentifiable cases, providing strong empirical support for the validity of our proposed

identifiability conditions.

It is noteworthy, however, that even in theoretically identifiable cases, certain scenarios
emerge where parameter identification is challenging in practice; we refer to these as hard
estimate cases. In these instances, estimates may deviate significantly from satisfactory
values, similar to challenges encountered in fully observable ODE models (4.1) as discussed

n [29]. Consequently, for identifiable cases with varying true parameter configurations,
the results are less precise than those for corresponding fixed-parameter cases, due to the
inclusion of some hard estimate instances. Investigating the practical identifiability of the

ODE system (4.3) remains an intriguing direction for future research.
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TABLE B.5: MSEs of the n-(un)identifiable cases of the ODE (4.3) - with various true

parameters

n Identifiable Unidentifiable
A Bz() BGZ() BG2Z0 A BZO BGZ() BG2Z0
10 0.0060 0.0157  0.1698  0.2297  0.0691 0.2720 1.3133  0.6622
(£0.0008)  (£0.0036)  (£0.5665) (£1.1053) (+0.0203)  (£0.5914) (£7.4471) (+£8.5348)
100 0.0026 0.0108 0.0820 0.1287 0.0283 0.1003 0.4880 0.2649
(£9.27E-05)  (£0.0022)  (£0.1159) (£0.7042) (£0.0031) (£0.0441) (£2.6547) (£1.6631)
500 0.0020 0.0092 0.0870 0.0705 0.0227 0.1061 0.5015 0.2574

(£6.48E-05)  (£0.0023)  (40.1941)  (£0.1179) (+0.0018) (£0.0672) (£3.0811) (+2.0779)

TABLE B.6: MSEs of the {n,}}-(un)identifiable cases of the ODE (4.3) - with various
true parameters

n Identifiable Unidentifiable
A B G A B G
10 0.0006 1.89E-5 0.0009 0.0861 0.0088 0.0101
(£2.21E-5) (£3.55E-8) (£6.71E-5) (£0.1773)  (£0.0020)  (£0.0045)
30 0.0006 1.87E-5 0.0010 0.0789 0.0092 0.0104
(£2.20E-5) (+3.47E-8) (£6.64E-5) (4+0.1280) (+0.0028) (+0.0046)
50 0.0006 1.88E-5 0.0009 0.0503 0.0063 0.0114

(£2.21E-5) (+3.51E-8) (+£6.67E-5) (£0.0430) (40.0006)  (-£0.0047)

TABLE B.7: MSEs of the n-(un)identifiable cases of the ODE (3) with d = 5,p =5 -
with various true parameters

n A BZO BGZO BG2Z0 BG3Z0 BG4ZO
10 0.0144 0.1215 1.4643 2.1890 1.8254 0.4826
Q (£0.0004)  (£0.0757) (£8.3976) (£54.9706) (+48.7033)  (£5.7127)
Q
q‘:“ 100 0.0041 0.0395 0.2850 0.3891 0.2078 0.0239
'43 (£4.55E-05)  (£0.0092) (£0.1739)  (£0.4936)  (+0.2950)  (+0.0024)
Q
= 1000 0.0032 0.0337 0.1934 0.2242 0.1197 0.0181
(£3.26E-05)  (4£0.0049) (£0.0686)  (40.2180)  (+0.0712)  (%£0.0014)
o 10 0.0740 0.4599 2.8628 1.8743 0.4834 0.0334
2 (£0.0047) (£0.4841)  (£9.5476)  (£8.6653) (£1.2606)  (£0.0147)
<
.i':": 100 0.0263 0.2142 1.1678 1.2354 0.2878 0.0193
é (£0.0031)  (£0.1869) (£8.2277)  (£9.4970)  (£0.8655)  (£0.0052)
k= 0.0142 0.1389 0.6979 0.6701 0.0732 0.0062
5 1000

(£0.0003)  (£0.0463) (+1.2080)  (£1.5228)  (£0.0336)  (£0.0003)
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TABLE B.8: MSEs of the {n, }}-(un)identifiable cases of the ODE (3) with d =10,p =5
- with various true parameters

n Identifiable Unidentifiable
A B G A B G
10 0.0044 0.0350 0.0287 0.6266 0.1310 0.0054
(£0.0001)  (£0.0098) (£0.0053) (£0.1524)  (£0.0269)  (£0.0004)
30 0.0067 0.1258 0.0315 0.5833 0.1058 0.0021

(£0.0005)  (+0.5097) (£0.0104) (£0.2085) (+0.0114) (£8.79E-05)

0.0033 0.0323 0.0354 0.5193 0.1108 0.0021
(£5.66E-05)  (£0.0103)  (40.0084) (+0.0982) (40.0146) (+9.02E-05)




Appendix C

Appendix of Chapter 5

C.1 Detailed proofs

C.1.1 Proof of Lemma 5.4

Proof. We start by presenting the mathematical definition of a Lévy process. (cf. [159])

Definition C.1. A stochastic process X := {X; : 0 < ¢t < 0o} is said to be a Lévy process
if it satisfies the following properties:
1. Xo = 0 almost surely;

2. Independence of increments: For any 0 < ¢ < t2 < ... < t, < 00, Xy, — Xy,

Xy — Xy, ..y Xy, — Xy, , are independent;
3. Stationary increments: For any s < t, X; — X is equal in distribution to X;_g;
4. Continuity in probability: For any ¢ > 0 and 0 < ¢ < oo it holds that limj_,o P(| X;yp—

Xt‘ >8) =0.

In the following, we first show that the SDE (5.1) can be expressed as the form of

(5.10), with Z being a p-dimensional Lévy process and a : R? — R*P heing Lipschitz.

149
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The first equation in the SDE (5.1) can be rearranged as

dXy = AXdt + GdWy

dt

= [AX,: G} (C.1)
dWy
= a(Xt)dZt,
with
CL(Xt) — |:AXt G:| c Rdx(erl)’
and
dt 1 0 O1xm | | dW
iz, = = at+ | 0 e (C2)
th 0m><1 Om><1 Im><m th
—_——— E

where 0;x; denotes an ¢ x j zero matrix, let W o= {V~Vt 10 <t < oo} with W, =
(Wot, Wity ..., Wii]" denote a (m + 1)-dimensional standard Brownian motion, then

one can find a process Z := {Z; : 0 <t < oo} with

Zt =7rt+ EWt ,
(C.3)
ZO = 07

satisfying dZ; described in Equation (C.2). Then we will show that the process Z described

in (C.3) is a Lévy process, that is, it satisfies the four properties stated in Definition C.1.
Property 1: The first property is readily checked since Zy = 0.

Property 2: For any 0 < t; <ty < t3 < o0,

th — Zt1 = T(tg — tl) + E(WtQ — th)

to — 11 0

— + .
i Om><1 ] _Wtz - th_
Similarly,
t3 — to 0
Ly — Lty = + .
| Omx1 | | Wiy — Wiy |

Since Wy, — Wy, and W, — W, are independent, Zy, — Z;, and Z;, — Z;, are independent.
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Property 3: when s < t,

t—s 0
Zy—Zs = +
0m><1 _Wt_Ws

~N< t—s ’ O1x1 O1xm )
Om><1_ Omx1 (t_S)Ime

And

Zi_s=1(t—s)+ EW;_,

t—s 0
+

Om><1 Wt—s

~N< t—s ’ O1x1 O1xm )
Omxl_ Om><1 (t_S)Ime

Therefore, property 3 is checked.

