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Graph Convolutional Networks (GCNs) are among the most widely used models for

learning on graph-structured data. These deep neural networks are specifically designed

to process the irregular and non-Euclidean nature of graphs, which makes them highly

effective for classification and prediction tasks across various domains. A fundamen-

tal aspect of GCNs—and Graph Neural Networks (GNNs) in general—is the influence

of nodes, which plays a crucial role in key operations such as message passing, graph

pooling, and node ranking. Despite their successes, existing GCN-based models still

face significant challenges. One major limitation in message passing mechanisms is their

inability to effectively capture information from distant nodes, as traditional message-

passing mechanisms primarily rely on local neighborhood aggregation. Additionally,

models overlook the node features when ranking node importance, that cause subopti-

mal performance in node scoring tasks which require a deeper understanding of both

structure and features. Furthermore, existing graph pooling techniques often treat all

nodes equally and consequently fail to prioritize the most influential ones which limits

their ability to preserve essential substructures during graph downsampling. To address

these challenges, this thesis introduces three novel models—NACFormer, FadiGNN, and

CentralityPool—each designed to improve a specific aspect of GNN-based learning.

Firstly, NACFormer is introduced to address the issue of limited information propaga-

tion in message-passing mechanisms. Traditional models update node embeddings using

only locally connected neighbors which suffer from resembling node representations as

the number of layers grows. NACFormer mitigates this by integrating the Transformer

model and graph coarsening into the message passing mechanism, allowing distant node

information to be effectively captured. The model jointly learns embeddings from multi-

head attention mechanisms and a GCN trained on a coarsened version of the graph. This

multi-scale approach not only improves node classification accuracy but also enhances

the model’s adaptability to diverse graph structures, as demonstrated by extensive ex-

periments on real-world datasets.
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Secondly, FadiGNN is proposed to tackle the problem of identifying important nodes in

a graph. Existing methods either disregard node features or rely on supervised learning,

which is impractical due to the lack of ground truth for node importance. FadiGNN over-

comes these limitations by incorporating both node features and graph topology in an

unsupervised manner. The model integrates GCNs and an adapted personalized PageR-

ank algorithm, coupled with a carefully designed loss function to ensure convergence.

Extensive experiments on node classification and active learning scenarios demonstrate

that FadiGNN significantly outperforms state-of-the-art models by improving classifica-

tion accuracy by an average of 7.62%.

Finally, CentralityPool is developed to enhance graph classification by refining graph

pooling techniques. Existing pooling methods fail to differentiate between critical and

non-critical nodes, and lead to information loss and reduced classification performance.

CentralityPool employs hierarchical pooling based on centrality measures, including Per-

sonalized PageRank, Katz Centrality, Total Communicability, and Eigenvector Central-

ity, to selectively retain the most important nodes. To mitigate the computational

burden of these centrality calculations, efficient approximation strategies are integrated,

ensuring scalability without compromising accuracy. Experiments on eight benchmark

datasets show that CentralityPool improves graph classification accuracy by up to 4%

on average while maintaining competitive performance in large-scale node classification

tasks.

Together, these three contributions advance the state of GNNs by addressing key chal-

lenges in node embedding propagation, unsupervised node importance ranking, and

graph pooling. The proposed models demonstrate superior performance across diverse

real-world applications.
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In today’s digital age, we are surrounded by an overwhelming flow of information. Every

interaction on social media, every sensor in our smart devices, and every online trans-

action contributes to a vast and ever-growing sea of data. This explosion of information

offers incredible opportunities for insights and innovation, however, it also presents sig-

nificant challenges in processing and understanding complex data structures [4, 5]. On

the other hand, a substantial portion of information is inherently structured as graphs

that captures the intricate relationships and interdependencies among various entities.

Graph data structures consist of nodes (representing entities) and edges (depicting rela-

tionships between these entities), which makes them particularly suitable for modeling

intricate systems. For instance, in social networks, nodes can represent users, while

edges represent friendships or interactions [6]. In biological networks, nodes represent

proteins, with edges indicating interactions [7]. This structural representation allows for

a more detailed understanding of the data while facilitates advanced analyses.

Graph representation learning is a field within machine learning that focuses on trans-

forming graph-structured data into low-dimensional vector embeddings to effectively

learn the structural and feature information of graphs [8–11]. By learning these embed-

dings, models can better understand and exploit the complex relationships inherent in

graphs and leads to improved performance in various applications.

To harness the full potential of graph-structured data, Graph Neural Networks (GNNs)

have revolutionized the field of graph representation learning as a powerful tool. GNNs

belong to the class of deep learning algorithms while specifically designed to operate on

graph datasets to effectively handle the dependencies and relationships between nodes

[12–14]. GNNs facilitates the application of graph learning and enable tasks such as

node classification [15], graph classification [16], node ranking [17] link prediction [18–

20], clustering [21, 22], and community detection [23, 24]. Together, these tasks form

the backbone of many real-world GNN applications and highlight the importance of

developing

Among these tasks, node classification, graph classification, and node ranking are es-

pecially important due to their broad applicability across domains. Node classification

supports applications such as fraud detection, citation analysis, and user behavior mod-

eling [15, 25–28]. Graph classification is fundamental for tasks like molecular property

prediction, and protein function analysis [16, 29–31]. Node ranking, on the other hand,
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is critical for influence maximization, recommendation, and identifying key actors in

complex networks [17, 32]. Together, these tasks form the backbone of many real-world

GNN applications and highlight the importance of developing.

In node classification, the task is to assign a category or label to each node in a graph by

leveraging both its individual features and the information embedded in its connections.

Modern GNN methods use message passing to aggregate information from connected

nodes, which enables more accurate predictions [15, 25, 33, 34].

In graph classification, the goal is to predict a single label for an entire graph rather

than individual nodes. The standard pipeline involves learning node embeddings and

then applying a pooling or readout mechanism, such as hierarchical pooling, to generate

a coarsened graph-level representation [16, 29, 35, 36].

In node ranking, the task is to compute an importance score for each node and order

the nodes based on their influence or relevance within the graph. Unlike node classifica-

tion, which produces discrete labels, node ranking yields continuous scores that reflect

structural roles such as centrality, connectivity, or impact on information flow [17, 32].

Across all of these tasks including the node classification, graph classification, and node

ranking, a common foundation is the ability to understand how influential each node is

within the graph. Node-influence analysis helps to identify which nodes carry the most

important structural or informational features. This provides an essential way to find

and select these nodes for use in the message-passing mechanism [37], the pooling process

[38], and node ranking tasks. By recognizing influential nodes, models can learn more

meaningful representations, preserve key substructures, and achieve better performance

across all three tasks.

Central to their effectiveness in node classification task, is the message-passing mecha-

nism [37, 39], which enables nodes to iteratively exchange information with their neigh-

bors. This iterative process allows each node to update its representation embedding

by aggregating messages (information) received from its neighbors and result in cap-

turing both local and global structural information within the graph. The ability to

integrate node features as well as structural topology through message passing posi-

tions makes GNNs a powerful tools for analyzing and extracting insights from complex

graph-structured data [40–44].
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Challenge 1. Although GNNs with their message passing mechanism have achieved

remarkable performance in node classification tasks, they face significant difficulties

in capturing long-range node information within a graph. The challenge lies in the

inherent limitation of message passing, which primarily focuses on local neighborhoods,

and makes it difficult to preserve and propagate information from distant nodes. GNNs

suffer from the over-smoothing problem as more layers are added. This phenomenon

causes the embeddings of the nodes to become indistinguishable, which reduces the

ability of the model to differentiate between the nodes [45, 46]. As a result, traditional

GNNs struggle to effectively model relationships between distant node pairs, which limits

their applicability in tasks that require a deeper understanding of global graph structure.

In node ranking methods, nodes within a graph are assigned scores based on their relative

importance. These methods can be broadly classified into two categories: traditional

approaches and learning-based models. Learning-based models use learning algorithms

such as GNNs to integrate both structural information and node information to improve

ranking performance [17, 32].

Challenge 2. These learning-based approaches are generally supervised, which requires

labeled data for training. The challenge arises from the absence of ground truth labels,

as there are no predefined labels available [47].

In graph classification task, graph pooling operations are a key components [2, 38,

48]. These techniques are used to reduce the size of a graph during the learning by

aggregating node information and aim to preserve its essential structural and most

informative nodes. This process enables the model to handle larger graphs efficiently

and improve generalization by focusing on the most informative nodes or substructures.

Therefore, accurately identifying and prioritizing important nodes in graph classification

is essential to improve model performance and preserve critical structural information.

Challenge 3. Although GNNs with pooling techniques have demonstrated exceptional

performance in tasks such as graph classification, current pooling methods often treat

all node information irrespective of their importance, which leads to the loss of critical

graph substructures and key node information, and ultimately reducing the model’s

ability to capture meaningful patterns [49]. The challenge lies in developing graph

pooling methods that can effectively differentiate between important and less relevant

nodes.
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Building on the reasons and challenges mentioned above, this thesis seeks to advance

graph learning methods across three primary tasks: node classification, graph classifi-

cation, and node ranking, with a particular focus on node influence analysis. A central

aspect of the methodology presented in this work is the use of centrality techniques

[50, 51], which provide a powerful tool for analysing the importance of nodes within a

graph. By integrating centrality measures into the analysis, this research aims to reframe

GNNs through the lens of centrality, to enhance our understanding of node importance

and its impact on graph-based tasks.

The contributions are grounded in recognizing and deeply examining existing gaps and

are accomplished through detailed evaluations focused on nodes analysis evaluation.

1.1 Research Questions

In this research we are looking for proper answers to the below questions:

• Q1. How to identify and effectively employ distant neighbors, along with other

critical nodes, to update a node’s embedding in the graph filtering process? This

question addresses the challenge of selecting and incorporating distant and crit-

ical nodes in the graph filtering (message passing) mechanism to improve node

embeddings and enhance model performance.

• Q2. How can nodes in a graph be effectively ranked using an unsupervised GNN-

based approach? This question focuses on developing a GNN-based model capable

of scoring nodes within a graph in an unsupervised manner, addressing the chal-

lenge posed by the absence of labeled data.

• Q3. How to consider influence of important nodes in a graph classification task

to effectively reduce the graph’s size while preserving essential information? This

question explores methods for incorporating the influence of the most informative

nodes into hierarchical graph pooling approaches to improve both accuracy and

computational efficiency.
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Figure 1.1: Effect of green points in predicting the value of black point

1.2 Research Aims and Objectives

To address the research questions, our goal is to propose novel architectures that can effi-

ciently identify informative nodes within a graph for key tasks, including graph filtering,

graph pooling, and node ranking.

Figure 1.2 illustrate the research objective components.

The first objective is based on improving the GNN architectures ability to capture

and integrate information from both nearby and distant nodes. Traditional message-

passing frameworks (as the core component of GNN models) struggle with oversmoothing

phenomena that cause weakening their ability to represent complex graph structures.

This work aims to address these limitations by enabling finding, selecting, and adding

the influence distant nodes information and ultimately enhancing the performance of

GNNs in graph-based learning tasks.

The second objective is to design a learning-based framework that ranks node importance

by combining centrality techniques with GNNs. Instead of relying solely on plain struc-

tural centrality measures, which are fixed, non-learnable, and ignore node features—the

goal is to build an unsupervised, feature-aware model that updates node representations

during learning. This allows the framework to produce accurate, and adaptable, node

importance scores across different graphs.

The third objective is to develop a centrality-driven graph pooling approach for the

task of graph classification. By integrating centrality measures into pooling processes,
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the goal is to enable effective node selection and feature aggregation to preserve key

structural sub graph and remain scalable for large, real-world graphs.

Figure 1.2: Research Objectives

1.3 Research Contributions

In this thesis, our contribution lies in the development of novel architectures that en-

hance the identification of informative nodes within a graph. These architectures are

specifically designed to improve key tasks such as graph filtering, graph pooling, and

node ranking. Our contribution lies in the design and integration of GNNs architectures

with a focus on node analysis techniques, such as centrality techniques, to enhance their

performance and ability to capture important node information. The key innovations

and their impacts are briefly discussed as follows.

1.3.1 Graph Filtering: NACFormer

To address Q1 and effectively aggregate information from both near and distant nodes,

we developed NACFormer.

NACFormer enhances GNNs by integrating a multi-head attention mechanism, which

allows it to selectively aggregate information from both local and distant nodes. This

approach mitigates the oversmoothing problem by ensuring that node features retain

their uniqueness even after multiple propagation steps. Unlike conventional GCNs that
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rely solely on fixed neighborhood aggregation, NACFormer dynamically adjusts the im-

portance of different nodes during message passing by enhancing information flow across

the graph.

Additionally, NACFormer employs graph coarsening, a technique that reduces the com-

plexity of large-scale graphs while preserving their essential structures. By construct-

ing a set of coarsened graphs, NACFormer efficiently captures multi-scale dependencies

and enables more effective long-range information propagation. This representation not

only reduces computational overhead but also enhances the model’s ability to generalize

across diverse graph structures.

Experimental results demonstrate that NACFormer and its version NACFormerMS out-

perform state-of-the-art models in node classification tasks and show a superior capa-

bility in capturing both local and global structural information. The model’s ability

with improved representation learning makes it a promising advancement in the field

of GNNs. By addressing key limitations of traditional message passing mechanisms,

NACFormer paves the way for more effective graph-based learning in applications such

as node classification.

1.3.2 Node Scoring: FadiGNN

To address Q2, and enabling centrality techniques specifically Personalized PageRank

to effectively handle both node features and graph structures in node scoring tasks, we

developed FadiGNN.

FadiGNN introduces a hybrid approach that combines GNNs with centrality techniques

and ensure a more accurate and adaptable ranking of node importance. By integrating

node features into the centrality computation process, it effectively bridges the gap

between feature-based and topology-based importance assessment. Unlike traditional

centrality measures that rely solely on structural properties, FadiGNN’s learning-based

approach allows for greater flexibility across different datasets and applications.

Furthermore, FadiGNN incorporates the approximation for centrality measures which

makes it computationally efficient while preserving the effectiveness of centrality mea-

sures. It also benefits from an appropriately designed loss function that is compatible
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with the message-passing iteration mechanism and ensures stable and efficient conver-

gence during training. It leads to a better optimization of node representations to reflect

their importance more accurately.

Empirical evaluations across various application scenarios, including node classification

and active learning, demonstrate that FadiGNN consistently outperforms existing mod-

els by accurately identifying influential nodes and providing accurate rankings. Its ability

to adapt to different centrality techniques makes it a powerful tool for applications such

as influence analysis.

1.3.3 Graph Pooling: CentralityPool

To address Q3, we introduce CentralityPool that use centrality techniques as pool-

ing layers to retains the most influential nodes and reducing computational complexity

while preserving essential graph properties. Additionally, incorporating centrality into

convolution layers for the node classification task broadens the perspective.

Unlike traditional pooling methods, CentralityPool employs four widely recognized cen-

trality techniques—Personalized PageRank, Total Communicability, Katz Centrality,

and Eigenvector Centrality— individually to guide node selection during downsampling.

This approach ensures that the most important nodes and subgraphs contribute to the fi-

nal representation and leads to improved classification accuracy. CentralityPool extends

its applicability by providing results on both hierarchical and global pooling mechanisms,

which allows more flexible and adaptable for graph learning.

In addition to its role in graph pooling, we individually employ these centrality mea-

sures directly into convolution layers to enhance node classification by incorporating

importance awareness into feature aggregation. Also, we employ their approximation

strategies that significantly improve computational manageability and scalability to ef-

ficiently process over billion nodes/edges datasets.

Empirical results across multiple benchmarks for graph classification demonstrate that

CentralityPool outperforms state-of-the-art methods by effectively preserving key struc-

tural information during the pooling process. Furthermore, its application in node clas-

sification shows superior performance and highlighting the benefits of incorporating cen-

trality techniques in convolution mechanisms. By conducting experiments on large-scale
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datasets, CentralityPool exhibited a strong scalability capability which makes it a prac-

tical solution for handling complex real-world graphs while maintaining efficiency and

accuracy.

1.4 Thesis Organisation

The remainder of this thesis is structured as follows. Chapter 2 provides the neces-

sary preliminaries and background. Chapter 3 introduces Nacformer: Multi-Scale Node

Neighborhood Aggregation Via Graph Coarsening and Transformer, which is a carefully

designed framework to incorporate distant node information based on the Transformer

model and graph coarsening algorithm. Chapter 4 presents FadiGNN: Feature-Aware

Unsupervised Detection of Important Nodes in Graphs, where we designed a trainable

model that incorporates node feature information as well as topology structure in an

unsupervised manner to score the nodes within a graph. Chapter 5 proposes Centrality-

Pool: Centrality-aware Hierarchical Graph Pooling, a node-dropping hierarchical graph

pooling approach that uses centrality measures to identify and retain the most impor-

tant nodes. Finally, in Chapter 6 we summarizes the key findings of this thesis, discuss

its implications, and outline potential directions for future work.
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In this Chapter, we first introduce the fundamental principles of graphs, with a focus

on GNNs. To address the raised questions in the context of GNNs, it is essential to first

understand the fundamental principles that define these models. We begin by introduc-

ing the concept of graphs and reviewing and examining the literature on GNNs based

on various methodologies and approaches that have been developed and implemented

over time. This review will provide a comprehensive understanding of the current state

of research on GNNs. Following this, we will focus on their application in prediction

and classification tasks. By analyzing existing GNN models, we aim to identify their

strengths and limitations.