Property 4: Obviously, process Z described in (C.3) is continuous with probability

one at t for all 0 <t < oo, therefore, Z has continuity in probability.

Now that we have shown that process Z is a p-dimensional Lévy process with p = m+1.

Then we will show that a(X;) = [ AX, G] is Lipschitz.

| a(X2) = a(Xo) Il =1 [A(X, - X,) 0] lIr
=|| A(X¢ — X5) |2

<[ ARl X = X ll2

where || M || denotes the Frobenius norm of matrix M and || v ||2 denotes the Euclidean

norm of vector v. Now it is readily checked that function a : R — R*P is Lipschitz.

Similarly, we will show that the SDE (5.2) can also be expressed as the form of (5.10),

with Z being a p-dimensional Lévy process and a : R — R%*P being Lipschitz. Let us
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rearrange the first equation in the SDE (5.2):

dX; = AXydt + Y G X d Wy

k=1
- " -
AW
= |:AXt GlXt Gth] X
_dWm’t_
= G(Xt)dZt .

Since the dZ; here has the same form as that of the SDE (5.1), we use the same process

Z described in Equation (C.3), which has been shown to be a Lévy process.

As for the function a(X}),

| a(X0) = a(X,) e =l [AX - X0) Gi(Xi— X0) oo GulXe—X)] e

<A = X5) [z + ) 1 Gr(Xe = Xs) Iz
k=1

m
<IANF) X=X 2+ 1 Gr el Xe = X |12

k=1
m
= (1ALe+ 16l ) 1% = X
k=1
it is readily checked that function a : R* — R%*P is Lipschitz. O

C.1.2 Proof of Proposition 5.3.1

Proof. For the backward direction, when b(x) = b(z) and ¢(x) = &(z) for all = € RY, it
is obviously that (Lf)(z) = (Lf)(z) for all f € CZ(RY) and € R?, that is £ = L.

For the forward direction, since (Lf)(z') = (Lf)(2') for all f € C}(R?) and =’ € R?,

We first set
f(m) = $p 9

where x,, denotes the p-th component of variable x. It is readily checked that

bp(a') = bp(a') ,



Appendix of Chapter 5 153

for all 2’ € R and p=1,...,d. As a result,

b(x) =b(x), forall xeR?.

Then we set

where 1‘;) denotes the p-th component of x’. It is readily checked that
cpg(x') = Epg()
for all ' € R% and p,q = 1,...,d. Consequently,

c(x) = é(x), forall z € RY.

C.1.3 Proof of Lemma 5.6
Proof. For the forward direction, since
X(a Zo, A7 G) g X(’ Zo, A? é) )

one has

E[X;] = E[X;], Y0<t<oo.

Thus,
d ~ ~
(X: — E[X])o<t<oo = (Xt — E[X¢])o<t<o0 »

in particular, one has

E{(Xen—E[Xen)) (Xe—E[Xi]) T} = E{ (X0 —E[Xy1n]) (X, —E[Xi]) T} forall 0 < ¢,h < oo

For the backward direction, we know that the solution of the SDE (5.1) is a Gaussian

process. The distribution of a Gaussian process can be fully determined by its mean and
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covariance functions. Therefore, the two processes have the same distribution when the

mean and covariance are the same for both processes for all 0 < ¢, h < oo. ]

C.1.4 Proof of Lemma 5.7
Proof. For the forward direction, since
rank([y; [y, | ATy [y Ay AT ) < d
then for all I = [Iy,...,1,]" € R",
rank([8]AB| ... [A716]) < d,

where B :=Il1v; + ...+ ln7,,. Consequently, the corresponding ODE system

a(t) = Aa(t),
2(0) = 8,

(C.4)

is not identifiable from 3 by [28, Theorem 2.5.], where @(t) denotes the first derivative of

x(t) with respect to time ¢.

Let
B:=Q'BeR?,

and
Br € R, fork=1,...,K,

(BQk—Kl—lv/BQk—Kl)T €R27 fork:K1+17...,K.
Simple calculation shows that
B=Q7'p

=Q v+ .-+ 1Y)

=0y + .-+ Y,,

therefore, one has

wp =hwi g+ ...+ lhawy,, forallke{l,...,K}. (C.5)
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By [29, Theorem 2.4], we know that for any I € R", there always exists k € {1,..., K}
such that wy = 0 (€ R! or R?) since the ODE (C.4) is not identifiable from initial state
B. Next, we will show that this result is satisfied only when there exists a k such that

w;r =0 (€ R or R?) for all j = 1,...,n. Let us rearrange the Equation (C.5) as

wl,l e wn,l ll w1
= )
WLk .. WnK ln WK
assume for any k € {1,..., K}, [Wig,...,wnk] # 0, then there always exists a I € R”

such that wy # 0 for all £k = {1,..., K}. The reason is that under this circumstance, for
any k € {1,..., K}, the set of I’s such that wy = 0 has Lebesgue measure zero in R".
Therefore, the set of I’s such that there exists a k such that w, = 0 has Lebesgue measure
zero in R™. This result creates a contradiction. Thus, there must exist a k, such that

(W1 k... Wy k] T = 0, that is |lwjp|=0forall j=1,...,n.

For the backward direction, there exists k such that |w; x| =0 forall j =1,...,n, that

is wjr =0 (€ R or R?) for all j = 1,...,n. Simple calculation shows that

k—1 K
v =@y = Z Qpwjp + Z Qpwjp
p=1

p=k+1

and

Aq’Yj = QAqQ_l’Yj
= QAq’?j

k—1 K
:ZQpngj,p"‘ Z QpJiw;p,

p=1 p=k+1

recall that
A itk=1,..., K,

Jk: ar —bk
, k=K +1,...,K.
b ag

Then matrix

M= [71‘A71’ Tt ‘Ad7171| tee ’7n’A7n‘ s ‘Adilfyn}

= Q_C,
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where

Q- =[Q1]- - |Qk=1|Qk+1]---|QK],

and matrix C' denotes:

d—1 d—1
w11 Jiwi 1 o ST win s wpp J1wp 1 oo J] T wnn
W1, k-1 k—1W1 k-1 --- k—1Wik-1 --- Wpk-1 k—1Wn k-1 --- k—1Wn k-1
J Jd—l J Jd—l
W1,k+1 E+1W1k+1 - -- k+1Wlk+1 oo+ Wnk+1 E+1Wnk+1 - -- k+1 Wn,k+1
J Jd—l J Jd—l
w1,K KW1,K . Kk WK ... WpK KWn,K cee K WnK

We know that
rank(M) = rank(Q_xC) < min(rank(Q_g), rank(C)) .

When k € {1,..., K1}, Q_i, € R™>¥(@=D and rank(Q_;) = d — 1, while when k € {K; +
1,....,K},Q_y € R4*(4=2) " and rank(Q_r) = d — 2. In both cases, rank(Q_) < d, thus
rank(M) < d. O

C.1.5 Proof of Theorem 5.8

Proof. Let A € R and G € R*™, such that X (-;x, A4, G) 4 X (0, A, G), we denote
as X £ X. For simplicity of notation, in the following, we denote A; := A, Ay := A,
G := G and Gy := G, and denote X 4 xasxtdx2

Sufficiency. We will show that under the identifiability condition (5.14), one has
(A1,G1G]) = (A2, G2G3).