2.1 Basic Concepts

In this section, we first introduce the fundamental principles of graphs, which serve

as a powerful framework for representing and analyzing complex relationships between

entities. A graph consists of nodes, which represent individual entities, and edges, which

represent the relationships or interactions between these entities.

2.1.1 Graphs

Graph theory is a branch of mathematics that focuses on the study of graphs, which

are structures used to model pairwise relationships between objects. In graph theory,

a graph is composed of nodes (or vertices) and edges that connect pairs of nodes. The

study of graph theory involves exploring the various properties and types of graphs, as

well as the relationships between the nodes within these structures [52, 53].

Graph. A graph is mathematically represented as G = {V,E}, where V = {v1, . . . , vN}

denotes a set of nodes, with N = |V | indicating the total number of nodes. The set

E = {e1, . . . , eM} represents the edges, with M being the total number of edges. An

edge eij ∈ E exists if and only if node vi is connected to node vj . This means that there

is a direct connection or relationship between these two nodes.

An equivalent representation of the graph G = {V,E} is called adjacency matrix and

is indicated with A. The adjacency matrix A is a square matrix that characterizes the

connectivity between the nodes in the graph. Each element in the adjacency matrix
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indicates whether a pair of nodes is connected by an edge. The use of the adjacency

matrix provides a convenient and efficient way to store and manipulate graph data,

especially when performing computational operations. This matrix representation is

crucial as it allows for the easy identification of connections and relationships within the

graph.

Adjacency Matrix. For a given graph G = {V,E}, the corresponding adjacency

matrix is denoted as A ∈ {0, 1}N×N ,

Aij =


1, if there is an edge between vi and vj

0, otherwise

(2.1)

The following matrix is the corresponding adjacency matrix of Figure 2.1.

Figure 2.1: A graph with 5 nodes and 6 edges

A =



0 1 0 1 1

1 0 1 0 0

0 1 0 0 1

1 0 0 0 1

1 0 1 1 0


(2.2)

Despite its easy of use, it has several limitations, especially for large-scale and complex

graph applications. Its quadratic space complexity O(N2) makes it inefficient for storing

sparse graphs that leads to high memory usage and computational overhead. Addition-

ally, it only captures direct connections between nodes and lacks higher-order structural

information, which causes the requirement of extra computations. Moreover, adjacency
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matrices are not invariant to node ordering, making them unsuitable for permutation-

independent learning tasks, and they do not inherently encode node or edge features,

which require additional feature matrices. Due to these limitations, more efficient rep-

resentations such as graph Laplacians are preferred in modern graph-based learning and

optimization tasks.

Graph Laplacian. The graph Laplacian is a fundamental matrix in spectral graph

theory which is used to analyze the structure of a graph and its connectivity proper-

ties. Given a graph G = (V,E) with an adjacency matrix A and a degree matrix D,

the combinatorial Laplacian is defined as: L = D − A. This matrix captures impor-

tant structural information: its eigenvalues reveal properties such as graph connectivity,

while its eigenvectors form the basis for spectral clustering and graph-based learning.

A key property of L is that it is positive semi-definite, meaning that all of its eigenval-

ues are non-negative. The smallest eigenvalue is always zero, and the number of zero

eigenvalues corresponds to the number of connected components in the graph. A nor-

malized Laplacian, defined as Lsym = I−D−1/2AD−1/2, is often used in GCN to ensure

numerical stability and improve feature propagation.

Types of Graphs. Generally, there are two primary categories of graphs: directed

graphs and undirected graphs. In directed graphs, also known as digraphs, the edges

have a direction. It means that each edge points from one node to another that indi-

cates a one-way relationship. This is commonly represented with arrows showing the

direction of the connection between nodes. Directed graphs are particularly useful for

modeling scenarios where relationships are not reciprocal, such as one-way streets in

traffic networks or hierarchical structures. On the other hand, undirected graphs con-

sist of edges that do not have a direction which indicates a bidirectional relationship

between nodes. In undirected graphs, the connections are mutual It means that if node

a is connected to node b, then node b is also connected to node a. This type of graph is

useful for modeling situations where relationships are inherently two-way, such as friend-

ships in social networks or undirected pathways in transportation systems. Hence, for

an undirected graph, its corresponding adjacency matrix is symmetric. Both directed

and undirected graphs have extensive applications in various fields. Understanding the

fundamental concepts and classifications of graphs is essential for analyzing and solving

complex problems that involve interconnected entities [54].
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Common Graph Properties. Graphs have several properties that are critical for

understanding their structure and behavior. These properties are used in a variety

of graph-based algorithms and applications. For instance, Connectivity refers to the

degree to which nodes in the graph are connected. A graph is said to be connected if there

is a path between every pair of nodes, which means no node is isolated. For undirected

graphs, this property ensures that information can flow throughout the network. If a

graph is not connected, it consists of multiple connected components, and each of the

components is a subgraph where any two nodes are connected by paths. Centrality

is a measure of the importance of a node within a graph. Several centrality measures

exist, where each captures different aspects of importance. Since centrality measures are

a key component of the methodology used in this thesis (two chapters), we place greater

emphasis on them and provide a more detailed explanation.

2.1.2 Centrality Measures

Centrality measures are essential tools for identifying the most important or influential

nodes within a graph [50, 51, 55–57]. These measures assess the relative importance of

nodes based on their position and connectivity within the network, where each offers a

unique ways to quantify and capture node significance. In this thesis, we consider some

of the most well-known centrality measures as follows:

• Degree Centrality [58, 59]: Degree centrality evaluates the importance of

a node based on the number of immediate neighbors it is directly connected to.

This measure is intuitive and computationally simple which makes it a common

baseline in network analysis. Nodes with higher degrees are assumed to be more

influential because they have more direct access to other nodes. However, degree

centrality offers only a local perspective since it does not consider how influential

those neighbors are. As a result, it may overlook nodes that play important roles

beyond their immediate links.

• Eigenvector Centrality [57, 60]: Eigenvector centrality builds upon degree

centrality by assigning higher importance to nodes connected to other highly

ranked nodes. Instead of merely counting connections, it propagates influence

through the network and gives greater weight to nodes embedded in structurally
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important regions. This makes it more reflective of broader network topology and

capable of capturing hierarchical influence patterns.

• Katz Centrality [56, 61]: Katz centrality generalizes eigenvector centrality by

incorporating both direct and indirect paths of all lengths, weighted by a decay

factor. This ensures that even distant nodes contribute to the score, but with

progressively diminishing influence. This formulation overcomes the limitations of

eigenvector centrality by assigning non-zero scores to isolated or peripheral nodes

and makes it more stable in real-world graphs where disconnected components

are common. It offers a more flexible representation of influence by integrating

long-range information.

• Betweenness Centrality [55, 58]: Betweenness centrality focuses on identify-

ing nodes that frequently lie on the shortest paths between pairs of other nodes.

These nodes act as bridges that control communication and information flow within

the network. However, betweenness centrality is computationally expensive and

sensitive to small structural changes, and it does not account for alternative longer

paths that may also contribute to influence.

• Total Communicability Centrality [62]: Total Communicability evaluates

how effectively a node can spread information through all possible walks in the

graph, not just shortest paths or immediate neighbors. By using the matrix ex-

ponential, it aggregates contributions from walks of every length and with shorter

walks weighted more heavily. This provides a rich, global representation of influ-

ence across complex networks. Compared to eigenvector centrality, it captures a

broader spectrum of structural connectivity but is more computationally demand-

ing and require approximations for large-scale graphs.

• Personalized PageRank [63, 64]: Personalized PageRank centrality is a vari-

ation of the standard PageRank algorithm that personalizes importance scores

based on a given preference vector. This makes node importance dependent not

only on graph structure but also on contextual relevance or user-defined interests.
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2.2 Graph Neural Networks

Graph Neural Networks (GNNs) are a specialized type of neural networks designed to

process and analyze data that is structured as a graph, which consists of nodes (rep-

resenting entities) and edges (representing relationships or interactions between these

entities). Unlike traditional neural networks that operate on grid-like or sequential

data, such as images or text, GNNs are capable of using the irregular, interconnected

nature of graphs to learn meaningful representations. This ability makes them highly

effective for a wide range of applications, including social network analysis [65–67], bi-

ological modeling [7, 68–70], recommendation systems [41, 71], citation graphs [72–74],

transportation network [75–77], and etc.

Two of the primary tasks in GNNs are node classification and graph classification.

• Node classification involves predicting labels for individual nodes in a graph

by learning from their features and neighboring nodes. For example, in social

networks, the task could be to classify users as either bots or humans based on

their interaction patterns. [15, 25–28, 78].

• Graph classification is about predicting a label for an entire graph by aggre-

gating node features and graph-level information. For example, in chemistry, it

could be used to classify molecules as toxic or non-toxic based on their molecular

structure [16, 29–31].

GNNs rely on two fundamental components for each of these tasks: graph filtering for

node classification and graph pooling for graph classification. These components play

a crucial role in GNNs to learn meaningful representations of graph-structured data.

Graph filtering enables information to propagate across node neighborhoods and allows

each node’s representation to be updated by its neighbors. This process helps capture

structural patterns within the graph and enhances their ability to represent relationships

within the network which ultimately leads to more informative node embeddings.

On the other hand, graph pooling serves as a mechanism for reducing the size of the

graph while retaining its most important structural components. Pooling techniques

achieve this by either merging nodes into supernodes or selectively retaining the most
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relevant nodes, which improves computational efficiency and helps the model generalize

better. By reducing the complexity of large-scale graphs, pooling approach enables

GNNs to handle graph-level tasks, such as graph classification, where the goal is to

derive meaningful insights from entire graph structures rather than individual nodes.

Together, graph filtering for propagating information across connected nodes, and graph

pooling for selectively condensing key features are the two fundamental operations that

enable GNNs to win the contest in node and graph classification tasks. The follow-

ing sections explore these two components in detail, discussing their mechanisms, and

advancements in recent research.

2.3 Graph Filtering

Graph filtering is a fundamental component of GNNs and plays a key role in how in-

formation is propagated across a graph. Broadly, it can be classified into two main

types: spectral-based filters and spatial-based filters. These approaches define different

methodologies for constructing graph filters, each with its own advantages and challenges

in capturing structural dependencies and node relationships.

2.3.1 Spectral Graph Filtering

The spectral graph filter is based on spectral graph theory, a mathematical framework

that analyzes graphs through the eigenvalues and eigenvectors of their adjacency or

Laplacian matrices [79]. This approach provides a frequency-based perspective on graph-

structured data and enables more global transformations.

The foundation of spectral graph filtering lies in the Graph Fourier Transform (GFT),

which decomposes a graph signal into its spectral components [80]. Given a signal

f ∈ RN defined on the nodes of a graph, the GFT computes its representation in the

frequency domain using the eigenvectors of the graph Laplacian. This transformation

allows the signal to be expressed in terms of different frequency modes, and provides

insight into how information propagates across the graph.
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Graph Fourier Transform (GFT). The Graph Fourier Transform of a signal f ∈ RN

defined on a graph G is defined as follows:

f̂ = U⊤f (2.3)

where U is computed of the eigen-vectors of the Laplacian of graph G, and f̂ is the

coefficients of graph’s Fourier.

To modify a graph signal, a graph filter is applied in the spectral domain by modulating

the Fourier coefficients of f . This process enables selective enhancement or suppression

of specific frequency components and allows for precise control over the information flow

within the network. Low-frequency components capture smooth, global structures, while

high-frequency components highlight localized variations. The ability to manipulate

these spectral properties makes spectral graph filtering a powerful tool for tasks such as

node classification and graph classification.

Despite its strong theoretical foundation, spectral filtering often suffers from computa-

tional limitations, particularly in large graphs where eigenvector calculations are costly.

To address this, various approximation techniques, such as Chebyshev polynomials and

localized spectral filters, have been developed to improve scalability while preserving the

effectiveness of spectral-based filtering [72].

In order to modulate the frequency components of a graph signal f ∈ RN , a filter is

applied to its Fourier coefficients. This filtering process is defined as ĝ(Λ) ·U⊤f where:

• U ∈ RN×N is the matrix of eigenvectors of the graph Laplacian (or another graph-

related operator),

• Λ ∈ RN×N is a diagonal matrix whose entries are the corresponding eigenvalues.

The function ĝ(·) is applied element-wise to the diagonal entries of Λ and effectively

modulates each frequency component of the graph signal. To illustrate, the matrix Λ is

defined as:

Λ =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λN

 (2.4)
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and after applying the function ĝ(·), we obtain:

ĝ(Λ) =


ĝ (λ1) 0 · · · 0

0 ĝ (λ2) · · · 0
...

...
. . .

...

0 0 · · · ĝ (λN )

 (2.5)

This operation allows for precise control over the frequency content of the graph signal.

By choosing an appropriate function ĝ(·), one can design filters that, for example, re-

ducing high-frequency noise (low-pass filtering) or emphasize rapid variations (high-pass

filtering). Once the Fourier coefficients have been modulated, the inverse graph Fourier

transform is typically applied to convert the filtered signal back into the vertex domain.

This reconstruction is given by:

ffiltered = U ĝ(Λ)U⊤f (2.6)

Thus, the overall process consists of the following steps:

1. Transform the signal f into the spectral domain using the GFT: f̂ = U⊤f .

2. Modulate the spectral coefficients using the filter function: ĝ(Λ) f̂ .

3. Transform the modulated signal back to the vertex domain to obtain the filtered

signal ffiltered.

Figure 2.2 illustrate the process of spectral filtering.

Figure 2.2: The process of spectral filtering.
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Designing the Graph Filter Function ĝ(Λ). Now, the key question in spectral

graph filtering is how to design the filter function ĝ(Λ) to effectively modulate the

frequency components of a graph signal. The choice of ĝ(Λ) determines the nature of

the filtering operation, such as whether it acts as a low-pass, high-pass, or band-pass

filter.

Bruna et al. [81] proposed an approach that provides a complete flexibility in designing

graph filters by allowing them to be entirely learned from data. In this formulation, the

filter function is parameterized as a diagonal matrix:

ĝ(Λ) =


w1 0 · · · 0

0 w2 · · · 0
...

...
. . .

...

0 0 · · · wN

 (2.7)

where each wi is a learnable parameter corresponding to a specific eigenvalue λi of the

graph Laplacian. This approach provides complete freedom in defining how different

frequency components should be modulated.

However, despite its flexibility, this method has a major computational drawback: it

requires an explicit eigenvalue decomposition of the Laplacian matrix, which is an O(N3)

operation. This high computational cost makes it impractical for large graphs, where N

(the number of nodes) can be very large.

Polynomial Approximation for Efficient Filtering To overcome the computa-

tional burden of explicit eigen decomposition, Defferrard et al. [72] proposed using

polynomial approximations of the filter function ĝ(λ). Instead of learning individual

parameters for each eigenvalue, the function is approximated as a truncated polynomial

expansion in terms of the Laplacian matrix:

ĝ(λ) ≈
K∑
k=0

wkλ
k (2.8)

By using this polynomial approximation, the spectral filtering operation can be rewritten

as:

U · ĝ(Λ) ·U⊤f =

K∑
k=0

wkL
kf (2.9)
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Here, L is the normalized graph Laplacian, and the filter function is now expressed as a

polynomial of the Laplacian, which eliminates the need for explicit eigen decomposition.

Instead of computing the eigenvectors of L, we directly apply powers of L to the signal,

which can be computed efficiently using matrix multiplications.

Using polynomials to approximate graph filters offers several advantages, including com-

putational efficiency, since the filtering operation now scales linearly with the number

of nodes, making it significantly more efficient than eigen decomposition.

The problem with the spectral filtering approach, despite its simplicity, is that the

polynomial expansion of the equation
∑∞

k=0wkx
k is inherently unstable due to the non-

orthogonality of the standard monomial basis {xk}. This lack of orthogonality results

in poor numerical conditioning, making the filtering process highly sensitive to small

variations in eigenvalues. Consequently, applying high-degree polynomials can lead to

overfitting, and inefficient computations, particularly for large graphs.

Chebyshev Polynomials: A More Stable Basis To address these stability is-

sues, Defferrard et al. [72] proposed the use of Chebyshev polynomials, which form an

orthogonal basis over the interval [−1, 1]. Unlike the standard monomials, Chebyshev

polynomials provide a well-conditioned approximation space, which reduce numerical

instability and improving computational efficiency.

The Chebyshev polynomials are defined recursively as follows:

T0(x) = 1, T1(x) = x, Tk(x) = 2xTk−1(x)− Tk−2(x), for k ≥ 2 (2.10)

This recurrence relation allows for efficient computation without requiring explicit ma-

trix diagonalization. Using Chebyshev polynomials, the spectral filtering operation can

be rewritten in terms of a truncated Chebyshev expansion:

Uĝ(Λ)UT f =

K∑
k=0

wkTk(L)f (2.11)

Where, Tk(L) is the Chebyshev polynomial of order k applied to the normalized Lapla-

cian matrix L, and wk are the learnable parameters that define the spectral filter.
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By adopting the Chebyshev polynomial approximation, spectral graph filtering benefits

from several key improvements:

• Numerical Stability: The orthogonality of Chebyshev polynomials mitigates the

instability issues present in standard polynomial expansions, and ensures smoother

and more reliable filter learning.

• Computational Efficiency: The filtering operation can be computed recursively,

eliminating the need for explicit eigen decomposition. This reduces the complexity

from O(N3), and makes it scalable for large graphs.

• Localized Filtering: The approximation depends only on K-hop neighbors,

meaning the operation remains localized in the node space. This is particularly

useful for tasks requiring local feature extraction.

2.3.2 Spatial Graph Filtering

The use of Chebyshev polynomials in spectral graph filtering plays a crucial role in

improving the scalability of GNNs. By reducing computational overhead and enhancing

numerical stability, this approach enables the application of spectral-based GNNs to

large-scale real-world graphs.

To further simplify the Chebyshev polynomial approximation, Kipf et al. [25] proposed

the Graph Convolutional Network (GCN), which effectively reduces the complexity of

the spectral filter by setting K = 1. This truncation of the ChebNet leads to a simplified

filter defined as:

ĝ(Λ) = w0 + w1(Λ− I) (2.12)

where Λ represents the diagonal matrix of eigenvalues, and I is the identity matrix.

By imposing the constraint W = w0 = −w1, the filter expression simplifies further to:

ĝ(Λ) = W(2I − Λ) (2.13)

This formulation allows the spectral convolution to be efficiently implemented without

explicitly computing eigenvectors. With an additional regularization step, the spectral
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filtering operation can be re-expressed in the vertex domain as:

Uĝ(Λ)UT f = W
(
D̃− 1

2 ÃD̃− 1
2

)
f (2.14)

where Ã = A + I is the adjacency matrix augmented with self-loops, and D̃ is the

corresponding degree matrix of Ã. This regularization incorporates self-connections

and ensures that each node’s own features are included during aggregation.

Matrix W contains the filter weights, which serve to weigh and combine the features

from neighboring nodes. Essentially, W can be conceptualized as a set of coefficients

that determines the importance of each neighbor’s features when updating a node’s rep-

resentation. The aggregation process thereby enables the GCN to integrate information

across the graph. This iterative message-passing mechanism ensures that information

propagates through multiple layers and ultimately captures both local and higher-order

dependencies in the graph.

From a spatial perspective, the GCN [25] intuitively performs neighborhood aggrega-

tion, where each node gathers information from its local neighborhood to update its

representation (see Figure 2.3). In this formulation, each node aggregates the feature

representations of its immediate neighbors, as well as its own, before applying a linear

transformation using the learnable weight matrix W. This process ensures that each

node iteratively refines its representation based on the structural information encoded

in the graph. This is part of a broader framework known as message passing.

The message-passing technique is a core component of GCN architectures, where a

node’s embedding, or latent vector representation, is recursively updated by aggregating

information from its neighboring nodes. This iterative process enables each node to

gather and refine information from its local neighborhood and thereby enhancing its

representation [82–84].
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Figure 2.3: Overview of neighborhood aggregation, where a node updates its repre-
sentation by incorporating information from its adjacent nodes. xi is the corresponding

feature matrix (signal vector in spectral filtering) of node vi

Message passing generalizes this idea by defining a two-step process:

• Message Aggregation: Each node collects and combines feature representations

from its neighbors based on a predefined aggregation function, ensuring that local

graph structure influences the node’s updated representation.

• Feature Update: The aggregated information is transformed through a learnable

function, often involving a weight matrix and a non-linear activation, to refine node

embeddings iteratively.

This iterative approach enables nodes to incorporate information from progressively

larger neighborhoods as more layers are stacked. Over multiple iterations, nodes gain

a richer understanding of their local and global graph information. Fundamentally, the

message passing in the GCN performs a weighted aggregation of neighborhood features

followed by a feature transformation. The update rule for the (k + 1)-th layer of a GCN

is given by:

H
(k+1)
i = σ

 ∑
vj∈N (vi)∪{vi}

C[i, j]H
(k)
j W(k)

 , ∀vi ∈ V (2.15)

where

C = D̃− 1
2 ÃD̃− 1

2 (2.16)
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Here, V is the set of nodes; N (vi) is the set of neighbors of node vi; H
(k)
i represents the

embedding matrix of node vi at layer k, W(k) is the trainable weight matrix, and σ(·) is

a non-linear activation function such as ReLU. The matrix C normalizes the adjacency

matrix Ã (which includes self-loops) using the degree matrix D̃ to ensure stable gradient

propagation and prevent numerical instabilities.

GCN is almost on top of the list of algorithms for GNNs architectures. However, it has

a notable drawback. The aggregation function is applied to every node connected to the

target node which poses a significant challenge for large networks in many problems.

A straightforward solution to this issue was proposed in 2017 by Hamilton et al. [28],

who introduced the GraphSAGE model. Instead of aggregating information from the

entire set of neighboring nodes, GraphSAGE selects a random sample of nodes (for

instance, using a uniform distribution, N (vi) → Ns (vi)) to perform the aggregation.

This approach reduces the computational burden and makes the model more scalable

for large and dense garphs.

Hence the k + 1-th layer of GraphSAGE

H
(k+1)
Ns(vi)

= AGG
({

H
(k)
i , vj ∈ Ns (vi)

})
(2.17)

H
(k+1)
i = σ

(
W
[
H

(k)
i ,H

(k+1)
Ns(vi)

])
(2.18)

Where Ns (vi) is a randomly selected neighbor of target node vi.

Another model that has gained significant attention is the Graph Attention Network [27].

Graph Attention Network enhances the performance of earlier techniques by incorporat-

ing an attention mechanism that dynamically assigns learnable attention weights to each

neighboring node. Specifically, each node is assigned a unique attention coefficient, αij

in equation 2.19, which quantifies the importance of its neighbor vj in the aggregation

process. This adaptive weighting allows the model to prioritize more relevant neighbors.

αij =
exp

(
σ
(
a⃗T
[
WH⃗i∥WH⃗j

]))
∑

k∈Ni
exp

(
σ
(
a⃗T
[
WH⃗i∥WH⃗k

])) (2.19)

Where σ is LeakyReLU function, a⃗ is the learnable attention vector. Figure 2.4 illus-

trates the GAT model updating prcess.
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Figure 2.4: Graph Attention Network

We explored the concept of graph filters and various approaches that have been used to

design them for effective information propagation in GNNs. While well-known GNNs

models use graph filters to aggregate neighborhood information, they often face different

limitations, such as over-smoothing, scalability, and so on, which makes it challenging

to apply these models to large-scale graphs. To overcome these drawbacks, numerous

advanced GNNs architectures have been proposed, by incorporating techniques such as

residual connections [85, 86], attention mechanisms [87, 88], spectral decompositions

[89–91], efficient sampling strategies [92, 93], and etc. These innovations aim to enhance

model expressiveness, improving computational efficiency, and enable GNNs to scale

to massive real-world graphs while maintaining meaningful node representations. As

research in this field continues to evolve, new methodologies are being introduced to

further optimize graph learning paradigms and address emerging challenges in complex

networked data.

2.4 Graph Pooling

In graph classification task, handling large graph datasets efficiently requires techniques

that reduce their size while preserving essential structural and feature information.

Graph pooling is one such approach, designed to create hierarchical representations

by progressively coarsening the graph.
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Graph pooling is analogous to downsampling in convolutional neural networks (CNNs).

The primary responsibility of the graph pooling layer is to decrease the size of the graph,

which serves as the input for the subsequent layers (see Fig. 2.5) [94, 95]. By effectively

reducing the graph’s complexity, graph pooling enables the model to process large graphs

more efficiently.

Graph Pooling

Figure 2.5: Graph Pooling operation reduce the size of the graph

Generally, graph pooling techniques are classified into two main classes.

1. Global Pooling. This method reduces the entire graph into a single representa-

tion by aggregating all node features into a fixed-size vector. It is commonly used

for graph-level tasks such as classification and regression. For instance, Unlike

standard pooling methods that simply aggregate individual node features—such

as by taking the average or maximum of node features, Second-Order method [96]

goes a step further by considering the interactions and correlations between nodes

within the graph. Instead of treating nodes independently, second-order pooling

captures how nodes relate to each other, whether through direct connections or

more complex structural patterns. The SortPool method [97] ranks nodes based

on scores derived from the transformed features of those nodes. This approach

uses a form of feature transformation that allows for effective node ranking. On

the other hand, the Global-Attention mechanism [98] employs an attention-based

approach to selectively aggregate the features of nodes. By doing so, it enhances

the overall representation of the graph, and ensures that more significant node

features are emphasized in the final graph representation. Meanwhile, GMT [99]
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approaches the pooling problem by framing it as a multiset encoding task, and

incorporate auxiliary information to improve the representation. It utilizes multi-

head attention to better capture the intricate interactions between nodes within

the graph.

Global pooling methods continue to be favored in many applications due to their

simplicity and computational efficiency, which make them attractive for use in

graph processing tasks. However, while global pooling techniques are widely used,

they do face limitations, especially when applied to large and complex graphs. In

such cases, the pooling process can sometimes oversimplify the graph, failing to

capture its intricate structural details. This single-step reduction approach can

lead to a loss of critical information that may be important for certain tasks.

2. Hierarchical Pooling. This approach progressively coarsens the graph by iter-

atively selecting and merging nodes while preserving structural and feature infor-

mation at multiple levels. It is particularly useful for learning hierarchical repre-

sentations in large graphs [100, 101]. This approach mainly is devided into two

categories: cluster-based pooling and node dropping pooling.

1. Cluster-Based Pooling methods aggregate nodes into groups according to

their similarities and structural connections. Rather than selecting or re-

moving nodes, these techniques create clusters of closely related nodes and

substitute them with a single representative node. This approach maintains

significant graph structures while greatly reducing computational demands.

For instance, [100] learns soft cluster assignments for nodes at each GNN

layer, mapping nodes to clusters, which then form the coarsened input for sub-

sequent layers. This method enables end-to-end training. StructPool method

[102] captures high-order structural relationships between nodes through con-

ditional random fields and effectively learns graph representations by con-

sidering the dependencies among nodes. CliquePool method [103] coarsens

graphs by aggregating maximal cliques, which aim to limit node dispersal

by assigning each node to a single clique-pool. K-Plex method [104] uses

concepts from graph theory, specifically k-plexes, to create non-parametric

pooling operations. By focusing on dense subgraphs where each node is con-

nected to at least a certain number of others, it effectively captures structural
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Figure 2.6: Clustering-based pooling methods where nodes are grouped into clusters
based on their similarities and structural relationships.

information. Haar pooling model [38] is based on compressive Haar trans-

forms, which apply a sequence of clustering operations to reduce the graph’s

size while preserving structural information. EigenPooling [105] integrates

graph convolutional networks with a pooling operator derived from the graph

Fourier transform. These examples are the notable examples of such pooling

strategies, which adaptively group nodes based on both feature and structural

resemblances. The procedure for cluster-based pooling of an original graph

is depicted in Figure 2.6.

Beside the practical applications in real-world problems, however, these meth-

ods face several limitations, including over-smoothing of node representations,

and the necessity to predefine the number of clusters, which limits flexibility.

Additionally, node-clustering approaches often require auxiliary networks to

learn node-cluster mappings, which introduce complexity and potential over-

fitting. Furthermore, the computational intensity of clustering algorithms can

be a significant drawback, especially when dealing with large graphs.
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2. Node Dropping Pooling methods discard less important nodes to reduce

the graph size while retaining key structural and feature information. These

methods apply scoring mechanisms that assign unique importance or rele-

vance values to each node across the graph. After ranking the nodes based

on these scores, the top − k nodes with the highest values are selected for

further processing. This approach efficiently reduces the graph’s size while

retaining the most significant nodes ans subgraphs. This method has been

successfully applied in various studies to boost the efficiency of graph process-

ing algorithms. For instance, SAGPool [2] employs a self-attention mecha-

nism to assign importance scores to nodes and adaptively selects nodes based

on their learned scores. SSPool method [1] employs a Siamese network ar-

chitecture to maximize mutual information between graph representations.

By using graph infomax pooling, it learns informative and discriminative

features. Gpool method [106] selects a subset of nodes based on their impor-

tance, which is determined by their scalar projection values onto a learnable

projection vector.

The node dropping methods similarly face some limitation. For instance,

the process of discarding nodes can lead to the loss of valuable structural

and feature information. Moreover, relying solely on node significance scores

for selection may overlook the diversity inherent in node features and graph

structures. However, in contrast to cluster-based methods, node dropping

is computationally more efficient, as it directly removes nodes rather than

generating clusters, which makes it faster and less resource-intensive.

Figure 2.7 illustrates the entire process of node drop pooling approach.

In the following sections, we provide a more detailed description of all the datasets

used in our experiments. Additionally, we provide an explanation of the evaluation

metrics employed to assess models performance to ensure clarity on how effectiveness

was measured across different tasks.
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Figure 2.7: An illustration of Node drop pooling approach, where ranking mech-
anisms, such as learned importance scores or attention weights is used to determine

which nodes should be removed

2.5 Data

For all our model experiments, we employed the following publicly available datasets.

These datasets serve as standard benchmarks in graph learning research and cover a

diverse range of domains, including citation networks, e-commerce co-purchase graphs,

and large-scale academic graphs. Each dataset provides a unique structure and challenge,

enabling a comprehensive evaluation of our models. All datasets used in this study can

be accessed online [3].

2.5.1 Node Classification Datasets

• Cora. Cora is a real-world bibliographic dataset that represents documents and

the citation links between them in the field of computer science [107]. The docu-

ments in this dataset are categorized into seven classes: Case-Based, Genetic Al-

gorithms, Neural Networks, Probabilistic Methods, Reinforcement Learning, Rule
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Learning, and Theory. Each class represents a distinct area of research, provid-

ing a rich and diverse set of examples for evaluating the performance of GNNs in

classifying nodes based on their features and relationships.

• CiteSeer. CiteSeer is another citation network dataset that encompasses scientific

papers in computer science [107]. The papers in CiteSeer are categorized into six

research areas: Agents, Artificial Intelligence (AI), Databases (DB), Information

Retrieval (IR), Machine Learning (ML), and Human-Computer Interaction (HCI).

This dataset serves as an additional benchmark for assessing the ability of GNNs to

accurately classify and manage documents across various specialized fields within

computer science.

• PubMed. Pubmed is a citation graph consisting of papers related to diabetes

research [107]. The papers in this dataset are divided into three categories, making

it another valuable resource for evaluating the effectiveness of GNNs in handling

domain-specific classification tasks.

• DBLP. The DBLP dataset is a comprehensive bibliographic dataset that captures

the co-authorship relationships among researchers in the field of computer science.

It is widely used for node classification, link prediction, and community detection

tasks. The dataset includes 17,716 nodes, with each node representing an individ-

ual researcher. Edges represent co-authorship relationships, indicating that two

researchers have co-authored one or more papers [108].

• LastFM Asia. LastFM Asia is a network of social friendships among Asian users

of the music streaming service LastFM [109]. The classes in this dataset represent

the home countries of the users, providing a unique challenge for GNNs to classify

nodes based on social and geographical attributes.

• Cora-ML. The Cora-ML dataset is similar to the Cora dataset but differs in the

number of nodes and edges, as detailed in Table 3.1.

• Wiki Wiki dataset represents a network of Wikipedia pages, where each node

corresponds to a Wikipedia page, and edges represent the hyperlinks between

them. The nodes are labeled based on the categories or topics of the Wikipedia

pages, which are used as the target classes for node classification [110, 111].



Background 34

• BlogCatalog. BlogCatalog is a widely used dataset for node classification tasks.

It represents a network of social relationships between bloggers on the BlogCat-

alog website. In this dataset, each node corresponds to a blogger, and edges

represent the social interactions between them. Nodes are labeled with categories

that indicate the topics of the blogs, which are used as the target classes for node

classification [110, 111].

• Co-CS Co-CS (Computer Science) dataset represents a co-authorship network of

computer science researchers. The dataset contains nodes corresponding to indi-

vidual researchers, and edges represent co-authorship relationships between them.

The nodes are labeled based on the research topics or fields of the researchers,

which serve as the target classes for node classification [112].

• Co-phy. The Co-Phy (Physics) dataset represents a co-authorship network of

physics researchers. The dataset contains nodes corresponding to individual re-

searchers, and edges represent co-authorship relationships between them. The

nodes are labeled based on the research topics or fields of the researchers, which

serve as the target classes for node classification [112].

• OGBN-arxiv. The OGBN-arxiv dataset is a citation network where each node

represents an academic paper from arXiv, and edges denote citation relationships

between these papers. Each paper is associated with a feature vector derived from

word embeddings of its title and abstract. The primary task involves classifying

papers into their respective research areas which makes it a widely used benchmark

for evaluating graph-based learning models [113].

• OGBN-product. The OGBN-product dataset is an Amazon co-purchase net-

work, where nodes represent products, and edges indicate that two products are

frequently bought together. The task involves node classification, where each prod-

uct is assigned a category based on its type [113].

• OGBN-paper100M. The OGBN-paper100M dataset is a large-sclae academic

citation network consisting of over 100 million papers. Nodes represent research

papers, and edges denote citation relationships. The primary goal is to classify pa-

pers into various research fields, making it one of the largest and most challenging

benchmarks for graph-based learning [113].



Background 35

2.5.2 Graph Classification Data

• DD (D&D) [114] is a dataset consisting of protein structure graphs, where nodes

represent amino acids and edges indicate spatial proximity. It is widely used for

protein classification tasks to help in analyzing structural properties and func-

tional similarities between different proteins. The dataset is particularly useful for

studying how protein structures relate to their biological functions.

• PROTEINS [115] is another protein structure dataset, similar to DD (D&D),

where graphs model the spatial interactions of amino acids. However, it focuses

on classifying proteins based on their enzymatic and non-enzymatic properties.

This dataset is commonly utilized in bioinformatics research for tasks involving

protein function prediction and structural analysis.

• NCI109 [116] is a dataset of chemical compound graphs, where nodes correspond

to atoms and edges represent chemical bonds. The main objective is to predict

whether a given compound exhibits anti-cancer activity. It serves as a bench-

mark in computational drug discovery, aiding in the identification of potential

chemotherapeutic agents.