We first show that Hy = Hy (H; := G;GT). Indeed, since X!, X? have the same

distribution, one has

E[f(X))] = E[f(X?)] (C.6)

for all 0 <t < 0o and f € C*(RY). By differentiating (C.6) at t = 0, one finds that

(L1f)(xo) = (L2f)(z0) (C.7)
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where £; is the generator of X (i = 1,2). Based on the Proposition 5.2.1,

d o2 f

d d
(Lif)(@o) =D > (A kzxoz +%Z 83%8:61( 0)

k=1 i=1 k=1

where (M )y, denotes the kl-entry of matrix M, and zg; is the I-th component of x(. Since

(C.7) is true for all f, by taking

it is readily checked that

(H1)pg = (H2)pq
for all p,gq=1,...,d. As a result, H; = Hs. Let us call this matrix H.

Next, we show that A; = As. We first show the relationship between A; and xg, and

then show the relationship between A; and H. To this end, one first recalls that
. ¢
th = 6Ait$0 + / eAi(t_S)GidWs .
0
Set m;(t) := E[X}], we know that m;(t) satisfies the ODE

m;(t) = Aimy(t), V0 <t <oo, €8
.8

where f(t) denotes the first derivative of function f(t) with respect to time .
Simple calculation shows that
Since X! < X2, one has

for all 0 <t < co. That is

eAltwg = eAQtwg, Vo<t <.
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Taking k-th derivative of e?itay with respect to ¢, one finds that

d" ,
eA,t

ok
dtk li—o® P07 Aizo,

for all Kk =1,2,.... Consequently,
Alf$0 = A’;:UO .
Let us denote this vector A*¥zy. Obviously, one gets

A AR ey = Ag AP gy forallk=1,2,....

In the following, we show the relationship between A; and H. Let us denote
Y= / A=) Gdw, = X} — E[X]]
0

and

Vilt,t + h) = [/, - ()],

Simple calculation shows that

t
Vit t+h) = At / (Ailt=9) AT (1-5) g
0
= (),
where V;(t) := Vi(t,t).

Since X! & X2, by Lemma 5.6, one has

Vi(t,t +h) =Va(t,t+h), YO<t,h<oo.

(C.9)

(C.10)

To obtain information about A;, let us fix ¢ for now and take k-th derivative of (C.10)

with respect to h. One finds that

dk

— | Vi(t,t+h) = A*Vi(1b),

forall k=1,2,....

(C.11)
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On the other hand, the function V;(¢) satisfies the ODE [147]

Vi(t) = AVi(t) + Vi)A] + H, 0<t<oo,

Vi(0) =0.

In particular,

Vi(0) = A;V;(0) + Vi(0)A; + H = H.

By differentiating (C.11) at ¢t = 0, it follows that

i) dk( Vi(t,t +h) = AFH
dtle=odh¥ |h=0 " I

for all K =1,2,.... Consequently,
k k
Let us denote this matrix A¥*H. Obviously, by rearranging this matrix, one gets

A APTTH = A, AR H forallk=1,2,.... (C.12)

Recall our identifiability condition is that rank(M) = d with
M = [xo|Axo| ... |AT  ao|Ho|AH | ... |[AT H | .. |Hg|AHy4|. .. |AY1TH,.
If we denote the j-th column in M as M., one gets
A\M.; = Ay M 5,

for all j =1,...,d + d? by Equations (C.9) and (C.12).

This means one can find a full-rank matrix B € R%*¢ by horizontally stacking d linearly
independent columns of matrix M, such that A1 B = AsB. Since B is invertible, one thus

concludes that A; = As. Hence, the sufficiency of the condition is proved.

Necessity. In the following, we will show that when A has distinct eigenvalues.
The condition (5.14) stated in Theorem 5.8 is also necessary. Specifically, we will show

that when the identifiability condition (5.14) is not satisfied, one can always find a A with
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(A,GG") # (A,GG") such that X 4 X. Recall that for simplicity of notation, we denote
Ay = A, Ay := A, and denote X 4dXasxt 4 X2, where process X' = {X} : 0 <t < o0},
and X} = X (t;zo, A;, G) following the form described in the solution process (5.3). In

the following, we may use both A and A; interchangeably according to the context.
By Lemma 5.6, to guarantee X! 4 X2 one only needs to show that
E[X}!] =E[X?], Y0<t< oo,
Vi(t,t +h) =Va(t,t+h), YO<t,h<oo.
That is,
ey, = eAQt:I:O, VO <t < oo,

AV (t) = eV (), VO<th < o0, (C.13)

Vi(t) = Va(t), VO0<t<oo,
where V (t) := Vi(t) = Va(t).

Recall that H = GG". For simplicity of notation, abusing notation a bit, we denote
H := x(. Let
Hj:=Q 'H;, forallj=0,...,d,

and
Hjr €RY, fork=1,..., K,

Wik +=
(H-j,QkalflvH-j,2k7K1>T € RQ, fork=Ki+1,...,K.

When the identifiability condition (5.14) is not satisfied, that is

rank([H.0|AH.0| - ’AdilH.0|H.1|AH.1| ... ’Ad71H.1| - |Hd|AHd| .. ’AdilH.d]) <d,
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by Lemma 5.7, there exists k such that |w;| = 0, ie., wjr = 0 (€ R! or R?), for all
j=0,...,d. Recall that

t
V) = Vi(t) = / eA(=3) AT (1=5) g
0

t ~ ~
= / QNI QIQIH,| ... [Hyler 9ds
o, (C.14)
=Q / A 4| | H gled 9)ds
0

t
= Q/ WeAT(t_S)ds,
0

where
W = eM[H | .. |Hy],
and some calculation shows that

Jl(t—s) Jl(t—s)

€ wi,1 NN € Wq,1
W - ’
eJK(t_S)wLK eJK(t_S)wde
recall that
Ak, ifk=1,..., Ky,
Jgp = arp —

Rl k=K +1,.. . K.
bk Qg

Since wjy = 0 (€ R or R?), for all j = 0,1,...,d, then if k € {1,..., K1}, the k-th
row of W
Wi =0;

and if k € {K; +1,..., K}, then the (2k — K; — 1)-th and the (2k — K)-th rows

Wok—rk1-1) = Wak—k,). =0,

where W. denotes the k-th row vector of matrix W.

If we denote

V(t); =Q 'V(t);, forallj=1,...,d,
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and

‘N/(t).j,kGRl, fork=1,..., Ky,

w(t)j,k = N N - )
(V<t)-j,2k7K1717V(t)-j,Qkal) eR® fork=Ki+1,...,K.

Then by multiplying @~ in both sides of Equation (C.14), one obtains that
w(t);r =0 (€ R or R?)

for all j = 1,...,d and all 0 < ¢ < oco. This indicates that when all the vectors H.; for
j = 1,...,d are confined to an A-invariant proper subspace of R%, denotes as L, then
each column of the covariance matrix V' (¢) in Equation (C.13) is also confined to L, for
all 0 <t < oo. Therefore, under condition (5.14), o, H.; (for all j = 1,...,d) and each
column of the covariance matrix V' (¢) (for all 0 < t < co) are confined to an A-invariant
proper subspace of R?. Thus, a matrix A, exists, with Ay # A; such that the first two

equations in Equation (C.13) are satisfied.