• NCI1 [116] is another chemical compound dataset, structurally similar to NCI109.

It is used for the same cancer-related activity prediction task but provides a differ-

ent set of molecular structures for evaluation. Both NCI1 and NCI109 are widely

employed in cheminformatics to develop machine learning models for molecular

property prediction.

• Mutagenicity [117] contains molecular graphs designed for mutagenicity predic-

tion, where nodes denote atoms and edges represent chemical bonds. The goal

is to determine whether a compound is mutagenic, which is crucial for assessing

potential health risks associated with chemical substances.

• COLLAB [118] comprises graphs representing academic collaboration networks,

where nodes correspond to researchers, and edges indicate co-authorship relation-

ships. The classification task involves identifying different research fields based on

network structures, making it useful for studying scholarly collaborations.

• IMDB-B [118] consists of ego-networks extracted from the Internet Movie Database

(IMDB), where nodes represent actors, and edges signify co-appearances in the
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same movie. The dataset is used for binary classification of movies into two dis-

tinct genres, enabling research into social network analysis and film categorization.

• IMDB-M [118] is an extension of IMDB-B, where movies are categorized into

one of three genres instead of two. This dataset provides a more complex classi-

fication task by capturing richer social interactions among actors based on their

collaborations in different film genres.

2.6 Evaluation Metrics

To comprehensively assess model performance, we utilize two key classification metrics:

Accuracy and F1-score. Accuracy provides a straightforward measure of overall correct-

ness, while the F1-score balances precision and recall, making it particularly useful for

imbalanced datasets. By employing both metrics, we ensure a more robust evaluation

of model effectiveness.

2.6.1 Accuracy.

The Accuracy score is a widely used metric for classification tasks, representing the

proportion of correctly classified instances in relation to the total dataset. It is computed

as follows:

Accuracy =
TP + TN

TP + FN + TN + FP
(2.20)

where TP , TN , FN , and FP denote the number of true positives, true negatives,

false negatives, and false positives, respectively. A higher accuracy score indicates bet-

ter classification performance by reflecting the proportion of correctly predicted labels.

However, accuracy alone may not be sufficient when dealing with class imbalances, as it

does not differentiate between precision and recall.
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2.6.2 F1-score.

To address limitations of Accuracy, we also evaluate models using the F1-score, which

balances Precision and Recall to provide a more informative performance measure. The

F1-score is the harmonic mean of precision and recall and is defined as:

F1-score = 2× Precision× Recall

Precision + Recall
(2.21)

where Precision and Recall are computed as:

Precision =
TP

TP + FP
, Recall =

TP

TP + FN
(2.22)

A higher F1-score indicates a better balance between precision and recall, making it

particularly useful in scenarios where misclassification costs are uneven. Unlike Accu-

racy, the F1-score ensures that both positive and negative predictions are appropriately

considered, providing a more reliable measure of model performance in cases where class

distributions are skewed.



Chapter 3

Multi-Scale Node Neighborhood

Aggregation Via Graph

Coarsening and Transformer

Graph Convolution Networks (GCNs) have shown superiority in many applications en-

tailing classification and prediction tasks. Vanilla GCNs are based on updating a node

embedding locally with directly connected neighbors and not considering distant nodes.

To address this issue, a straightforward solution is to increase the number of GCN lay-

ers, letting messages (i.e., information) from distant nodes to be propagated to a target

node after a few iterations. Such an approach, however, suffers from resembling of node

representations. In this chapter, we propose a model named NACFormer that incorpo-

rates distant node information based on the Transformer model and graph coarsening.

NACFormer jointly learns the embeddings produced from multi-head attention blocks and

from a GCN model trained on a smaller graph. Further, we train the model on a range of

coarsened graphs, which not only increases model accuracy but also enhances its adapt-

ability across varying graph structures. By experiments on real-world datasets for node

classification tasks, we demonstrate that NACFormer better captures the information

of distant nodes, thus producing node embeddings of higher quality that improve node

classification accuracy.

This chapter has been accepted at the IJCNN 2025 conference:

• Ghanbari, M., Bagloee, SA., Qi, J., and Sarvi, M. Multi-Scale Node Neighborhood Aggregation
Via Graph Coarsening and Transformer. In International Joint Conference on Neural Networks
(IJCNN), 1-8, 2025.
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3.1 Introduction

Graph Neural Networks (GNN) are a class of deep learning models that have attracted

significant attention in recent years [25, 27]. They have a wide range of applications [119],

due to their strong empirical performance and the prevalence of graph-structured data.

Among different GNNs, Graph Convolutional Networks (GCN) are one of the most pop-

ular models [25]. The key step in GCNs is massage passing, where a node’s embedding

(i.e., a latent vector representation) is iteratively updated based on aggregating the

information of the neighboring nodes.

Although GCNs have shown strong performance on tasks such as node classification and

link prediction, the local embedding update mechanism of vanilla GCNs overlooks the

dependencies of distant nodes. Unlike Convolution Neural Networks (CNN), stacking

more GCN layers does not solve the problem, while such an approach leads to a situation

where every node’s embedding resembles those of the other nodes [46].

Meanwhile, the Transformer model, which was originally proposed for sequential data [120],

has shown remarkable performance in a variety of domains such as language modeling,

image processing, and time series prediction [121, 122]. The Transformer model has

also found its way into the GNN architecture, resulting in a novel approach known

as the graph-transformer [123–125]. The emergence of graph-transformer architectures

represents a significant leap forward in addressing the inherent challenges of capturing

dependencies between distant nodes. By incorporating self-attention, graph-transformer

models can attend to relevant information from different nodes in the graph. To this

end, a recent study [126] provides empirical evidence showing the potential benefits of

global attention mechanisms. The study demonstrates that incorporating global atten-

tion can improve the performance of models by allowing them to attend to all parts of

the input graph.

While graph-transformers are the current state of the art, there are other approaches

such as graph coarsening (Fig. 3.1). Graph coarsening provides a solution that de-

rives the node embeddings on a set of smaller graphs that are similar to the original

graph [127]. As an interesting bonus, the graph coarsening strategy can also act as a

regularizer and lead to a better generalization performance than the vanilla GCNs [128].

For example, by looking closer at the APPNP model [129] (similar results with other
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Figure 3.1: Graph coarsening technique to produce a smaller graph G
′

models were obtained in our experiments) over the coarsened graph (ρ = 0.8) in Ta-

ble 3.7, we see that its accuracy over the Cora dataset increased by 2% (from 87.15% to

89.06%) comparing with the same model while trained on the full graph in Table 3.3.

We observe that combining graph-transformers with graph coarsening helps enhance

model accuracy. In this chapter, we present Node Neighborhood Aggregation Via

Graph Coarsening and Transformer (NACFormer). NACFormer takes the idea of

Multi-Head Attention (MHA) (the building block of Transformer), together with the

APPNP model [129] trained on a coarsened graph, to enhance node representation learn-

ing. Our goal is to design a model that learns both myopic and hyperopic interactive

information (i.e., near and distant nodes). NACFormer is built upon three main com-

ponents: a graph coarsening algorithm to produce a coarsened graph that preserves the

spectral properties similar to the original graph; an MHA block to capture long-range

dependencies; and a GNN-based model to learn the embeddings.

Moreover, we present a generalized model called NACFormerMS that can gather nodes’

information from various resolutions over a range of coarsened graphs. Overall, our main

contributions in this work are:

1. We propose a model named NACFormer with a new neighborhood aggregation

method, based on Transformer and graph coarsening.

2. We further generalize the NACFormer model to enhance the node embedding

quality by capturing the information within different graph coarsening scales. This

creates an advanced model named NACFormerMS .



NACFormer 41

3. Our experiments on nine datasets demonstrate the effectiveness of the proposed

models, showcasing their superiority over state-of-the-art (SOTA) graph-transformer

and non-transformer-based competitors under different settings (full-supervised

and semi-supervised).

3.2 Related Work

Representation learning is a process to automatically extract meaningful features from

data without manual feature engineering [130]. Graph representation learning, a special-

ized area within representation learning, focuses on learning informative representations

of graph-structured data and capturing structural and relational information.

A good number of methods have been presented for graph representation learning in

recent years. Deep-Walk [131] produces a path formed by a random walk over the

connected nodes. Node2Vec [132] extracts random walks using DFS and BFS algo-

rithms. These paths are then treated as sentences, and the word2vec embedding learn-

ing technique is applied to compute node embeddings. LINE [133] learns embeddings

by preserving first and second-order proximities. SDNE [134] learns by mapping input

data into a highly non-linear latent space to preserve the network structure. Despite

the effectiveness of these methods, their node embedding generation is locally focused,

ignoring distant nodes.

The emergence of GCN-based methods led to significant advancements in graph repre-

sentation learning. However, these models limit the massage passing – a crucial part

of their structure – to the local neighborhood. A few works have turned to hierarchi-

cal message passing, where a graph is reduced in size, and the embeddings produced

can better incorporate the information of the distant nodes when they are converted

to nearer neighbors in a coarsened graph. Examples are HGCN [135], HGNet [136]

and HC-GNN [37]. In addition to these models, a few works have studied the graph-

transformer models to capture features of distant nodes. For example, Gophormer [137]

improves model performance using a Node2Seq module to sample ego-graphs as the in-

put of Transformers which serves as a data augmentation technique. SAN [123] utilizes

a learned positional encoding based on the Laplacian spectrum, enabling a fully con-

nected Transformer model that excels in graph tasks. Graphormer [124] is based on the
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Transformer architecture and encodes the structural information of a graph with the

model.

In this work, we bring both graph coarsening and the Transformer model together and

design a model that can enhance the quality of node embeddings generated by a GCN-

based architecture. Our model can leverage both feature information and topological

structures of the graph to enhance the quality of the learned embeddings.

3.3 Preliminary

3.3.1 Problem Statement

Let G = (V,E,X) be a graph with N = |V | vertices where V = {v1, v2, . . . , vN} is

the set of vertices, E ⊆ V × V is the set of edges, and the i-th row of X ∈ RN×f is

the feature vector of node vi with f dimensions. We use A ∈ {0, 1}N×N to denote the

adjacency matrix of graph G, where Aij = 1 if (vi, vj) ∈ E, otherwise Aij = 0.

Although our model can be plugged into other learning problems such as link prediction,

we use node classification as an example application where the aim is to predict the class

labels of nodes. For supervised node classification with l classes, we use Y ∈ {0, 1}N×l

to represent the label of nodes where Yi is the corresponding one-hot indicator vector

if vi is labeled, otherwise Yi is a vector of zeros. To this end, a GCN-based model

operates on graph G to produce a node embedding H ∈ RN×d for every node, where

d is the embedding dimensionality. The node embeddings are then passed through the

convolution layer to convert embeddings into class predictions. For the learning process,

we minimize the negative log-likelihood loss function ℓ(Y, Ŷ ).

3.3.2 Graph Convolutional Networks

Graph Convolutional Networks [25] are formulated as follows:

H(k) = D̃− 1
2 ÃD̃− 1

2H(k−1)W(l) (3.1)
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where W(k) ∈ Rf×d is a learnable matrix (recall that d is the node embedding dimen-

sionality); D̃ is the diagonal matrix of Ã = A + IN with IN is an identity matrix;

H(k) ∈ RN×d is computed after k steps of the GCN layer and H(0) = X.

Reference [129] introduces a propagation strategy based on personalized PageRank, com-

bining ideas from neural networks and the PageRank algorithm [138] to achieve better

generalization and robustness in node classification tasks. To efficiently compute the

personalized PageRank scores during the process, a fast approximation of its propa-

gation scheme is called APPNP. The APPNP model incorporates skip connections to

enhance the model’s expressiveness. The propagation process of APPNP is written as

follows:

Z0 = H = F (X,W) (3.2)

Where f is a neural network and W is the weight matrix.

ZK+1 = (1− α)D̃− 1
2 ÃD̃− 1

2Zk + αH (3.3)

where α ∈ (0, 1].

3.3.3 Transformer

The Transformer model [120] is fundamentally based on the multi-head attention mech-

anism, which was introduced to effectively model dependencies across input sequences

[139]. Unlike traditional sequence-processing architectures, such as recurrent neural

networks [140] or long short-term memory networks[141], the Transformer eliminates

recurrence and relies entirely on self-attention to capture global relationships between

elements in a sequence.

At the core of the Transformer is the Scaled Dot-Product Attention, which computes

attention scores by measuring the similarity between query and key representations. The

attention function is formulated as:

Att(Q,K,V) = Softmax

(
QKT√

dq

)
V (3.4)
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Here Q, K and V are the query, key, and value matrices:

Q = XWq, K = XWk, V = XWv (3.5)

where Wq,Wk ∈ Rf×dq and Wv ∈ Rf×dv are learnable matrices. Multi-head attention

is a concatenation of multiple feed-forward neural networks to linearly project Q, K and

V for h times (or attention heads):

MultiHeadAtt(Q,K,V) = [Att1∥ . . . ∥Atth]W0 (3.6)

where W0 ∈ Rhdv×d, dq = dv = d
h , and ∥ means concatenation.

3.3.4 Graph Coarsening

Graph coarsening is an approach to reduce the size of a graph while keeping crucial char-

acteristics [142]. Given a graph G, the coarsened graph is denoted by G
′

= (V
′
, E

′
,X

′
),

with N
′

= |V ′ | as the number of nodes in G
′
. The coarsened graph G

′
is obtained by

computing a partition

P = {C1, C2, . . . , CN ′} (3.7)

from the original graph’s nodes and treating each cluster Ci as a super node, using a

user-defined reduction ratio defined as

ρ =
N

′

N
(3.8)

.

In matrix format, a partitioning is represented by P̂ ∈ {0, 1}N×N
′

P̂ij =


1, if node vi belongs to cluster Cj

0, otherwise

(3.9)

The normalized version of P̂ can be defined by
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P = P̂C−1/2 (3.10)

where the diagonal matrix C represents the sizes of each cluster:

C = diag(|C1|, |C2|, . . . , |CN ′ |) (3.11)

and

Pij =
1√
|Cj |

, if vi ∈ Cj , otherwise Pij = 0 (3.12)

Using this transformation, the adjacency matrix and feature matrix of the coarsened

graph are obtained through:

A
′

= P TAP, X
′

= P TX (3.13)

Additionally, the labels of super nodes in the coarsened graph are computed by propa-

gating the original node labels Y as:

Y
′

= P TY (3.14)

where the dominant class within each cluster is assigned as the label of the corresponding

super node.

3.4 Proposed Model

By taking a closer look at the attention mechanism:

Att = AV = AXWv (3.15)

where

A = softmax(
QKT√

dq
) (3.16)
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it can be found that its structure resembles that of a GCN with a fixed adjacency matrix:

D̃− 1
2 ÃD̃− 1

2XW (3.17)

where multi-head attention works with attention weight matrix, A, which is calculated

by the query and key matrices. We design our model, NACFormer, to take advantage of

distant nodes to enhance node representation learning, since the attention matrix, being

a similarity matrix quantifies the relevance of each node to the others in the graph.

3.4.1 NACFormer Structure

The overview of NACFormer is presented in Fig. 3.2 and the main steps of the model is

summarized as follows:

1. Apply a coarsening algorithm on graph G to compute G
′
, its corresponding adja-

cency matrix A
′
, feature matrix X

′
and labels Y

′
.

2. Train NACFormer on G
′

= (V
′
, E

′
,X

′
) and save the parameters.

3. Use the trained model on graph G to make predictions.

Given a graph G, we first run a coarsening algorithm with a given coarsening ratio,

ρ, to build a coarsened graph G
′

= (V
′
, E

′
,X

′
). We use the variation neighborhoods

algorithm [142] which aims to simplify a graph by combining the neighborhoods of

certain nodes into super nodes in order to minimize a spectral distance between the

coarsened graph and the original graph. This process is repeated iteratively until the

desired coarsening ratio is achieved. The embedding learning process then will be run on

G
′
, where the feature matrix, X

′
, is fed into a multi-head attention block to produce the

embeddings H
′
T ∈ RN

′×d (detailed in Section 3.3.4). Meanwhile, in order to allow the

APPNP model to learn from the produced embeddings, we need to link the generated

embeddings together for training in a joint way. To this end, we combine H
′
T with the

neural network function in Equation (3.2). We first pass X
′

through the first layer of

a two-layer neural network approximation to obtain H
′

= X
′
W1, and then replace the

generated function F = H = (H
′
)W2 with:

H = ([H
′∥H′

T ])W2 (3.18)
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Here, W2 ∈ R2d×l, H ∈ RN
′×l, and ∥ is the concatenation operator. Finally, the

generated embeddings H are fed into the convolution layer to convert the embeddings

into class predictions: Ŷ
′

= Z
′

= (1− α)D̃− 1
2 ÃD̃

1
2H + αH, where Z

′ ∈ RN
′×l. Hence,

our method is able to jointly learn the near and distant neighbor information for each

node without increasing the number of layers. The model training target is to minimize

the loss function ℓ(Z
′
, Y

′
) to find the optimum parameters of NACFormerG′ (W ).

At the final step, the trained parameters of the model on G
′
, NACFormerG′ (W ), is ready

for evaluation on the original graph. The weight matrix W has dimensions f × d, where

f represents the dimensionality of the features and d represents the dimensionality of

the node embeddings. This dimensionality of W remains consistent regardless of the

size of the graph. Since the weight matrix W is independent of the graph size, it can be

applied to the original graph directly. The model parameters learned from the smaller

graph G′ are transferable and can be effectively used for evaluation on the original graph

G.

𝐺 =  (𝑉, 𝐸, 𝑿)

  

 

Compute 𝓟 ∈ {𝟎, 𝟏}𝑵×𝑵′

Normalize as 𝑷 = ƶ𝑷𝓒−𝟏/𝟐 
Where 𝒞 = diag 𝐶1 , 𝐶2 , … , 𝐶𝑁′

Compute 𝐀′ = 𝑃𝑇𝐀𝑃,
𝐗′ = 𝑃𝑇𝐗
𝒀′ = 𝑃𝑇𝒀

 

 

 

Figure 3.2: Structure of NACFormer. The input graph G is first processed by a
coarsening algorithm to identify key structural nodes and subgraphs while computing
the corresponding adjacency, feature, and label matrices. The resulting coarsened graph
is then passed through a multi-head attention block and an APPNP convolution layer,
to jointly generate the node embeddings. Finally, the learned embeddings are utilized

to classify the nodes.
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3.4.2 Multi-Scale NACFormer Structure

NACFormer is only trained on a coarsened graph G
′
. We take one step further for better

quality of node embeddings by training NACFormer in a multi-granularity manner.

We train the model over a series of coarsened graphs using different coarsening ratios,

{ρ1, ρ2, . . . , ρn}.

We summarize the steps of the Multi-Scale NACFormer, NACFormerMS , as follows:

1. A coarsening algorithm is applied on graph G to compute a series of coarsened

graphs {G1, G2, . . . , Gn}, including their corresponding adjacency {A1,A2, . . . ,An},

feature matrices {X1,X2, . . . ,Xn} and class labels {Y1, Y2, . . . , Yn}.

2. The NACFormer model is trained on all produced graphs, {Gi}ni=1, where Gi =

(Vi, Ei,Xi), with the model’s parameters being saved only if the validation result

improves upon the previous iteration.

3. The trained model is evaluated on the original graph G to make predictions.

These steps are illustrated in Fig. 3.3, with the detailed model training steps presented

in Algorithm 1.

3.4.3 Model Training Time.

The time costs of NACFormer include:

1. Constructing a coarsened graph using the neighborhood-based coarsening algo-

rithm [142] takes time linear to the number of nodes, O(|V |). Note that graph

coarsening can be efficiently pre-computed.

2. The coarsened graph G
′

has |V ′ | = (1 − ρ)|V | vertices and the number of edges

in G
′

is upper bounded by min{|E|, (1 − ρ)|V |2}. This implies that training on

G
′

has a worst-case computational time cost that is (1 − ρ) times the cost of the

original GCN. Note that the number of edges is smaller than this upper bound

and the computational savings are higher in practice.
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Algorithm 1: NACFormerMS training

(1)Input: Adjacency matrix A, node feature matrix X, node labels Y, teleport
probability α, Max-Epochs, number of propagation steps K

(2)Output: Trained model parameters W
(3)Preprocess adjacency matrix A to obtain normalized matrix
(4)Initialize the model parameters W
(5)for ρ1 to ρn do

(6)Compute the coarsened graph G
′

= (V
′
, E

′
)

(7)Compute the coarsened adjacency A
′

(8)Compute the coarsened feature matrix X
′

(9)Compute the coarsened node labels Y
′

(10)while The Max-Epochs is not reached do
(11)Load model parameters W

(12)Compute the first layer of F (X
′
,W) (Equation (3.2)) to obtain H

′

(13)Compute multi-head attention to obtain H
′
T

(14)Concatenate the embeddings and pass to the second layer to obtain H
(15)Compute the APPNP convolution layer:
(16)for k = 0 to K do

(17)Zk+1 = (1− α)D̃− 1
2 ÃD̃− 1

2Zk + αH
(18)end

(19)end
(20)Save the model parameters W

(21)end

3. The time complexity of multi-head attention is quadratic to the number of nodes

in the coarsened graph, O(|V ′|2). To overcome the quadratic time issue, we exploit

the Performer model [143], which uses only linear (as opposed to quadratic) space

and time complexity. This implies that the space and time complexity of training

on G
′

is O(|V ′|).

3.5 Experiments

To comprehensively evaluate the performance of NACFormer and NACFormerMS , we

conduct extensive experiments on real-world datasets, focusing on multi-label node clas-

sification tasks.

3.5.1 Datasets

We use nine real-world datasets, as summarized in Table 3.1.
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Figure 3.3: Structure of Multi-Scale NACFormer. NACFormerMS is trained
on a range of coarsened graphs G1, G2, · · · , Gn produced by coarsening ratios
{ρ1, ρ2, · · · , ρn}. A NACFormer model is trained on every coarsened graph, with the
model’s parameters being saved only if the validation accuracy outperforms that of the
previous iteration. The trained model is evaluated on the original graph G to make

predictions.

Table 3.1: Summary of datasets used in our experiment

Dataset # Vertices # Edges # Classes # Features

Cora [107] 2,708 10,556 7 1,433
CiteSeer [107] 3,327 9,104 6 3,703
Pubmed [107] 19,717 88,648 3 500
DBLP [108] 17,716 105,734 4 1,639
LastFMAsia [109] 7,624 55,612 18 128
Cora-ML [108] 2,995 16,316 7 2,879
Wiki [111] 2,405 17,981 17 4,973
BlogCatalog [111] 5,196 343,486 6 8,189
OGB-arxiv [113] 169,343 1,166,243 40 128

3.5.2 Competitors

We compare NACFormer and NACFormerMS against GCN [25], GraphSAGE [28],

GAT [27], APPNP [129], SGC [144], JKNet [145], ChebNetII [73], [125], SAN [123],

Graphormer [124], Gophormer [137], ANS-GT [146], and PC-Conv [147].

3.5.3 Parameter Settings

Table 3.2 summarizes the hyperparameters for our models. In addition to these parame-

ters, we also analyzed the maximum number of heads h (see Fig. 3.4), and the coarsening
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ratio ρ (see Fig. 3.5). The results are detailed in the subsequent sections.

We train the model using the Adam optimizer [148] and the negative log-likelihood

loss. A fixed dropout rate of 0.5 and the eLU activation function is applied between

the layers. The training is terminated if the validation accuracy does not improve for

10 consecutive epochs. The same setting is applied to NACFormerMS with the only

difference being that it trains over the coarsened graphs produced by coarsening ratios

{ρ1 = 0.1, ρ2 = 0.2, . . . , ρ9 = 0.9}.

Table 3.2: The grid search space for the hyperparameters.

Hyperparameter Values

Learning rate 1e− 3, 1e− 4, 1e− 5

Hidden size 64, 128, 512

Epochs 80, 200

Attention heads 4, 8

Weight decay 1e− 2, 1e− 3

K 10, 20

For the APPNP baseline model in Table 3.7, the setting follows those of NACFormer (for

fair comparison). It consists of two linear layers followed by an APPNP convolutional

layer. Also, the dropout rate is 0.5 and the ReLU activation function is applied between

the layers.

In all of our implementations, we use GNN libraries PyTorch Geometric1 [3]. To con-

struct the partitions used in the graph hierarchy, we apply the variation neighborhoods2

algorithm [142]. For performance evaluation, we compare models based on their accu-

racy on the test set. Since different splits of the data (train/validation/test) may lead

to a substantially different ranking of models [112], for a fair comparison, we evaluate

the models over different splits as follows:

• Full-supervised Split. Under the full-supervised split setting, For all datasets, we

randomly split the nodes into 60%, 20%, and 20% for training, validation, and

testing.

• Semi-supervised Split. Under the semi-supervised split setting, we randomly split

the nodes into 2.5%, 2.5%, and 95% for training, validation, and testing.

1https://pytorch-geometric.readthedocs.io/en/latest/
2https://github.com/loukasa/graph-coarsening



NACFormer 52

All models are trained and tested on an in-house GPU cluster. The experiment was

executed on a single NVIDIA A100 GPU, with 100 GB of memory allocated for the

task.

3.5.4 Results

3.5.4.1 Overall Performance Results

Table 3.3 presents the node classification accuracy of NACFormer and NACFormerMS

against the baseline models over the full-supervised split that is commonly used in the

literature. In addition, Table 3.4 presents the accuracy of the models on the semi-

supervised split. The best results are highlighted in bold. The accuracy values for the

baseline models are harvested from the literature [137]. According to the tables, our

models ranked at the top for most cases, demonstrating the superior performance of

our models when aggregating information from a range of different scales. Furthermore,

our models exhibited competitive results when compared to other models on the full-

supervised split of Pubmed.

Table 3.3: Node classification accuracy on the full-supervised split. The best results
are highlighted in bold.

Model Cora Citeseer Pubmed DBLP

GCN [25] 87.33±0.38 79.43±0.26 84.86±0.19 83.62±0.13
GAT [27] 86.29±0.53 80.13±0.62 84.40±0.05 84.19±0.19
GraphSAGE [28] 86.90±0.84 79.23±0.53 86.19±0.18 84.73±0.28
SGC [144] 86.58±0.26 76.23±0.29 83.52±0.10 81.14±0.44
APPNP [129] 87.15±0.43 79.33±0.35 87.04±0.17 84.40±0.17
JKNet [145] 87.70±0.65 78.43±0.31 87.64±0.26 84.57±0.28
ChebNetII [73] 88.71±0.93 80.53±0.79 88.93±0.29 85.20±0.15
GT-full [125] 63.40±0.94 58.75±1.06 77.29±0.50 78.15±0.41
GT-sparse [125] 71.84±0.62 67.38±0.76 82.11±0.39 81.04±0.27
SAN [123] 74.02±1.01 70.64±0.97 86.22±0.43 83.11±0.32
Graphormer [124] 72.85±0.76 66.21±0.83 82.76±0.24 80.93±0.39
Gophormer [137] 87.85±0.10 80.23±0.09 89.40±0.14 85.20±0.20
ANS-GT [146] 88.60±0.45 80.25±0.39 89.56±0.55 85.12±0.17
PC-Conv [147] 90.02±0.62 81.76±0.78 91.30±0.38 85.78±0.51

NACFormer (0.7) 87.71±0.42 76.53±1.22 86.92±0.46 85.43±0.56
NACFormer (0.8) 89.43±1.28 77.75±1.29 86.97±0.63 85.05±0.19
NACFormerMS 92.18±1.57 82.83±0.62 87.62±0.44 86.63±0.56

NACFormerMS performed remarkably well on Cora, Citeseer, and DBLP under the

full-supervised split. However, it achieved lower accuracy on Pubmed. In contrast, it

followed the opposite trend under the semi-supervised split by attaining higher accuracy
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Table 3.4: Accuracy of models on the semi-supervised split. The best results are
highlighted in bold.

Method/Dataset Cora Citeseer Pubmed dblp LastFMAsia Cora ML Wiki BlogCatalog

GCN 75.84±0.57 68.53±0.82 81.27±0.41 80.43±0.18 70.47±0.91 76.26±0.68 55.14±1.40 48.05±0.77
GAT 76.73±0.63 65.89±0.45 82.12±0.002 79.77±0.46 73.61±0.48 78.04±0.65 54.35±2.00 36.23±2.32
SGC 74.26±0.48 68.27±0.54 81.79±0.36 79.18±0.14 72.51±0.78 79.44±0.22 50.34±1.58 50.69±1.26
ARMA 69.02±0.73 63.62±0.23 80.99±0.08 75.69±0.22 71.07±1.40 70.94±2.43 53.57±0.47 72.13±4.69
APPNP 79.89±0.77 68.75±0.43 82.69±0.28 81.77±0.16 76.44±0.85 80.89±0.36 56.56±1.47 58.76±2.37
GraphSage 70.04±0.26 68.88±0.08 77.38±0.11 77.83±0.41 75.31±0.21 68.25±1.47 48.09±0.69 76.91±0.15
ChebNetII 82.42±0.64 69.89±1.21 79.51±1.03 80.58±0.97 76.71±0.55 71.74±6.91 46.90±2.53 73.63±0.75

NACFormer (0.8) 80.59±1.13 67.96±1.49 84.25±0.53 82.84±0.42 79.29±0.83 82.10±0.56 59.50±1.40 76.17±2.71
NACFormerMS 83.13±2.66 70.01±2.07 84.82±0.34 82.81±0.33 82.58±0.31 85.55±1.13 68.25±0.50 85.98±4.28

on the Pubmed dataset as well. This result reinforces the key conclusion of an earlier

study [112], which highlights the potential impact of data splits on model performance

rankings. The observed discrepancies serve as a reminder that it is critical to carefully

consider the choice of data split to ensure the validity of the results obtained.

In most cases, while NACFormer’s performance was comparable to the existing mod-

els, NACFormerMS outperformed them, highlighting the effectiveness of learning node

features at multiple graph coarsening scales. By leveraging the multi-scale approach,

NACFormerMS was able to produce embeddings of higher quality, leading to better

node classification accuracy across a range of datasets.

3.5.4.2 Results Over Large Graphs

Table 3.5 presents a comparative analysis of the performance of APPNP and NACFormer

on the OGB-ARXIV dataset across different graph coarsening ratios. The results indi-

cate that, for the OGB-ARXIV dataset, NACFormer consistently outperforms APPNP,

which demonstrates its robustness and effectiveness in handling varying coarsening ra-

tios.

Table 3.5: Performance comparison between NACFormer and APPNP on the OGB-
ARXIV dataset. The number of attention heads of NACFormer is 8 and the accuracy

is averaged over 5 runs.

ρ
OGB-ARXIV

APPNP NACFormer

0.01 55.58±7.18 57.88±2.78
0.1 62.52±0.16 63.29±1.11
0.5 66.78±0.78 66.72±0.85
0.7 67.19±0.11 67.30±0.13
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3.5.4.3 Significance of Coarsened Graph

We further conducted a comparison between our model trained on a coarsened graph G
′

and when it is trained on the full graph G to shed light on the significance of the pres-

ence and absence of graph coarsening on our model’s performance. Table 3.6 presents

the node classification accuracy results. This comparison offers insights into the effi-

cacy of different training strategies with coarsened graph configurations yielding better

classification accuracy.

Table 3.6: Node classification accuracy of our model with and without Coarsening.

Dataset/Method No coarsening ρ = 0.8 NACFormerMS

Cora 78.75±1.50 80.59±1.13 83.13±2.66
Citeseer 67.15±0.92 67.96±1.49 70.01±2.07
Pubmed 83.08±0.48 84.25±0.53 84.82±0.34
DBLP 82.02±0.29 82.84±0.42 82.81±0.33
LastFMAsia 79.06±0.43 79.29±0.83 82.58±0.31
Cora ML 80.93±0.22 82.10±0.56 85.55±1.13
Wiki 59.05±2.30 59.50±1.40 68.25±0.50
BlogCatalog 81.2±3.47 76.17±2.71 85.98±4.28

3.5.4.4 Significance of Multi-head Attention

To verify the effectiveness of the multi-head attention mechanism in enhancing the qual-

ity of embeddings by incorporating the information of distant nodes in a graph, we

compare NACFormer against APPNP on both types of dataset splits and with different

graph coarsening ratios ρ = 0.4 and ρ = 0.8. For a fair comparison, here, APPNP has

a similar setting to that of NACFormer. Table 3.7 presents the results. As can be seen

in most cases, NACFormer outperforms in terms of test accuracy.

Table 3.7: Comparison of NACFormer and APPNP over all datasets on graphs with
different coarsening ratios. The number of attention heads of NACFormer is 8 and the

accuracies are averaged over 5 runs.

Model\Data Split Ratio Cora Citeseer Pubmed DBLP

APPNP

Full-supervised
ρ = 0.8

89.06±0.93 76.05±1.84 86.94±0.45 85.30±0.40
NACFormer 89.43±1.28 77.75±1.29 86.97±0.63 85.05±0.19
APPNP

ρ = 0.4
88.07±1.02 76.17±1.66 86.63±0.17 83.87±0.57

NACFormer 86.97±0.66 76.50±0.76 86.18±0.33 84.31±0.66

APPNP

Semi-supervised
ρ = 0.8

80.24±1.82 67.84±1.31 84.38±0.39 82.20±0.47
NACFormer 80.59±1.13 67.96±1.49 84.25±0.53 82.84±0.42
APPNP

ρ = 0.4
79.04±1.94 66.03±1.72 83.70±0.55 81.95±0.70

NACFormer 80.71±2.24 67.16±0.54 83.81±0.87 82.36±0.44
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Here, the conclusion is clear since the only difference between these two models is the

presence and absence of the attention mechanism. Although the APPNP model is

capable of capturing the impact of distant nodes by itself [129], it may still struggle

with capturing complex, non-linear relationships between nodes that cannot be easily

modeled. In this case, multi-head attention is more effective for the learning task.

3.5.4.5 Analysis Over Number of Attention Heads

Next, we study the efficacy of NACFormer with a different number of attention heads.

We evaluate the performance of the proposed model over the node classification task

for h = 1, 2, 4, 8, and 16 as different numbers of attention heads. As Fig. 3.4 shows,

in most cases, increasing the number of heads (beyond 8) does not necessarily result in

improved accuracy. Regarding the Performer [143], the use of the FAVOR+ algorithm

allows the model to achieve linear complexity. This means that increasing the number of

heads may not necessarily increase the computational time and this is because FAVOR+

reduces the number of computations required for each attention head.

Figure 3.4: Accuracy of NACFormer on different datasets when varying the number
of attention heads (h = 1, 2, 4, 8, 16). The coarsening ratio ρ = 0.8 is used.

3.5.4.6 Analysis Over the Ratio

We also explore the effectiveness of NACFormer on different graph coarsening ratio

values, by varying ρ from 0.1 to 0.9 across different datasets. As shown in Fig. 3.5, in
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almost all cases, NACFormer learned on the coarsened graphs with higher ratios yields

better performance likely due to the increased proportion of graph structures captured

in the coarser representations.