In particular, by [29, Theorem 2.5], when k € {1,..., K3}, there exists matrix D €
R4 with the kk-th element Dy, = ¢ # 0 and all the other elements of D are zeros. Let

Ay = A1 +QDQ ' # Ay,

then A; and A satisfy the first two equations in Equation (C.13). Then we will show

that such a Ag also satisfy the third equation in Equation (C.13).

Some calculation shows that
t
Vi) = / AL(t=3) 1 AT (t=3) g
0
t
_ / QGA(t_s)Q_lH(QT)_16A(t_s)QTd8 (015)
0

t
::/ QeMt=9) p A=) )T g
0

where P, := Q 'H(QT)~!. And
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t
y@(@::t/1€Az@@}{€AJ@@dS
0

_ /t S(A1HQDQ ) (t-3) 71 (A1+QDQ )T (t-5) g

0 (C.16)
:/ QeME=9) D=9 =1 (T} ~1eDt=5) A=) )T g

0

t
::/ QeMt=3) pyMt=9) T g5
0

where Py := ePt=9)Q 1 H(QT)'eP(*=5), If one can show that P, = P,, then it is readily
checked that Vi (t) = Va(t) for all 0 < ¢ < co. Recall that

Q'H =1,

where H = [H1|...|H.4]. And when condition (5.14) is not satisfied, the k-th row of H:

. =0.
Since
P1 _ Q—lH(QT)—l — I;I(QT)_l,

therefore, the k-th row of Py:
(P =0.

Simple calculation shows that matrix P; is symmetric, thus, the k-th column of P;:
(P1)rx=0.

It is easy to obtain that eP(*=%) is a diagonal matrix expressed as

1

D(t—s) _ ec(t—s)

c(t—s)

where e is the kk-th entry. Then, simple calculation shows that

Py = €D(t_S)Q_1H(QT)_16D(t_S) _ eD(t—s)PleD(t—s) =P
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Therefore, one obtains that
Vi(t) =Va(t), YVO<t< .

Hence, when k € {1,..., K1}, we find a Ag, with Ay # A; such that Equation (C.13) is
satisfied.

When k € {K; +1,..., K}, there exists matrix D’ € R4 with

/ !
Dok —10k-r1-1 Dok —126—k, _|a e

Dl2k—K1,2k—K1—1 D/Qk—Kl,Qk—Kl €3 C4
where M; ; denotes the ij-th entry of matrix M, ¢ = [c1, ¢2, ¢3, C4]T = 0, and all the other
elements of D" are zeros. Let

A=A +QD'Q # Ar,

then A; and As satisfy the first two equations in Equation (C.13). Similar to the case
where k € {1,..., K1}, one can also show that such a Ay also satisfies the third equation

in Equation (C.13).

Therefore, assuming A has distinct eigenvalues, then when the identifiability condition
(5.14) is not satisfied, one can always find a Ay with (A1, GGT) # (A, GGT) such that
Equation (C.13) is satisfied, i.e., X! 4 x2, Hence, the necessity of the condition is

proved. ]

C.1.6 Proof of Corollary 5.9

Proof. There are two ways to prove this corollary, we will present both of them in the

following.

Way1. By [160, Lemma 2.2],

span([G|AG|...|A*1G)) = span([GGT|AGGT|. .. |AT1GGT)),
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where span(M) denotes the linear span of the columns of the matrix M. therefore, when

rank([G|AG|...|A41G)) = d,

then
span([G|AG|...|AT1G)) = RY,
thus,
span([GGT|AGGT]...|AIGGT)) = RY.
Therefore,

rank([GGT|AGGT|...|AIGGT)) =4,

since the rank of a matrix is the dimension of its span. Then by Theorem 5.8, the generator

of the SDE (5.1) is identifiable from xg.

Way2. Let A € R4 and G € R¥™™ such that X (520, A, Q) 4 X(-;mo,fl, é), we
denote as X < X , we will show that under our identifiability condition (A,GGT) =
(A,ééT). By applying the same notations used in the proof of Theorem 5.8, in the
following, we denote A; := A, Ay := 121, G1:=G and Gy := G.

In the proof of Theorem 5.8, we have shown that G1G{ = GQG;—, thus, we only need
to show that under the condition stated in this corollary, Ay = As. According to the

proof of Theorem 5.8, for all 0 < ¢ < oo, we have

AVA (1) = AVa(t).

Let V (t) := Vi(t)(i = 1,2), one gets
A1V(t) = AgV(t) s VO<t< 0.

Therefore, if there exists a 0 < ¢t < oo, such that V(¢) is nonsingular, then one can

conclude that A; = As.

By [161, Theorem 3.2], the covariance V (¢) is nonsingular for all ¢ > 0, if and only if

rank([G|AG|...|A1G)) = d,
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that is the pair [A4, G] is controllable. Therefore, under the condition stated in this corol-

lary, A; = As, thus the generator of the SDE (5.1) is identifiable from . d

C.1.7 Proof of Theorem 5.11

Proof. Let A, G, € R for all k = 1,...,m, such that

X (520, A, {Gr}y) 4 X(-;a:o,/i,{ék}zn:l), we denote as X < X, we will show that
under our identifiability condition, for all z € R?,

(A0 Grzx T G)) = (A, 31, Grzx ' G)). For simplicity of notation, in the follow-
ing, we denote A := A, Ay = fl, Gix = Gy and Gy, == @k, and denote X < X as
xt4x2

We first show that A; = Ay. Set m;(t) := E[X}], we know that m,(t) satisfies the
ODE

m;(t) = Aim,(t), Y0 <t < oo,
(C.17)

m; (O) =Xo,
where f(t) denotes the first derivative of function f(t) with respect to time .

Simple calculation shows that

. d
Since X' = X2, one has

E[X{] = E[X]]
for all 0 <t < oo. That is

Aqt A

eMapy =e™lxy, VO<t< 0.

Taking j-th derivative of edtay with respect to ¢, one finds that

d’ At

J
— eitey = Az
dti lt=0 e
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for all j =1,2,.... Consequently,
A{dfo = AJQQ,'O .

Let us denote this vector A7xy. Obviously, one gets

Ay A g = Ag AT My forall j=1,2,... .

By condition A1, it is readily checked that A; = Ay from Equation (C.18).

In the following, we show that under condition A2, for all € R,

m m
E GLkazazTGIk = g Gg’kwaG;’k.
k=1 k=1

We know the function P;(t) := E[X}(X}) "] satisfies the ODE

k=1

P;(0) = oz, .

Since X! £ x2,
Pi(t) = Po(t), V0 <t< oo,

let us call it P(t). By differentiating P;(¢) one also gets that

Pi(t) = Py(t), YO<t<oo.

Bi(t) = AiPi(t) + B()A] + ) GixPi(H)Gly, V0O<t < oo,

(C.18)

(C.19)

Since we have shown that A; = Ay under condition A1, from Equation (C.19) one observes

that

Y GiLpP(H)Gi =D GapP(t)Ggy, Y0<t < oo,

k=1 k=1

(C.20)

By vectorizing P(t), some calculation shows that the ODE (C.19) can be expressed as

vec(P(t)) = Avec(P(t)),

vec(P(0)) = vec(zoz{ ),

(C.21)
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with an explicit solution

vec(P(t)) = e?vec(zoxy ),

where A=ADA+> L, Gr QG € R%*4 and vec(M) denotes the vector by stacking

the columns of matrix M vertically.

By definition, P(t) € R¥*? is symmetric, thus vec(P(t)) for all 0 < t < oo is confined
to a proper subspace of Rd2, let us denote this proper subspace W, simple calculation
shows that

dim(W) = (d® +d)/2,

where dim(7V') denotes the dimension of the subspace W, that is the number of vectors
in any basis for W. In particular, one can find a basis of W denoting as
{vec(E11), vec(Ea1),vec(Ea2),...,vec(Eqq)},
where E;; stands for a d x d matrix, with the ij-th and ji-th elements are 1 and all other
elements are 0, for all 4,5 =1,...,d and ¢ > j.
Suppose there exists t;s, for i = 1,. .., (d>+d)/2, such that vec(P(t1)), . . . s vee(P(t@24a)/2))

are linearly independent, then for all € R¢,

vec(zx") = lyvec(P(t)) + ... + La2+ay/2vec(P(t@24a)/2)) »

that is

:leiT = llp(tl) +...+ l(d2+d)/2P(t(d2+d)/2) y

where 1 := {l1,...,lg21a)2} € R(@+d)/2 " According to Equation (C.20), it is readily
checked that for all & € R¢,

m m
E GLkwaGIk = E GQ,k‘waG;’k .
k=1 k=1

By [28, Lemma 6.1], there exists (d>+d)/2 t;’s such that vec(P(t1)), .. ., vec(P(t(421q)/2))
are linearly independent, if and only if the orbit of vec(P(t)) (i.e., the trajectory of ODE
(C.21) started from initial state v), denoting as v(A,v) with v = vec(zoz] ), is not

confined to a proper subspace of W.
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Next, we show that under condition A2, orbit (A, v) is not confined to a proper

subspace of W.

Assume orbit (A, v) is confined to a proper subspace of W. Then there exists w #

0 € W such that

wTeAt'vzo, Vo<t <.

By taking j-th derivative with respect to ¢, we have
wlAleMv =0, YO<t<o00,j=0,...,(d*+d-2)/2.
In particular, for ¢ = 0,
wl Av=0, forj=0,...,(d*+d—2)/2.

Therefore,

wl v Av|. .. AT TI=2/2] — o (C.22)

Since w € W, w € span{vec(E11),vec(Fa1),...,vec(Eqq)}, set vec(w) := w, then w is a
d x d symmetric matrix. Since P(t) is symmetric for all 0 < ¢ < oo, according to Equation
(C.19), simple calculation shows that the j-th derivative of P(t) is also symmetric for all

0<t<oo, for j=0,1,.... Recall that

vec(P(t)) = e,

vee(PY)(t)) = Aetto

where PU)(t) denotes the j-th derivative of P(t) with respect to t. In particular, when

t = 0, one has

vec(P(0)) = v,

vec(PY(0)) = Alw,

then if we denote matrix Ajv by setting vec(A/v) := Afv, matrices AJv are symmetric

forall j =0,1,....

Therefore, we can say that there are only (d? + d)/2 distinct elements in each of the
vectors: w, v, Av,... ,A(d2+d_2)/2fv in Equation (C.22). Moreover, since these vectors all

correspond to d X d symmetric matrices, the repetitive elements in each vector appear in
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the same positions in each vector. Hence, we can focus on checking those distinct elements

in each vector, that is Equation (C.22) can be expressed as
w’[w]Av|. .. |ALHED/2 — 0, (C.23)
where w € R(@+d)/2 denotes as
w = [W11, V2Wa1, ..., V2Wa1,Waa, ...,V 2Was, ..., Wad) ',

where w;; denotes the ij-th element of w, with 7,5 =1,...,d and i > j. When ¢ # j, the
element is multiplied by a v/2, that is, w only keeps the distinctive elements in w, and
for each of the repetitive element, we multiply v/2. We define v, Av, ... using the same

way.
Under condition A2, matrix

W] dv| . . |AP+I-2)/2y] ¢ REFEx LD

is easily to be checked to be invertible, then w = 0, thus w = 0. This contradicts to

w # 0, therefore, under condition A2, orbit (A, v) is not confined to a proper subspace

of W. Hence, the theorem is proved. O

C.2 Genericity of the derived identifiability conditions

C.2.1 The identifiability condition stated in Theorem 5.11 is generic

We will show that the identifiability condition stated in Theorem 5.11 is generic. Specif-
ically, we will show that for the set of (zo, 4, {Gx}-,) € RIMHDE such that either
condition Al or A2 stated in Theorem 5.11 is violated, has Lebesgue measure zero in
Rd—i—(m—i—l)dQ.

In the following, we first present a lemma we will use to prove our main

proposition.

Lemma C.2. Let p : R"™ — R be a non-zero polynomial function. Let Z := {x € R™ :

p(x) = 0}. Then Z has Lebesgue measure zero in R™.
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Proof. When n = 1, suppose the degree of x is k > 1, then by the fundamental theorem
of algebra, there are at most k «’s such that @ € Z. Therefore, Z has Lebesgue measure

zero, since a finite set has measure zero in R.

Suppose the lemma is established for polynomials in n—1 variables. Let p be a non-zero

polynomial in n variables, say of degree k > 1 in z,, then we can write

k
p(:L'/, Jjn) = ij(x/)Iqjm )
§=0
where ' = {x1,...,2,-1} and py, . . ., pr are polynomials in the n—1 variables {x1, ..., 2,1},
and there exists j € {0, ..., k} such that p; is a non-zero polynomial since p is a non-zero

polynomial. Then we can denote Z as
Z ={(z,x,) : p(z’,2,) =0} .

Suppose (x',x,) € Z, then there are two possibilities:

case 1 po(a') = ... =pg(z’) = 0.

case 2 there exists i € {0,...,k} such that p;(z) # 0.

Let

A:={(z',x,) € Z: case 1 is satisfied},

B :={(x',z,) € Z: case 2 is satisfied} ,
then Z = AU B.

For case 1, recall that there exists j € {0,..., k} such that p; is a non-zero polynomial,
let
Aj = {x' e R" ! :p;(x)) =0},

then by the induction hypothesis, A; has Lebesgue measure zero in R™ 1. Therefore,
Aj x R has Lebesgue measure zero in R". Since A C A; x R, A has Lebesgue measure

zero in R™.
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For case 2, let \™ be Lebesgue measure on R", then

N(B) = / RPICAENEY

= / 1g(z, x,)dz dxy, (C.24)

= 1g(2, x,)dxy, ) dz',
L] )

where
1, if (2/,z,) € B,

0, if (' x,) ¢ B.

!/

]lB(iU 7xn) =

The inner integral in Equation (C.24) is equal to zero, since for a fixed @', there are
finitely many (indeed, at most k) x,,’s such that p(«’, x,,) = 0 under the condition of case
2. Thus, A"(B) = 0, that is, B has Lebesgue measure zero in R™. Then it is readily

checked that Z has Lebesgue measure zero. O

Now we are ready to present the main proposition.

Proposition C.2.1. Let

S = {(xo, A, {Gr}iv) € R+ HDE . either condition Al or A2 in Theorem 5.11 is violated} ,

then S has Lebesgue measure zero in R&+H(m+1)d?,

Proof. Let

Sa:={(xo,A) € R . condition Al is violated} ,

we first show that S4 has Lebesgue measure zero in R+, Suppose (xg, A) € Sy, then
(xp, A) satisfies

rank([zg|Azo| . .. |AY x0]) < d,

that is the set of vectors {xg, Az, ..., A% 12} are linearly dependent, this means that
det([xo|Azg| . .. |A ag]) = 0. (C.25)

It is a simple matter of algebra that the left side of (C.25) can be expressed as some
universal polynomial of the entries of g and entries of A, denotes

p(xo, A) = p(zo1, ..., Tod; A11, 012, - - ., @qq), Where xg; denotes the j-th entry of xy and
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a;; denotes the ij-th entry of A. Therefore, one concludes that
p(xo, A) = p(xo1, .-, Tod, 11,012, - - -, agqq) = 0.
Thus, S4 can be expressed as
Sa = {(mo, A) € R : p(zq, A) = 0}.