Figure 3.5: Accuracy of NACFormer with different graph coarsening ratios, from
ρ = 0.1 to ρ = 0.9. The number of attention heads is set to 8.

3.5.4.7 Analysis Over the Teleport Probability

Here, we provide an analysis of the effect of the teleport probability parameter, α.

Table 3.8 illustrates the relationship between α and the performance of NACFormer.

As shown, α = 0.1 yields the highest accuracy across all cases since it ensures stable

incorporation of both graph structure and node features. Additionally, it is aligned with

the default setting used in prior studies [128, 129]. In all our experiments, we set the

teleport probability α to 0.1.

Table 3.8: NACFormer performance over datasets when α is varied. The number of
attention heads is fixed at 8 and the graph coarsening ratio is 0.8.

Data\α 10−3 10−2 10−1 1

Cora 87.27 +/- 1.19 86.64 +/- 1.25 89.43 +/- 1.28 76.84 +/- 0.92
CiteSeer 75.99 +/- 1.23 74.88 +/- 1.50 77.75 +/- 1.29 72.01 +/- 1.18
Pubmed 82.81 +/- 0.55 83.38 +/- 0.44 86.97 +/- 0.63 86.65 +/- 0.60
DBLP 83.48 +/- 0.27 84.64 +/- 0.44 85.05 +/- 0.19 75.84 +/- 0.28
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3.5.4.8 Model Running Time

Fig. 3.6 illustrates the time of our model using the Performer attention technique (to

compute the multi-head attention block) and the standard attention technique for a

complete run (including training, validation and testing). The computational time of the

standard attention technique is proportional to the number of attention heads, number

of nodes, and embedding dimension. In contrast, the Performer technique is designed

to be more computationally efficient, using the FAVOR+ algorithm to achieve linear

complexity with respect to the number of nodes, independent of the number of attention

heads. This makes Performer a better choice when dealing with a larger graph or a

higher number of attention heads. From Fig. 3.6, we observe that the standard attention

technique requires more time to run as the number of nodes increases, e.g., the Pubmed

dataset. Moreover, it is worth noting that the density of the dataset plays a significant

role in the computational time of the Performer model. The DBLP dataset, being denser

with a higher number of edges between nodes, requires more computation time compared

to the Pubmed dataset. This highlights the impact of density on the running time of

Performer.

Figure 3.6: Running time of NACFormer model on different ratios by training through
different techniques: (a) Performer and (b) standard.

3.6 Conclusion

We proposed a novel representation learning approach for graph convolutional networks

that aggregates the impact of both near and distant nodes, which differs from the vanilla

GCN that focuses on aggregating embeddings from a local neighborhood. Our proposed

model, NACFormer, and its advanced version, NACFormerMS , learn the information of
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distant nodes via multi-head attention and that of nearby nodes by the adjacency ma-

trix both applied to coarsened graphs for better generalization. By explicitly modeling

both local and global dependencies, our framework achieves a balanced representation

that retains structural information across different graph scales. Extensive experiments

on real-world datasets show that our models outperform SOTA transformer-based and

non-transformer-based models regarding node classification accuracy using the node em-

beddings learned. However, the reliance on coarsened graphs introduces a dependency

on the coarsening strategy, which could affect performance in scenarios with highly ir-

regular or noisy graphs. Future work could explore adaptive coarsening techniques to

refine performance further.



Chapter 4

Feature-Aware Unsupervised

Detection of Important Nodes in

Graphs

Identifying important nodes in a graph is a crucial task in many applications such as

biological networks, transportation networks, and social networks. The main difficulty

in this task is the lack of ground truth. Existing methods mainly focus on the struc-

ture of the graphs and ignore the node features or operate in a supervised manner. In

this chapter, we design a trainable model named FadiGNN that incorporates node fea-

ture information as well as topology structure in an unsupervised manner to score the

nodes within a graph. It consists of Graph Convolutional Networks (GCNs) and adapted

personalized PageRank, along with a loss function that ensures the convergence of the

model. To show the effectiveness of FadiGNN, experiments are conducted on two dif-

ferent application settings; node classification and active learning. The experiments are

conducted on different real-world datasets, including large graph data. The results on

node classification shows that FadiGNN outperforms the state-of-the-art models by an

average of 7.62% in terms of accuracy.

This chapter is published at the ADMA 2024 conference:

• Ghanbari, M., Bagloee, SA., Qi, J., and Sarvi, M. Feature-Aware Unsupervised Detection of
Important Nodes in Graphs. In International Conference on Advanced Data Mining and Appli-
cations, 98-113, 2024.
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4.1 Introduction

The significance of graph-structured data has increased in domains such as transporta-

tion networks [149], social networks [150], and molecular structure [151], emphasizing

their adaptability in understanding complex relationships in today’s information-rich

landscape [40].

A key task in such graphs is identifying critical nodes that are of particular importance.

For instance, in drug design, the identification of crucial nodes within protein-protein

interaction networks is beneficial. This is due to the fact that critical nodes represent a

set of proteins whose removal would disrupt fundamental interactions, thus contributing

to the neutralization of potentially harmful organisms such as bacteria or viruses [17].

In road networks, the failure of a few nodes has a cascading effect on the performance

of other nodes. This phenomenon reduces the overall efficiency of the transportation

system. In particular, congestion at key intersections might lead to the collapse of an

extensive road network [152]. Recognizing the importance of nodes within the road

network is essential where it potentially helps in reducing congestion, strengthening the

network against failures, and ensuring smoother transportation operations.

Existing methods for the problem can be divided into traditional and learning-based

ones. Traditional techniques use heuristic measures such as node degree, betweenness

centrality, eigenvector centrality, etc., to evaluate the importance of nodes within a

graph. Among the traditional techniques, PageRank [138] holds a distinctive position,

originally developed for ranking web pages. PageRank is a link analysis algorithm that

assigns each node in a graph a numerical weight, emphasizing the importance of nodes

based on their connections and the importance of nodes linking to them. PageRank

assigns a score to each node by using a Markov chain framework, which models the iter-

ative transition of a random walker moving between nodes based on the graph structure,

to obtain a unique converged ranking result [153]. However, the primary limitation of

these traditional techniques is that they depend only on the graph structures and over-

look the node feature information. This reliance on the graph topology neglects the

crucial details within the individual nodes and limits the evaluation of node importance,

and consequently leads to a decrease in the accuracy of the ranking outcomes. For in-

stance, in a social network, a new member may have few structural connections, but their

unique attributes could make them highly influential in specific discussions or activities.
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A ranking technique focusing solely on the graph structure potentially underestimates

the importance of such nodes.

Learning-based techniques, in contrast, use learning algorithms to predict node impor-

tance. These techniques offer flexibility and adaptability to complex network structures.

For instance, in Graph Convolutional Networks (GCN) [25], a key step is message pass-

ing, where a node’s embedding undergoes iterative updates by aggregating information

from neighboring nodes’ features. This mechanism allows GCNs to effectively capture

complex relationships within graph data and can exploit both the structure of the graph

and the nodes features to make better predictions. Several prior studies have used su-

pervised learning methods [17, 32, 154]. However, the practicality of deploying such

techniques becomes a challenge since the graphs in these contexts are often unlabeled

[47].

To overcome this issue, we propose to incorporate the GCN model to utilize the train-

able framework for leaning the topology and feature information of nodes along with

a personalized PageRank algorithm to keep the unsupervised learning procedure. This

integration exploits the merits of both techniques while addressing their limitations in

overlooking node feature information and the need for labeled data.

FadiGNN, a novel model based on two components: adapted personalized PageRank

[129] that considers node feature information and GCN that allows for the gradual

learning of node representations. Together, the model is a combination of learning-based

approaches and unsupervised ranking methods that enhance personalized PageRank

scores of the nodes in a graph.

The main contributions of this work are:

1. We introduce an unsupervised model named FadiGNN based on GNNs to compute

the personalized PageRank scores of the nodes in a graph.

2. Our model incorporates both the graph structure and the node features, offering

an accurate node importance ranking.

3. We show the effectiveness of our model in two learning tasks; node classification

and active learning. The model’s performance is validated on widely used datasets

including large graph data, showcasing its superiority over state-of-the-art models.
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4.2 Related Work

Methodologies for evaluating node importance within a graph can generally be divided

into two categories: traditional techniques and learning-based techniques [155].

Traditional techniques use heuristic metrics to identify key nodes within a graph. A

class of techniques widely employed is the centrality measures, including node degree,

betweenness, closeness, Eigenvector, Harmonic, and PageRank [32, 138, 156]. These

measures offer valuable insights into the importance of nodes based on connectivity,

proximity, and influence, etc. Nevertheless, most of these measures are computationally

expensive and may become challenging and impractical over large-scale graphs. Over

the years, studies have sought to address this issue by proposing modified versions of

these measures. Xiang et al. [157] proposed an efficient algorithm based on progressive

sampling and shortest-path approximation. The algorithm creates network centroids

using the adjacency information entropy of the nodes and initially estimates the shortest

paths. Xu et al. [158] proposed an important node detection method based on node

adjacency information entropy by considering the weights and directions of the edges in

graphs. Bowater et al. [159] extended the adapted PageRank algorithm by modifying

the jumping probabilities so that the random walker jumps to nearby intersections rather

than distant ones.

An advantage of these techniques is their applicability in the unsupervised setting, reduc-

ing costs associated with labeling real-world datasets. However, a significant drawback

is that node features are ignored.

Learning-based techniques turn to machine learning models to learn the important nodes

in a graph. For example, Fan et al. [154] turn the task into a learning problem, by em-

ploying an encoder-decoder framework. The encoder represents nodes with embedding

vectors based on the network structure, and the decoder transforms these into scalars,

indicating the relative betweenness centrality rank. A ranking loss is used to train the

model to identify the score of nodes based on their betweenness centrality. Maurya

et al. [160] proposed a GNN-based model for approximating betweenness and close-

ness centrality. The model employs a selective feature aggregation scheme, separately

considering incoming and outgoing paths for estimating the number of shortest paths

through the node. Huang et al. [149] proposed a deep learning-based model by learning
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spatio-temporal dependencies among roads. Utilizing a temporal graph attention model,

this model captures traffic interactions and evaluates link influence on the entire road

network, allowing the identification of critical links based on their importance ranking.

These learning-based models offer a notable advantage as they can leverage deep learning

architectures to effectively capture both node feature and topology structure informa-

tion. However, a significant drawback lies in their reliance on a supervised setting. These

models can be initially trained on smaller graphs in a supervised manner, and then be

transferred and applied to larger-scale evaluations, providing scalability and efficiency.

For instance, the model proposed by Fan et al. [154] is able to assign betweenness

centrality scores to nodes for larger graphs, by initially training on small-scale graphs.

To address the gaps in the literature, we propose FadiGNN, an unsupervised GCN-

based model. Note that in a recent work, the CUL model [161] employs the eigenvector

centrality technique based on the power iteration algorithm [162] in conjunction with the

GCN. Compared with CUL, our model excels in two distinct aspects: architecture and

experimental results. We enhanced the personalized PageRank algorithm by integrating

it with the GCN model for node ranking, resulting in a more advanced variant. This

extension is more flexible and accurate since it takes into account the personalized

preferences rather than the traditional power iteration algorithm which computes global

importance. Additionally, when compared to the CUL model, our model demonstrated

superior performance.

4.3 Preliminaries

4.3.1 Problem Statement

Let G = (V,E,X) be a graph with N = |V | vertices where V = {v1, v2, . . . , vN} is

the set of vertices, E ⊆ V × V is the set of edges, and the i-th row of X ∈ RN×f is

the feature vector of node vi with f dimensions. We use A ∈ {0, 1}N×N to denote the

adjacency matrix of graph G, where Aij = 1 if (vi, vj) ∈ E, otherwise Aij = 0.

We aim to generate a score vector Z ∈ RN×1, where zi corresponds to the importance

of the i-th node of graph G, based on feature matrix X and the adjacency matrix A

in a learnable and unsupervised way. Intuitively, the importance of a node is measured
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similarly to the personalized PageRank algorithm by following a random path through

a graph starting from a chosen node and assigning higher scores to nodes that are more

connected to the starting node. We aim to iteratively learn the feature information as

well through the GCN model.

4.3.2 Graph Convolutional Networks

Graph Convolutional Networks (GCNs) [25] is a pivotal model in graph-based deep

learning. Its core learning equation is defined as:

H(k) = D̃− 1
2 ÃD̃− 1

2H(k−1)W(k) (4.1)

where W(k) ∈ Rf×d is a learnable matrix (d is the node embedding dimensionality); D̃

is the diagonal matrix of Ã = A + IN with IN being an identity matrix; H(k) ∈ RN×d

is computed after k steps of the GCN layer and H(0) = X.

This equation describes the propagation rule of the information across graph nodes

through successive layers in a GCN. It summarizes how each layer aggregates information

from neighboring nodes, weighted by the learnable matrix W, and updates the node

embeddings accordingly.

4.4 Proposed Model

Personalized PageRank is an unsupervised algorithm that ranks nodes within a graph

based on their proximity to a starting node. It traverses the graph along random paths

and assigns higher scores to nodes closely connected to the starting node. While it is

strong in the identification of important nodes within a graph, a significant limitation

is the graph feature ignorance. Our model is inspired by the adapted personalized

PageRank [129], which is a solution to this issue. As we aim to embed it into a trainable

framework, we integrate GCN into our model. This learning process empowers FadiGNN

to gradually exploit the feature and structural information of nodes and allows it to

achieve better accuracy in the node ranking process.
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In Section 4.4.1, we will detail the idea of FadiGNN. In Section 4.4.2, we present the

module structure. Figure 4.1 illustrates the model structure and components.

4.4.1 Feature-aware Personalized PageRank

The PageRank algorithm [138] evaluates the importance of web pages (nodes) based on

the structure of a graph, considering how nodes are linked to each other. The basic

idea is that nodes with more incoming links from other important pages are deemed

more important themselves. The original PageRank equation, πpr = Ãrwπpr, uses a

matrix Ãrw = AD−1, where πpr is the pagerank score. Personalized PageRank as a

special version of PageRank that is modified to focus on a specific starting point [138].

For node x, personalized PageRank uses πppr(ix) = (1 − α) ˆ̃Aπppr(ix) + αix, where α

(a scalar between 0 and 1) represents the likelihood of restarting from the chosen node

and ix is a one-hot indicator vector. By using unit matrix In instead of ix, the fully

personalized PageRank matrix is as follows:

Πppr = α(In − (1− α) ˆ̃A)−1 (4.2)

Here, the arrays of matrix Πppr specifies the influence scores of nodes on each other.

Due to the matrix symmetry characteristics, Π
(xy)
ppr = Π

(yx)
ppr .

To utilize the influence scores, Gasteiger et al. [129] use the PageRank matrix to achieve

better generalization by adding feature information to compute the embedding ZPPNP =

softmax(ΠpprH), where H = F (X,W). To efficiently compute ΠpprH, they proposed

a propagation scheme called APPNP. The APPNP model incorporates skip connections

to enhance the model’s expressiveness, which is written as follows:

Z(0) = H = F (X,W) (4.3)

Z(K+1) = (1− α)D̃− 1
2 ÃD̃− 1

2Z(k) + αH (4.4)

Here, F is a function approximation, W ∈ Rf×d is the weight matrix and α ∈ (0, 1].

Note that the matrix Πppr always exists. Indeed Πppr exists iff the determinant det( ˆ̃A−
1

1−αIn) ̸= 0. Since α ∈ (0, 1], then 1
1−α > 1. Further, since the matrix ˆ̃A has the same



FadiGNN 66

eigenvalues as Ãrw, and the largest eigenvalue of Ãrw is 1, 1
1−α cannot be an eigenvalue.

Thus, Πppr always exists.

Also, note that the approximation method always converges to the ΠpprH. By expanding

Equation 4.4, then

Z(k) =

(
(1− α)k( ˆ̃A)k + α

k−1∑
i=0

(1− α)i( ˆ̃A)i

)
H (4.5)

If we take the limit k → ∞, the first term of the summation tends to be 0 (since

α ∈ (0, 1]), and the second term becomes a geometric series. Since α ∈ (0, 1] and also ˆ̃A

is symmetrically normalized, the series converges and therefore det( ˆ̃A) ≤ 1, thus:

Z(∞) = α
(
In − (1− α) ˆ̃A

)−1
H (4.6)

that is the equation to calculate ΠpprH.

Input graph

𝑿 = 𝑨 =

Normalize: 
ƶƿ𝑨 = ƿ𝑫−𝟏/𝟐 ƿ𝑨 ƿ𝑫−𝟏/𝟐,  ∑𝒌

ƿ𝑨𝒊𝒌𝜹𝒊𝒋 

Approximate PPNP:

𝒁 0 = 𝑯 = 𝐺𝐶𝑁(𝑿, 𝑨)

𝒁 𝑘+1 = 1 − 𝛼 ƶƿ𝑨𝒁 𝑘 + 𝛼𝑯

Score calculation

𝐹 𝑿, 𝑾 = 𝐺𝐶𝑁(𝑿, 𝑨)

  2-layer
𝑯 =

Min(|| 𝒁 𝑘+1  - 𝒁 𝑘  ||) 1 2 3 4 5 6 7 8

OutputLoss function

2-layer GCN

Node classification:

𝒊𝒅𝒙 =  𝑡𝑜𝑝 𝒁, 𝜌
 

𝑨′ = 𝑨𝒊𝒅𝒙,𝒊𝒅𝒙  

𝑿′ = 𝑿𝒊𝒅𝒙,∶  

𝒀′ = 𝒀𝒊𝒅𝒙
 

Active learning:

Selecting the nodes with 

highest scores as labels 

within the size of budget 

𝒊𝒅𝒙 =  𝑡𝑜𝑝 𝒁, 𝒔𝒊𝒛𝒆(𝒃)
𝒀 = 𝒀𝒊𝒅𝒙

Applications Scenario

Scoring

Figure 4.1: Structure of our model FadiGNN. The model starts by applying a 2-
layer GCN model on the adjacency matrix A and feature matrix X to compute the
initial node embeddings. The generated embeddings are then used in the adapted
personalized PageRank algorithm for score initialization. In the end, the loss function
is used to reduce the difference between consecutive outputs for the learning process.
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4.4.2 Model Architecture

In our model architecture, we rely on the approximation strategy outlined in Section

4.4.1. This approximation strategy was originally designed for node classification tasks.

Yet, as we seek to extend its utility to evaluate node importance in a graph, and also

given the iterative nature of this approximation, ensuring convergence requires defining

an appropriate loss function. Therefore, we define the loss function as:

ℓ(Z(k+1),Z(k)) = ||Z(k+1) − Z(k)||2 (4.7)

where Z(k+1) and Z(k) are the outputs at epochs k + 1 and k, respectively. This loss

function measures the difference between every two epochs and leads the iterative process

toward the convergence.

Algorithm 2: FadiGNN algorithm

(1)Input: Adjacency matrix A, node features X, number of layers L, learnable weight

matrices W(1), · · ·W(L), W, and MaxIter
(2)Parameter: teleport probability α, GNN parameters
(3)Output: Score vector Z

(4)Initialize Z(0) = H(0) = F (X,W)

(5)Compute ˆ̃A = D̂− 1
2 ÃD̂− 1

2

(6)for l = 1 to L do

(7)H(l) = ˆ̃AH(l−1)W(l)

(8)H(l) = ReLU(H(l))
(9)for k = 1 to MaxIter do

(10)return Z(k) = H(L)

(11)Z(k+1) = (1− α) ˆ̃AZ(k) + αH(0)

(12)end

(13)Loss ||Z(k+1) − Z(k)||2
(14)end

(15)return Z = Z(MaxIter)

It is noteworthy that as ℓ(Z(k+1),Z(k)) approaches zero, incorporating additional regu-

larization (e.g., L2 regularization) can be introduced to prevent the loss function from

reaching zero. The detailed training procedure of our model is described in Algorithm

2. Additionally, as mentioned earlier, function F (X,W) specified in Equation 4.3 is a

function approximation that produces the embeddings. Various techniques can be used

for this function, including GNNs. This step is followed by the iterative process outlined

in Equation 4.4.
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4.4.3 Training Time Cost Analysis.

The key part of our model is the computation of H = F (X,W), where different function

approximation can be employed. This leads to varying computational complexities. For

instance, a 2-layer GCN computational time is of O(N2) where N is the number of

nodes. Experimentally, its computational time per epoch was measured over graphs of

different sizes as follows: Cora (2,708 nodes and 10,556 edges, 0.0027s), CiteSeer (3,327

nodes and 9,104 edges, 0.0027s), Pubmed (19,717 nodes and 88,648 edges, 0.0036s),

CS (18,333 nodes and 163,788 edges, 0.0086s), and Physics (34,493 nodes and 495,924

edges, 0.017s). By incorporating newer methods that offer lower complexity, the overall

complexity of our approach decreases accordingly. This reduction in complexity enhances

the scalability to handling larger graphs.

4.5 Experiments

To validate the effectiveness of our scoring model, we test on two application scenarios:

multi-class node classification and active learning.

4.5.1 Node Classification

For node classification, we initially create a condensed graph G
′

= (V
′
, E

′
,X

′
) by select-

ing top-ranked nodes computed by our Algorithm 2. This experiment is based on the

premise that the condensed graph G
′

accurately represents the most pivotal structural

details and effectively determines the most informative nodes while enhancing compu-

tational efficiency [128]. Subsequently, we employ different GNNs models, among which

GCN is included, trained on G
′
. Using the trained model, we proceed to assign labels

to nodes within the original graph G. The detailed procedure of the node classification

experiment is described in Algorithm 3.

Note that the weight matrix W in GCN is of size f × d. This dimensionality of W

remains consistent regardless of the size of the graph. Since W is independent of the

graph size, it can be applied to the original graph without any compatibility issues.

Parameters learned from the smaller graph G
′

are transferable and can be efficiently

employed for evaluating the original graph G.
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Algorithm 3: Algorithm for the node classification

(1)Input: Original graph G = (V,E,X), initial labels Y , ratio ρ, and a GNN model
Apply a ranking method (e.g. FadiGNN) to compute a score vector Z for nodes V

(2)Compute idx = top-rank(Z, ρ)

(3)Compute adjacency matrix, feature matrix and labels: A
′

= Aidx,idx, X
′

= Xidx,:,

Y
′

= Yidx

(4)Learn weight matrix, W ∗, to minimize ℓ(GCNG′ (W ∗), Y
′
), such as negative

log-likelihood loss
(5)Output: Node labels for the original graph G

4.5.1.1 Datasets.

We use seven real-world datasets in our experiments, as summarized in Table 4.1.

4.5.1.2 Competitors.

For the node classification task, we compare FadiGNN against three traditional graph

algorithms including Personalized PageRank [138], EigenVector Centrality [163], and

K-center [164], and also with three state-of-the-art graph coarsening methods including

FGC [165], GCOND [166], and SCAL [128]. Graph coarsening methods simplify graphs

by creating a smaller yet representative subgraph of an input graph while preserving

essential connections. In addition, we compare against the CUL model [161] discussed

in Section 4.2.

4.5.1.3 Parameter Settings.

The default model to approximate F (X,W) is GCN (unless stated otherwise) which is

trained with the Adam optimizer, employing a learning rate of 0.01 and applying L2

regularization set at 0.0005 on the weights. We use an embedding size selected from

{64, 128} alongside a consistent dropout rate of 0.5 and the ReLU activation function

between layers. The maximum number of training epochs is selected from {200, 400}

and we fine-tune the teleport probability, α, within 0.85, and 0.95.

For the node classification task, we employ a 2-layer GCN model with the embedding

dimension equal to 64 following a previous work [112]. We train the model using ADAM

optimizer with a learning rate selected from {0.005, 0.001, 0.01} and L2 regularization

of 0.0005 on the weights. The negative log-likelihood loss is the loss function. We use a
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Table 4.1: Summary of datasets used in our experiment. All the datasets are available
in Pytorch geometric library [3].

Name # Vertices # Edges # Classes # Features

Cora 2,708 10,556 7 1,433
CiteSeer 3,327 9,104 6 3,703
Pubmed 19,717 88,648 3 500
Co-CS 18,333 163,788 15 6,805
Co-phy 34,493 495,924 5 8,415
CoraML 2,995 16,316 7 2,879
OGB-arxiv 169,343 1,166,243 40 128

fixed dropout rate of 0.5 and the ReLU activation function is applied between the layers.

The maximum number of training epochs is selected from {400, 1000, 2000, 3000} and

the training is terminated if the validation accuracy does not improve for 50 consecutive

epochs. The reduction ratio ρ is set accordingly and mentioned in tables and figures.

In all of our implementations, we use GNN libraries PyTorch Geometric1 [3]. Our

implementation is available on Github2.

4.5.1.4 Results.

Table 4.2 shows the node classification accuracy of the model on five real datasets. The

best results are highlighted in boldface. The node classification accuracy values of exist-

ing graph coarsening methods are taken from the literature [165]. Our model FadiGNN

outperformed the other methods in most cases, highlighting its superior capability in

identifying important nodes. Even when trained on the smaller graph G
′
, our model

showed commendable accuracy. This means that the important and informative nodes

are preserved in the smaller graph G
′

due to higher ranks gained through our model.

Impact of underlying neural networks. For a better assessment of our model, here we

perform an ablation study over different models to approximate F (X,W), such as feed-

forward networks (FNN), GCN [25], Sage [28], SGC [144], and GAT [27]. The results

presented in Table 4.3 shows that GCN performing better in generating high-quality

scores.

Comparing with learning on the full graphs. Table 4.4 shows the node classification

accuracy of our model compared to the personalized PageRank method, all trained on

the graph G
′

with ρ = 0.05 and evaluated on the complete graph G. In particular,

1https://pytorch-geometric.readthedocs.io/en/latest/
2https://github.com/ghimohammadr/FadiGNN
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Table 4.2: Node classification accuracy of models on different datasets. The best
results are highlighted in boldface. *Despite adjustments to parameters such as the
number of epochs and learning rates, etc, there was no enhancement in the result of

K-center values for the Co-phy dataset.

Dataset \ρ Coarsening Traditional
CUL FadiGNN

#G
Nodes

#G
′

NodesGCOND SCAL FGC K-center Centrality PPR

0.3 81.56±0.6 79.42±1.71 85.79±0.24 84.00±1.35 71.06±0.52 84.74±0.17 86.23±2.27 86.69±1.13 812
Cora 0.1 81.37±0.40 71.38±3.62 81.46±0.79 72.16±3.96 25.15±1.75 77.05±0.62 80.07±2.27 82.05±0.30 2,708 270

0.05 79.93±0.44 55.32±7.03 80.01±0.51 58.12±4.50 16.00±0.17 73.75±1.51 71.79±2.45 74.24±3.20 135

0.3 72.43±0.94 68.87±1.37 74.64±1.37 71.24±1.20 64.08±0.86 74.13±0.78 71.04±1.37 76.52±1.73 998
Citeseer 0.1 70.46±0.47 71.38±3.62 73.36±0.53 66.37±1.23 29.85±2.17 67.56±1.76 66.99±1.65 73.63±1.23 3,327 332

0.05 64.03±2.4 55.32±7.03 71.02±0.96 64.28±4.09 20.40±0.14 59.10±1.12 60.84±3.03 67.46±0.97 166

0.05 93.05±0.26 73.09±7.41 94.27±0.25 94.24±0.71 50.51±0.00∗ 94.01±0.17 94.95±0.31 95.61±0.18 1724
Co-phy 0.03 92.81±0.31 63.65±9.65 94.02±0.20 93.82±0.67 50.51±0.00∗ 93.56±0.36 94.66±0.42 95.33±0.30 34,493 1034

0.01 92.79±0.4 31.08±2.65 93.08±0.22 92.32±1.70 50.51±0.00∗ 90.36±0.67 93.06±0.56 93.60±0.27 344

0.05 78.16±0.30 72.82±2.62 80.73±0.44 79.42±0.98 43.01±0.15 83.66±0.80 84.41±0.77 85.27±0.98 985
Pubmed 0.03 78.04±0.47 70.24±2.63 79.91±0.30 76.22±0.94 42.37±0.77 81.31±0.23 83.28±0.67 83.65±0.69 19,717 591

0.01 77.2±0.20 54.49±10.5 78.42±0.43 75.13±2.95 43.08±1.18 76.90±0.60 77.23±0.89 80.49±0.41 197

0.05 86.29±0.63 34.45±10.0 89.60±0.39 86.00±6.65 74.73±0.58 88.24±0.27 88.04±0.82 91.49±0.24 916
Co-CS 0.03 86.32±0.45 26.06±9.29 88.29±0.79 80.20±12.96 63.50±0.21 84.87±0.57 84.42±0.92 88.66±0.22 18,333 549

0.01 84.01±0.02 14.42±8.5 86.37±1.36 67.08±22.35 40.56±1.03 79.04±0.29 67.55±0.15 83.28±0.57 183

Table 4.3: The performance of our model through different algorithms as function
approximation F (X,W). Models are trained on ρ = 0.05 of the graph.

Dataset Sage FFN GCN SGC GAT

Cora 70.40±1.12 68.21±2.95 74.24±3.20 70.11±0.97 63.88±2.11
Citeseer 62.93±0.81 62.75±0.79 67.46±0.97 60.48±0.55 57.01±1.52
Co-phy 94.53±0.62 94.79±0.26 95.61±0.18 94.30±0.46 94.29±0.20
Pubmed 82.97±0.62 81.95±0.96 85.27±0.98 83.37±0.31 84.48±0.83
Co-cs 89.91±0.34 89.37±0.73 91.49±0.24 91.43±0.34 91.00±0.54

Table 4.4: The table shows how well our model performs compared to the original
Graph (No Coarsening). Additionally, the results indicate that the accuracy of our

model trained on ρ = 0.05 of the graph is much better than the PageRank model.

Dataset G
′

(PPR) G
′

(FadiGNN) Full graph G

Cora 73.75±1.51 74.24±3.20 89.50±1.23
Citeseer 59.10±1.12 67.46±0.97 79.10±1.68
Co-phy 94.01±0.17 95.61±0.18 96.22±0.72
Pubmed 83.66±0.80 85.27±0.98 88.89±0.59
Co-cs 88.24±0.27 91.49±0.24 92.83±0.11

our model achieves better node classification accuracy due to the integration of feature

information X
′
. Results show the importance to use both the structure of the graph

and its feature information to make the model more accurate.

Additionally, the last column in the table shows the performance of the GCN model

when trained on the original graph G rather than graph G
′
.

Result on large dataset OGB-arxiv. Table 4.5 presents the results of Eigenvector cen-

trality, PPR, FadiGNN, and CUL [161] on the large dataset, OGB-arxiv. This dataset

represents the citation network of CS papers from ARXIV indexed by MAG. Each node

is a paper with a feature vector, and each directed edge indicates a citation.
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Table 4.5: Accuracy of models on OGB-arxiv dataset.

Model/ρ 0.01 0.03 0.05
Centrality 19.47±1.25 22.34±1.31 25.31±0.68
PPR 15.48±0.14 27.07±1.42 31.45±0.58
CUL 52.75±1.52 59.78±0.23 59.77±0.25
FadiGNN 53.83±1.16 59.87±0.28 59.91±0.23
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Figure 4.2: The influence of teleport probability on model accuracy is examined across
three datasets. The GCN model is used for node classification. The plots represent
the GCN and FFN as function approximation F (X,W), which are assessed for their

performance under varying teleport probability.

Impact of the teleport probability. In this set of experiments, we explore the impact of the

teleport probability parameter, denoted as α, on model accuracy. As depicted in Figure

4.2, the node classification accuracy of both GCN and FNN models is investigated for

Cora, Citeseer, and Pubmed datasets by varying the value of α. The trend indicates

the superior performance of GCN over FNN, with accuracy consistently improving as α

increases. This observation highlights that as the value of α increases, there is a greater

inclination of the model to rely on the features of the data rather than purely structural

characteristics. This also highlights the potential impact of the feature information

during the learning process.

4.5.2 Active Learning

In situations where data labeling is an expensive process, active learning operates by

selecting the most valuable and informative samples for labeling. This approach proves

especially advantageous where there are resource constraints and allows machine learning

models to achieve high performance with a smaller labeled dataset. Here, the objective is

to demonstrate the proficiency of our model in ranking important nodes for labeling. To

this end, we follow the structure of the SPA model [167]. The SPA model combines com-

munity detection utilizing the SCAN algorithm with the PageRank scoring approach to

enhance the effectiveness and informativeness of sample selection. The model prioritizes

nodes that are informative and central in structure.
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Algorithm 4: SPA+FadiGNN for active learning

(1)Input: Adjacency matrix A, damping factor α, labeling budget b;
(2)Initialize S = ∅
(3)Convert matrix A to graph G
(4)Implement SCAN algorithm to detect communities {C1, C2, . . . , Ck}
(5)for each community Ci in {C1, C2, . . . , Ck} do
(6)Run FadiGNN to calculate scores for all nodes in Ci with damping factor α
(7)Find node in Ci with the highest score
(8)Add the node to S

(9)end
(10)if |S| < b then
(11)Calculate scores for all nodes in G\S
(12)Sort nodes in G\S by scores in descending order
(13)Add nodes from the sorted list to S until |S| = b

(14)end
(15)return S to be labeled

Table 4.6: Overview of the Macro-F1 performance of the SPA model for active learn-
ing employing the GCN architecture. The provided numerical values represent the

average Macro-F1 score with the most outstanding score highlighted in bold.

Model\Data Citeseer CoraML
20 40 80 20 40 80

Random 28.4 ±12.6 37.6±6.7 48.9±5.8 48.07±6.20 64.53±5.17 73.93±3.98
SPA + PageRank 46.3±0.5 57.1±0.1 60.8±2.4 54.41±0.95 72.84±1.39 79.44±0.27
SPA + FadiGNN 50.31±4.67 59.23±0.82 62.98±0.72 56.81±2.45 74±1.62 79.87±0.24

Here, to evaluate the effectivenessv our model, we replace the simple PageRank with

our scoring model, FadiGNN. The detailed procedure of the active learning approach is

described in Algorithm 4. Additionally, To ensure a fair comparison, we adopted the

same structural framework and parameter values as used in [167] including the clustering

threshold ϵ = 0.5 and minimum neighbors µ = 3. Table 4.6 represents the results of

different approaches for the Citeseer and CoraML datasets. We evaluated the model’s

performance for different budgets including 20, 40, and 80. In all cases, the Random

method demonstrates significantly lower F1 scores compared to the other models that

highlights the effectiveness of emphasizing on the importance nodes. All methods show

an overall trend of enhanced F1 scores as the budget increases. While the SPA model

demostrates a solid performance in utilizing PageRank to identify importance nodes,

however, FadiGNN enhances the models capacity and consistently achieves the highest

scores across all cases.
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4.6 Conclusion

We presented FadiGNN, a GCN-based model designed to evaluate node importance in

a graph by integrating both node features and topological structure in an unsupervised

manner. FadiGNN begins by processing a graph’s adjacency matrix and feature ma-

trix with a GCN model to compute the embedding for nodes. Subsequently, the node

embeddings are employed in the adapted personalized PageRank algorithm to produce

the output vector. Finally, the output vector used to compute the loss function and

determine the nodes scores. FadiGNN is validated on real-world datasets with two

application scenarios: node classification and active learning. The results on node clas-

sification shows that FadiGNN outperforms the state-of-the-art models by an average of

7.62% in terms of accuracy across the datasets.