Some calculation shows that

d
pao, )= 3 2oi .. woidet([(A%).0 (A .. (AT ). (C.26)

i1,eyig=1
where (M).; denotes the j-th column vector of matrix M. Obviously, p(xo, A) is a non-
zero polynomial function of entries of xy and entries of A, therefore, by Lemma C.2, Sy

. 2
has Lebesgue measure zero in R4 Let

S1 = {(xo, A, {Gr}) € RA+HMFDE o dition Al is violated} ,

then it is readily checked that S; has Lebesgue measure zero in R+ (m+1)d*

Let
Sa = {(xo, A, {Gr}L,) € RAHMHDE L condition A2 is violated} ,

we then show that S, has Lebesgue measure zero in R&H(m+1)d*,

Suppose (xo, A, {G}1-,) € S2, then (o, A, {Gr}},) satisfies
rank([v|Av| . .. AP HI2/2]) < (d® + d) /2,

recall that A=A A+>" | GL @G}, € REX and v = vec(zoxg ) € R%. According to
the proof C.1.7 of Theorem 5.11, we obtain that the set of vectors {v, Av, ..., A(d2+d_2)/2'v}
are linearly dependent. Because all of these vectors are transferred from vectorizing d x d
symmetric matrices, thus each of these vectors has only (d? + d)/2 distinct elements and
the repetitive elements appear in the same positions in all vectors. Hence, abuse notation

a little bit, we can focus on checking those distinct elements in each vector, that is

{v|Av| ... |AP 2/ (C.27)
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where v € R(@+d)/2 denotes the vector of deleting the repetitive elements of v. Since
the set of vectors {v, Av,... ,A(d2+d*2)/ 2p} are linearly dependent, the set of vectors

{v|Av] ... |M} are linearly dependent, that is
det([v]Av| ... [ALHI22]) = 0. (C.28)

Each entry of v can be written as a non-zero polynomial function of entries of xq since

v = Vec(mgwg ). Each entry of A can be written as a non-zero polynomial function of

entries of A and Gy, with k = 1,...,m, since A = A® A+ ;' G, ® Gy € R xd?
Hence, the left side of Equation (C.28) can be expressed as some universal polynomial of

the entries of xgy, A and G}’s, denotes
p(xo, A, {Gr}iz1) = p(zo1, - - -, Tods Q11,5 - - -, Gdd, G111, -+, Grads - - - Gmts - - G dd)
where G, ;; denotes the ij-th entry of matrix Gj. Therefore, one concludes that
p(xo, A, {Gr}pt,) = 0.
Thus, S2 can be expressed as
Sz = {(@o, A, {Gr}fy) € RTDE: pao, 4, {Gr}iLy) = 0}

Similar to the calculation of p(xy, A) in Equation (C.26), p(xo, A, {G;};-,) can be ex-
pressed as a non-zero polynomial function of entries of v and A, thus it can also be

expressed as a non-zero polynomial function of entries of @y, A and G}’s. Therefore, by

. 2
Lemma C.2, Ss has Lebesgue measure zero in R4 (m+1)d”

We know that S C 57 U Sy, let A be Lebesgue measure on Rd+(m+1)d2, then one has
A(S) < A(S1) + A(S2) = 0.

Thus S has Lebesgue measure zero in R+ (m+1)d*, O

C.2.2 The identifiability condition stated in Theorem 5.8 is generic

We will show that the identifiability condition stated in Theorem 5.8 is generic.
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Proposition C.2.2. Let
S :={(x0,4,G) € R+ +dm . condition (5.14) in Theorem 5.8 is violated},

then S has Lebesgue measure zero in RI+d*+dm
Proof. Suppose (xg, A,G) € S, then (xg, A, G) satisfies

rank([zg|Axo| ... |AY x| H1|AH | .. |AT T H| .. |Hg|AH,| ... |ATH ) < d,
recall that H := GGT, and H.; stands for the j-th column vector of matrix H, for all

j=1,--,d.

Let
S = {(z0, A, G) € RTFTHIm  pank([wo| Azy| . . . |AT o)) < d},

one observes that S C S’. According to the proof of Proposition C.2.1, it is readily
checked that S’ has Lebesgue measure zero in Ra+d*+dm. Thus, S has Lebesgue measure

. 2
zero in R4+d +dm O

C.3 Simulation settings

We present the true underlying system parameters along with the initial states of the
SDEs employed in the simulation experiments. We randomly generate the true system

parameters that satisfy or violate the corresponding identifiability conditions.
For the SDE (5.1):

1. identifiable case: satisfy condition (5.14) stated in Theorem 5.8:

d 1.87 d 1.76  —0.1 id —-0.11 -0.14
T, = , A= , G9=
—0.98 098 0 —-0.29 —0.22
2. unidentifiable case: violate condition (5.14):
1 1 2 0.11  0.22

mbln — , Aun — , Gun —
-1 10 —0.11 —-0.22
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For the SDE (5.2):

1. identifiable case: satisfy both A1l and A2 stated in Theorem 5.11:

d 1.87 d 1.76 —0.1 d —-0.11 -0.14 d —0.17 0.59
Ty = , A= , GY = , Gy = ;
—0.98 098 0 —-0.29 -0.22 0.81 0.18
2. unidentifiable casel: violate A1l satisfy A2:
gl U ar_ |21 Gt _ —0.11 —0.14 Gt _ ~0.17 0.59|
1 30 —-0.29 -0.22 0.81 0.18
3. unidentifiable case2: satisfy Al violate A2:
mbln—AQ — 1 Aun—AQ — 1 —2 Gll,ln—AQ — 0.3 04 ng—AQ 0.8 0.2
-1 -1 0 —-0.7 0.2 -0.2 —-04

We have discussed in Section 5.4 that we use MLE method to estimate the system
parameters from discrete observations sampled from the corresponding SDEs. Specifically,
the negative log-likelihood function was minimized using the ‘scipy.optimize.minimize’

library in Python.

For all of our experiments, we initialized the parameter values as the true parameters
plus 2. In the case of the SDE (5.1), we utilized the ‘trust-constr’ method with the
hyper-parameter ‘gtol’= le-3 and ‘xtol’= 1le-3. On the other hand, for the SDE (5.2), we
applied the ‘BFGS’ method and set the hyper-parameter ‘gtol’= 1e-2. The selection of the
optimization method and the corresponding hyper-parameters was determined through a

series of experiments aimed at identifying the most suitable configuration.

C.4 Examples for reliable causal inference for linear SDEs

C.4.1 Example for reliable causal inference for the SDE (5.1)
This example is inspired by [21, Example 5.4]. Recall that the SDE (5.1) is defined as

dX; = AXydt + GdW,, X = o,



Appendix of Chapter 5 177

where 0 < t < 00, A € R and G € R¥™™ are constant matrices, W is an m-dimensional
standard Brownian motion. Let X (¢; xo, A, G) denote the solution to the SDE (5.1). Let
A € R¥™4 and G € R¥*™ define the following SDE:

dX, = AXdt + GdWy, Xy = o,

such that
X(';mOaA7 G) g X(';$0,A, é) .

Then under our proposed identifiability condition stated in Theorem 5.8, we have shown
that the generator of the SDE (5.1) is identifiable, i.e., (4,GGT) = (A,GGT). Till
now, we have shown that under our proposed identifiability conditions, the observational
distribution 2%, the generator of the observational SDE. Then we will show that the
post-intervention distribution is also identifiable. For notational simplicity, we consider
intervention on the first coordinate, making the intervention X} = ¢ and th = ¢ for
0 <t < oo. It will suffice to show equality of the distributions of the non-intervened
coordinates (i.e., Xt(_l) and )N(t(_l), note the superscripts do not denote reciprocals, but

denote the (d — 1)-coordinates without the first coordinate). Express the matrices of A

and G in blocks
Anr Ar G1

) Y

Ag1 Agp Go

where Aj; € RY*1 Agy € RU-D*(A=1) G e R*™ and Gy € RE-D*m_ Also, consider
corresponding expressions of matrices A and G. By making intervention X! = ¢, one

obtains the post-intervention process of the first SDE satisfies:
dX\ Y = (An€ + A X V)t + GodWy, XV =i,

which is a multivariate Ornstein-Uhlenbeck process, according to [162, Corollary 1], this
process is a Gaussian process, assuming Aso is invertible, then the mean vector can be
described as

EIX{V] = eAztgl) — (1 — M2 Ag) Ay,
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and based on [162, Theorem 2], the cross-covariance can be described as

vixi xIy = Ex Y - B D(xTY —Ex Y)Y

t
— / €A22(t+h—s) GQG;—eAL (t—s)ds _
0

Similarly, one can obtain that the mean vector and cross-covariance of the distribution of

the post-intervention process of the second SDE by making intervention X'tl = ¢ satisfy:
BIXTY) = eAztg(™D (1 — M2t A5 Ay,

and

VXY, X)) =BG - EX D&Y —EXTI)DTY

t . -
:/ €A22(t+h75)éQG;€AJQ(t75)ds
0

Then we will show that E[X, "] = E[X{ V], and V(X ), x\7Y) = vV, X\7Y)
for all 0 < t,h < co. Recall that we have shown (A, GGT) = ([1, GGT), thus, Agg = Ags

and Ay, = Ay, then it is readily checked that E[Xt(fl)] = E[f(t(*l)] for all 0 <t < oo.

Since

G1G] GGy .
GG" = =GGT,
GoG] GGy

thus, G2G3 = GoGy , then it is readily checked that V(X ), x{ V) = v(XL Y, X7Y)

for all 0 < ¢, h < co. Since both of these two post-intervention processes are Gaussian pro-
cesses, according to Lemma 5.6, the distributions of these two post-intervention processes

are the same. That is, the post-intervention distribution is identifiable.

C.4.2 Example for reliable causal inference for the SDE (5.2)
Recall that the SDE (5.2) is defined as
dX; = AXdt + ZZQ GkXtdeﬂg, Xo = xg,

where 0 < t < 00, A,Gj, € R¥? for k = 1,...,m are some constant matrices, W :=

{Wy = Wity ,Wii]" : 0 <t < oo} is an m-dimensional standard Brownian motion.
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Let X (t;x0,A,{Gr}}",) denote the solution to the SDE (5.2). Let A, G, € R¥4 for
k=1,...,m define the following SDE:

dXt = AXtdt + ZZLZI ékXtde,t, X() = Xy,

such that
X (520, A {GRY) £ X (a0, A, {GrY)) .

Then under our proposed identifiability condition stated in Theorem 5.11, we have shown
that the generator of the SDE (5.2) is identifiable,

ie., (A, 30, Grxx G)) = (A, 30, Grax T G]) for all z € RY. Till now, we have shown
that under our proposed identifiability conditions, the observational distribution m
the generator of the observational SDE. Then we aim to show that the post-intervention
distribution is also identifiable. For notational simplicity, we consider intervention on the
first coordinate, making the intervention X} = ¢ and th =¢for 0 <t < oo Itwil
suffice to show equality of the distributions of the non-intervened coordinates (i.e., Xt(_l)
and Xt(_l)). Express the matrices of A and Gy, for k = 1,...,m in blocks

A A Gri1 G2

A= ; Gk - )
Agr Ago Gro1 G2

where A11,Gi 11 € R Ay, G2 € RE@=1x(d=1) = Also consider corresponding expres-
sions of matrices A and Gy, for k =1,...,m. By making intervention X} = £, one obtains

the post-intervention process of the first SDE satisfies:
dX{Y = (Ag€ + A X )dt + 31 (Graon€ + Graoo X Nd Wiy, X5 = a7V,

Since this post-intervention process is not a Gaussian process, one cannot explicitly show
that the post-intervention distribution is identifiable. Instead, we check the surrogate
of the post-intervention distribution, that is the first- and second-order moments of the
post-intervention process Xt(fl). Which denote as m(t)(~1) = IE[Xt(*l)] and P(t)("D =
E[Xt(_l)(Xt(_l))T] respectively. Then m(t)"Y and P(t)(-Y satisfy the following ODE

systems:
dm(t)(=V

0t = A& + Agem ()Y, m(0)7! = 35871)»
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and

dP(t)Y (=T AT (CI\T 1 o .

T a m(t)TE Ay + Ann&(m(t) ™)) + P(t) 7Y Agy + Aga P(t)
+ 20 (Grn€e TGy + Gk,zzm(t)(_l)fTG;m + Gk,Zl{(m(t)(_l))TG;@Z
+ Gk,22p(t)(*1)G122)7 P(O)(’l) _ méﬁl)(m(fl))f

(C.29)

Similarly, one can obtain the ODE systems describing the m(t)(~1) and P(#)(=1). Then
we will show that m(t)(=1) = m(t)(=1) and P(t)(=1) = P(t)(=) for all 0 < t < co. Recall
that we have shown A = A, thus As; = Ay and Agy = Agy, then it is readily checked

that m(t)(=Y = m ()= for all 0 < t < occ.

In the proof of Theorem 5.11, we have shown that
Z?:l GkP(t)GkT = Z?:l ékp(t)ékT

for all 0 < ¢ < oo, where P(t) = E[X; X, ]. Simple calculation shows that

" m (|G G T mt) T (G, Gf
ZGkP(t)G]I _ Z ( k11 G2 39 E(m(t) ) k11 Gro1 )7
k=1 i1 \ |Gra1 Graol| |m@)VeT Pt G;,u G;—,QQ

Then one can get that the (2,2)-th block entry of the matrix Y ;- GxP(t)G} is the
same as the "}, (...) part in the ODE corresponds to P(t)(= (i.e., Equation (C.29)),
since "1, GxP(t)G] = 27, GLP(t)G}, then the "7 ,(...) part in the ODEs cor-
respond to both P(t)(=1) and P(t)(=1) are the same. Thus, it is readily checked that
P(t)=D = P(t)=D for all 0 < t < oo.

Though we cannot explicitly show that the post-intervention distribution is identifi-
able, showing that the first- and second-order moments of the post-intervention process
is identifiable can indicate the identification of the post-intervention distribution to a

considerable extent.
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C.5 Conditions for identifying the generator of a linear SDE
system with multiplicative noise when its explicit solu-

tion is available

Proposition C.5.1. Let o € R? be fixed. The generator of the SDE (5.2) is identifiable

from x if the following conditions are satisfied:
C1 rank([wolAw0| c. |Ad_1w0]H.1]AH.1] . ‘Ad_IH.ﬂ . ‘Hd|AHd‘ ... ‘Ad_IH.d]) =d,
C2 rank([v]Av|. .. |A@+H=2/2)) = (2 + d) /2,
C3 AGL = GpA and GG, = G|Gy for all k,l=1,...,m.
where H :=>"" | kaomgG;, and H.; stands for the j-th column vector of matrix H, for
allj=1,---,d And A= A0 A+ " Gx G}, € Rd2Xd2, @ denotes Kronecker sum and

® denotes Kronecker product, v is a d?>-dimensional vector defined by v := VGC($0£U(—)F ),

where vec(M) denotes the vectorization of matrix M.

Proof. Let A,Gy € R and AG, = GrA, GiG; = GGy for all k,l = 1,....m,
such that X(-;xo, A, {Gr}};) 4 X (320, A, {Gr}7,), we denote as X 4 X, we will
show that under our identifiability condition, for all x € RY, (A,Y 1", Gz G]) =
([l, >y ékacacTé;) By applying the same notations used in the proof of Theorem
5.11, in the following, we denote A; := A, Ay := A, Gii = Gi and Gy, = G, and
denote X £ X as X' £ x2,

We first show that Hy = Hy (H; :== ) ;- Gi,kxongiT,k)- Indeed, since X', X2 have

the same distribution, one has
E[f(X})] = E[f(XD)] (C.30)
for all 0 < t < oo and f € C*°(R?). By differentiating (C.30) at ¢ = 0, one finds that

(L1f)(@0) = (L2f)(0) (C.31)
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where £; is the generator of X (i = 1,2). Based on the Proposition 5.2.1,

d d 1 & o2 f
(Lif)(@o) =D > (A kzxoz +§Z 83%8:61( 0)

k=1 i=1 k=1

where (M )y, denotes the kl-entry of matrix M, and zg; is the I-th component of x(. Since

(C.31) is true for all f, by taking

it is readily checked that

(H1)pg = (H2)pq
for all p,g=1,...,d. As a result, Hy = Hs. Let us call this matrix H. That is
m m
H = H1 = Z Gl,kwoonGlT’k = Z Gg}kaiomE)rG;k = HQ .
k=1 k=1

In the proof of Theorem 5.11, we have shown that
A Ay = AgAT ey forall j=1,2,..., (C.32)

next, we will derive the relationship between A; and H. Under condition C3, the SDE

system (5.2) has an explicit solution (cf. [51]):

1 -
Xi = X(t; w0, A, {Gr}ity) = eXP{ (A ) > Gi) b+ Gka,t}wo ’ (C.33)

k=1 k=1

then the covariance of Xy, P(t,t + h) = E[X; X

t+h] can be calculated as

E[X: X[ 1)
1 m m 1 m
—E exp{ (A -5 > Gi) t+> Gka,t}moxJexP{ (AT - Z(Gi)T> (t+h)
k=1 k=1 k=1
+ ) G Wiin H
k=1

_1 m 2 m m T _1 m 2\ T T
— Ate—3 2km1 Gt [eZk:1 GrWi,e momgQZkzl Gy, Wk,t+h] e~ 3 2kh=1(GR) " (t4+h) (A (t4h) ’

(C.34)
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where

62?:1 Gka,t wowg‘ezzlzl G;Wk’tﬁ’h]
627’?:1 Gka,tmoxTGEZ;l Gng,tef Iy G,IWk,teZZLl G;Wk,tJrh]

[
: (C.35)
le
[

>y G Wh, zwomTezk L G Wy te 1 G (Wi ipn—Wie t)]
622":1 GreWi,t momgezrknzl Gy Wk,t} E [622”:1 G;—(Wk,wh_wk,t)] ,

because the Brownian motion Wy ; has independent increments.

It is known that, for Z ~ N(0,1), we have that the jth moment is

0, j is odd,

273/2 (j;;)! , Jiseven.

E(Z7) =

Since W4 ~ N(0,t), we have

i (Gr)/ (t/2)

)

= G2t 2
:Z z!/)

— (Git/2

Similarly, we have
E[er Wearn=Wio)] = o(GD?h/2

Simple calculation shows that
E[BZZL G;(Wk,tJrh*W/c,t)] — eXn=1(G)?h/2 (C.36)
By combining Equations (C.34), (C.35) and (C.36), one readily obtains that

P(t,t+h) = P(t,t)er ", (C.37)
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we denote P(t) := P(t,t). Set Pi(t,t+h) = E[X/(X[,,) ], since X! 4 X2 it follows that

Pi(t,t+h) =EX} (XL "] = EXA(XE,) ] = Pa(t,t +h) Vt,h>0.

To obtain information about A, let us fix ¢ for now and take j-th derivative of (C.37)

with respect to h. One finds that

dJ

o hZOP(t,t +h)=P(t)(ATY, (C.38)

for all j =1,2,.... It is readily checked that
Pi(t)(A] ) = Py(t)(Ag) VO<t<oo. (C.39)
We know the function P;(t) satisfies the ODE

Bi(t) = AiP(t) + Bi()A] + ) GixPi(t)Gly, V0<t < oo,
k=1 (C.40)

Pi(0) = oz, .

In particular,

m
P;(0) = Aixow(—l)— + a:omOTAZT + Z GljkwoxJGIk .
k=1

By differentiating (C.39) with respect to ¢t at ¢ = 0, it follows that

Ayxox (A]) + xoxg (A] YT+ (Z G1,km0$oTG1T,k> (A])
k=1

sz (A1) + musf (4] 4+ (Y oo G ) (A7)
k=1

Since we have known that Ajiaco = Aéazo for all j =1,2,..., it is readily checked that

m m
(X Gramoad 614 ) (aT) = (Y- Gauoad 614 ) (4]
k=1 k=1

that is A{H = AQH for all j = 1,2,.... Let us denote this matrix A7H. Obviously, by

rearranging this matrix, one gets

A ATTH = A ATTH forall j=1,2,...
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Therefore, under condition C1, that is rank(M) = d with
M = [@o|Axo| ... |[AT Yo |HA|AH | .. |AT T H | .. |Hg|AH4| ... |AT H ). (C.41)

if we denote the j-th column in M as M., one gets A1 M.; = Ao M ; forall j =1,... ,d+d?
by equations (C.32) and (C.41).

This means one can find a full-rank matrix B € R%*¢ by horizontally stacking d linearly
independent columns from matrix M, such that A1 B = A>B. Since B is invertible, one

thus concludes that 47 = As.

In the proof of Theorem 5.11, we have shown that when A; = A,, under condition C2,

for all x € R?,

m m
k=1 k=1

Thus the proposition is proved. ]

It is noteworthy that Proposition C.5.1 is established on the explicit solution assump-
tion of the SDE (5.2), which requires both sets of vectors {4, {G 7, } and {4, {G}1",}
to satisfy condition C3. As aforementioned, condition C3 is very restrictive and imprac-
tical, rendering the identifiability condition derived in this proposition unsatisfactory.
Nonetheless, this condition is presented to illustrate that condition C1 is more relaxed
compared to condition Al stated in Theorem 5.11 when identifying A with the incorpo-

ration of GG}’s information.
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