A significant advantage of our framework lies in its flexibility, as it can be easily adapted

to various centrality techniques, such as KATZ centrality, total communicability cen-

trality, and others. However, a major drawback compared to traditional methods is

the added complexity from the training process. Future work could explore potential

solutions to reduce the complexity. For instance, incorporating faster approximation

methods such as scalable GNNs, to provide a more efficient alternative that preserves

the framework’s adaptability while improving performance in larger datasets. Another

direction is the potential for extending the proposed approach to other types of graphs,

such as knowledge graphs, which have been the focus of a few recent studies [168, 169].



Chapter 5

Centrality-aware Hierarchical

Graph Pooling

Graph pooling is the backbone of graph classification that condense graph information into

a compact form. Current pooling methods often treat all node information irrespective of

their importance limits their ability in capturing either key graph substructures or node

information. To this end, we propose CentralityPool, a hierarchical pooling method for

sieving the most important nodes via centrality techniques and conduct experiments over

graph classification and node classification task. We employ four centrality techniques:

Personalized PageRank, KATZ, Total Communicability, and Eigenvector centrality to

identify key nodes. Due to time-consuming, we incorporate the efficient approximation

strategies to reduce computation complexity. Hence, at comparable computation time

with SOTA methods, CentralityPool improves graph classification accuracy by up to 4%

by average across eight benchmark datasets and achieves competitive node classification

results across large-scale benchmark datasets.

This chapter has been submitted and is currently under its second revision (minor revision) on April
20, 2025, at the IEEE Transactions on Network Science and Engineering.

• Ghanbari, M., Bagloee, SA., Qi, J., and Sarvi, M. CentralityPool: Centrality-aware Hierarchical
Graph Pooling. IEEE Transactions on Network Sciences and Engineering, 1-13, 2025.
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5.1 Introduction

Graph Neural Networks (GNNs) [14, 25, 27, 28, 40] are a type of deep learning model

that has gained considerable attention in recent years due to their strong performance

and the widespread presence of graph-structured data. These models have been applied

across various domains such as transportation [170], recommender systems [171, 172],

natural language processing [173], and computer vision [174], reporting impressive em-

pirical results. A common task in GNNs is graph-level representation learning, which

maps graphs into low-dimensional spaces and enables more effective processing of down-

stream tasks. As a key component, graph pooling [2, 100, 175–177] is a technique for

graph-level representation learning. By aggregating and summarizing node features,

graph pooling creates compact, informative representations that facilitate more efficient

processing and analysis. This technique plays a vital role in improving the performance

of downstream tasks, such as graph classification, by reducing the dimensionality and

capturing important structural information from the original graph.

Graph pooling techniques can generally be categorized into two main classes: global

pooling [178] and hierarchical pooling [175]. In global pooling, the graph representation

is generated in a single step. In contrast, hierarchical pooling coarsens the graph in

different stages (See Fig. 5.1). Node clustering pooling [100, 179] and node drop pooling

[2] are the two main methods of hierarchical pooling. In node clustering, the nodes are

grouped into clusters and new nodes are generated based on these clusters; in node drop

pooling, a subset of nodes from the original graph is selected based on some importance

scores. A critical aspect of node drop pooling is how nodes are scored based on their

importance.

In this chapter, we study hierarchical graph pooling and propose a centrality-aware

pooling layer named CentralityPool, which exploits centrality measures in an end-to-end

fashion. Centrality techniques effectively identify the most influential nodes within a

graph. Using them to guide graph pooling ensures that key structural information is

preserved during pooling. By focusing on the central nodes, centrality-aware pooling

layers enhances the quality of graph representations and consequently leads to improved

performance. Additionally, centrality measures provide a more interpretable and adapt-

able approach to pooling, making them suitable for various types of graphs.
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Node Clustering Pooling Node Drop Pooling

𝐻𝑖𝑛, መሚ𝐴

𝐻𝑜𝑢𝑡, መ෨𝐴𝑜𝑢𝑡

Figure 5.1: Node clustering pooling and node drop pooling are the two main methods
of hierarchical pooling. Node clustering pooling operates by grouping nodes into clusters
based on their similarities or structural properties. Node drop pooling, on the other
hand, focuses on selecting a subset of nodes from the original graph based on the node

importance scores.

Our goal is to design a framework that can be integrated with a range of centrality

measures while considering both graph structural information and node feature infor-

mation. To overcome the computational challenges typically associated with centrality

techniques, we employ their respective approximation methods. The approximations

significantly reduce complexity, making our solution more practical and scalable. We

consider the following well-known centrality measures:

• Personalized PageRank centrality [138], which identifies nodes that are important

because they are linked to other important nodes. A damping factor is used

to balance between following links and randomly jumping to other nodes, which

allows for focusing on local as well as global node importance.

• KATZ centrality [180], which accounts for both directly and indirectly connected

nodes, with longer paths being discounted more which provides a measure of in-

fluence.

• Total Communicability centrality [181], which measures how well a node can com-

municate with the rest of the graph, considering all possible paths where longer

paths contributing less to the score.

• Eigenvector centrality [182], which ranks nodes based on their connections to other

high-score nodes, capturing the recursive nature of influence within the network.
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Additionally, we found that centrality measures can also be used as convolution layers

in message passing component of GNNs, due to their structural similarity in the form

of an adjacency matrix. Therefore, we also provide experiments over node classification

task on the public benchmarks.

The main contributions of this work are:

1. We propose CentralityPool, a novel hierarchical graph pooling framework based

on centrality techniques to select the important nodes.

2. We integrate CentralityPool with four well-known centrality measures: person-

alized PageRank, KATZ centrality, total communicability, and eigenvector cen-

trality. We exploit the approximation properties of these centrality measures to

significantly reduce the complexity of the proposed methods.

3. We conduct extensive experiments on both graph classification (eight datasets) and

node classification (six datasets) tasks across common benchmarks. The results

demonstrate the effectiveness of the CentralityPool and highlight its superiority

over state-of-the-art pooling and convolution layer competitors.

The remainder of the paper is organized as follows. We first cover related work. Then,

we give the problem definition and present our framework. After that, we discuss the

experimental results for graph classification and multi-class node classification tasks and

finally, conclude the paper.

5.2 Related Work

In recent years, a wide variety of graph pooling methods have emerged, aiming to improve

the efficiency and effectiveness of GNNs by reducing graph size while preserving crucial

information. These methods can be broadly categorized into two main types: global

pooling and hierarchical pooling. Hierarchical pooling itself can be further subdivided

into two subcategories: node clustering pooling and node drop pooling. Each category

offers unique approaches to graph pooling, with specific advantages and limitations. In

the following subsections, we provide a detailed review for each of these categories.
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5.2.1 Global Pooling

Global pooling methods aim to generate a graph representation in a single, holistic step.

In these methods, the entire graph is typically processed to produce a fixed-size vector

representation, which serves as the final embedding representation of the graph. This

method is straightforward and efficient, especially for small to medium-sized graphs, as

it pools the graph into a smaller graph in one go. For example, SortPool [97] ranks

nodes by their scores, which are derived from the nodes’ transformed features. Global-

Attention [98] employs an attention mechanism to selectively aggregate node features

and enhances the graph representation. GMT [99] formulates the pooling problem as a

multiset encoding with auxiliary information. It applies multi-head attention to capture

interactions between nodes. Global pooling can struggle to capture structural details,

particularly in large and complex graphs, where the reduction process may oversimplify

the graph’s inherent intricacies. Despite these challenges, global pooling remains a

popular choice due to its simplicity and computational efficiency.

5.2.2 Node Clustering Pooling

Node clustering pooling operates by grouping nodes into clusters based on their similar-

ities or structural properties. This method effectively reduces the graph’s complexity by

treating each cluster as a single node in a coarsened graph and therefore, preserving the

local structural information while simplifying the overall graph representation. Node

clustering pooling is particularly advantageous for capturing the hierarchical nature of

graphs, as it allows the model to iteratively pool the graph while retaining key features.

Various methods have been proposed within this subcategory, each offering different

strategies for cluster formation and aggregation. DiffPool [100] is a differentiable graph

pooling method that uses GNNs to learn the assignment matrices and cluster the similar

nodes into a fixed number of clusters. StructPool [102] integrates conditional random

fields into the graph pooling problem. SEP [183], as inspired by structural entropy,

designs a global optimization algorithm to generate the cluster assignment matrices for

pooling. A general limitation of this class of pooling methods is their inefficiency due to

high time and storage requirements. This inefficiency arises from the need to compute a

dense cluster assignment matrix, which can be resource-intensive, especially with larger

graphs [99].
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5.2.3 Node Drop Pooling

Node drop pooling, focuses on selecting a subset of nodes from the original graph based

on the node importance scores. Generally, a score generator function is used for scoring

nodes and subsequently a node selector function, usually the Topk function, is applied

to generate the coarsened graph. This method is more straightforward than node clus-

tering pooling in terms of graph reduction, as it directly removes less important nodes.

An advantage is the computational efficiency. TopKPool [106] uses a trainable projec-

tion vector to generate importance scores for node selection. SAGPool [2] uses GCNs

models to assign scores, adapting to the graph’s structure. SSPool [1] identifies the most

informative subset of nodes by estimating the mutual information between the coars-

ened graph and an augmented version, ensuring that the pooled graph retains essential

features.

An issue with the node drop pooling method is that it requires careful consideration

in the node selection process to ensure that the resulting graph representation remains

informative and effective.

To this end, we present and investigate hierarchical pooling based on centrality tech-

niques. We design pooling layers that uses centrality measures to effectively identify the

most influential subset of nodes within a graph and ensures that key structural informa-

tion is preserved during pooling. Our method is able to capture multi-scale information

by coarsening the graph, due to the hierarchical structure. Moreover, as a node drop

pooling technique, it is efficient. Based on the results of our experiments on graph classi-

fication, incorporating centrality-aware pooling layers has demonstrated the potential to

significantly enhance the quality of graph representations, which are able to effectively

capture important structural information within the graph.

In addition, since centrality techniques can be interpreted as a variant of the adja-

cency matrix which enables them to function as convolution layers, we implemented

these methods and provided experiments on the node classification task on six common

datasets (including OGB large datasets). The results showed a competitive performance

on different datasets.
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5.3 Preliminary

5.3.1 Problem Statement

Let G = (V,E,X) be a graph with N = |V | vertices where V = {v1, v2, . . . , vN} is

the set of vertices, E ⊆ V × V is the set of edges, and the i-th row of X ∈ RN×f is

the feature vector of node vi with f dimensions. We use A ∈ {0, 1}N×N to denote the

adjacency matrix of graph G, where Aij = 1 if (vi, vj) ∈ E, otherwise Aij = 0.

While the primary focus of our method is on graph classification, we also extended our

experiments to include node classification to demonstrate the broader applicability of

our proposed techniques. In graph classification, the objective is to train a model that

can accurately predict the class label for a graph, whereas in node classification, the

focus is on predicting the class labels for individual nodes within a graph.

In what follows, we briefly describe Graph Convolutional Networks, graph centrality

computation techniques that serve as the basis of our proposed framework.

5.3.2 Graph Convolutional Networks

Graph Convolutional Networks (GCNs) are a class of neural networks designed to op-

erate directly on graph-structured data. They extend the concept of convolutional op-

erations from grid-based data to graph data. The core idea of GCNs is to aggregate

information from a node’s neighbors to compute a new node representation. This is

achieved through a layer-wise propagation mechanism, where each node updates its rep-

resentation based on its neighbors’ features information. The GCNs layer is formulated

as follows:

D̃− 1
2 ÃD̃− 1

2XW (5.1)

Here, W ∈ Rf×d is a learnable weight matrix, where d represents the node embedding

dimensionality. The term Ã = A + IN denotes the adjacency matrix of the graph with

added self-loops, where IN is the identity matrix, ensuring each node also considers its

own features during the aggregation process. D̃ is the diagonal degree matrix associated

with Ã, used to normalize the adjacency matrix symmetrically. The output of the GCN
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layer is an N × d matrix where each row corresponds to the updated features of a node.

The raw node feature matrix X is the input to the network.

This approach allows GCNs to effectively capture both node features and graph struc-

ture, making them useful for tasks such as node classification and graph classification.

5.3.3 Iterative Centralities

In the following subsections, we explain four well-known centrality measures, including

an in-depth analysis of their approaches and their approximation techniques.

Total Communicability Centrality (TC) Total Communicability Centrality [182]

is based on the idea that a node is important if it can communicate with many other

nodes, not just directly but also through indirect connections. This centrality measure

considers all possible walks in the graph, weighted by their length.

The total communicability equation is as follow:

EXP ( ˆ̃A) = e
ˆ̃A (5.2)

where e denotes the exponent function.

Due to the inherent difficulty involved in calculating e
ˆ̃A directly, we take advantage of

its fast approximation. The approximation strategy significantly reduces computational

complexity while trying to maintain the accuracy. The detailed equation is as follows:

e
ˆ̃A =

∞∑
k=0

ˆ̃Ak

k!
(5.3)

Here, a walk is a sequence of edges that connects a series of nodes, and ˆ̃Ak represents all

possible walks of length k. Longer walks contribute less to the centrality score because

they are less direct. This is reflected in the series expansion, where each term
ˆ̃Ak

k! in the

summation accounts for walks of length k, and the factorial in the denominator reduces

the impact of longer walks.
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Personalized PageRank Centrality (PPR) PageRank centrality [129, 138] is

based on the idea that a node is important if it is linked to other important nodes. This

concept was originally developed by Google to rank web pages in their search engine.

The intuition is that a web page linked by many other pages (especially those that are

themselves important) is likely to be important. The PageRank matrix can be written

as follows:

Π = α
(
In − (1− α) ˆ̃A

)−1
(5.4)

Where Π is the PageRank matrix, In is the identity matrix, and α is the damping

factor. Again, due to the difficulty in calculating the inverse matrix, we utilize a fast

approximation method to simplify the process and reduce the computational complexity.

The approximation incorporates skip connections to enhance the model’s expressiveness,

which is written as follows:

πk+1 = (1− α)D̃− 1
2 ÃD̃− 1

2πk + απ0 (5.5)

Where α ∈ (0, 1]. The damping factor α controls how much of the importance a node

passes to its neighbors. The process continues until it reaches the maximum iteration

number, K, where the distribution of importance no longer changes significantly between

iterations.

Eigenvector Centrality (EV) Eigenvector centrality [182] measures the importance

of a node based on the importance of its neighbors. This technique is particularly useful

in networks where connections to important nodes are more valuable than connections

to many nodes. In other words, a node’s importance is proportional to the sum of the

importance of its neighbors. To this end, eigenvector centrality can be expressed by the

following equation:

ˆ̃Ae = e (5.6)

In practical terms, we solve:

ˆ̃Ae = λe (5.7)
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Where e is eigenvector of matrix ˆ̃A. This equation states that the centrality vector e is

an eigenvector associated with the largest eigenvalue λ.

To reduce the computational complexity and approximately find the principal eigenvec-

tor (and thus the centrality scores), the power method is commonly used [184]. This

iterative method starts with an initial vector and repeatedly multiplies it by the matrix

ˆ̃A and normalizes the result each time until convergence to the principal eigenvector.

The power iteration equation can be written as follows:

ek+1 =
ˆ̃Aek∥∥∥ ˆ̃Aek

∥∥∥ (5.8)

This iterative process ensures that it converges to the principal eigenvector that repre-

sents the most important nodes in the network.

KATZ Centrality (KATZ) KATZ centrality [180] is similar to the total communi-

cability centrality. It also give lower weight to longer walks between nodes. However, its

weighting scheme is different. It provides a measure of influence by accounting for both

the number of direct and indirect connections a node has, with the indirect connections

weighted less.

The KATZ centrality equation can be represented in matrix form as follows:

K = (In − β ˆ̃A)−11 (5.9)

Where In is the identity matrix and 1 is a column vector of ones. The factor β must be

chosen carefully (it must be less than the reciprocal of the largest eigenvalue of ˆ̃A) to

ensure that the series converges. It controls how much influence longer paths have on

the centrality score.

Similarly, we employ a fast approximation strategy to compute the KATZ matrix as

follows:

KATZ =

∞∑
k=0

(β ˆ̃A)k (5.10)

KATZ centrality considers all paths from one node to another, but it discounts longer

paths more heavily by multiplying them by a small factor βk. This ensures that direct
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neighbors contribute more to a node’s centrality than nodes connected through longer

chains.

5.4 Proposed Model

In a standard hierarchical pooling procedure (illustrated in Fig. 5.2), a GCN-based

model processes the entire graph G for all nodes to produce node embeddings Hin ∈

RN×d where d is the node embedding dimensionality. It then processed by a pooling

layer, and a subset of nodes are selected to produce a new coarsened adjacency matrix

Hout , and feature matrix ˆ̃Aout (Fig. 5.1). After repeated layers (usually, three layers),

the computed embeddings of each layer are aggregated and fed into a multi layers per-

ception (MLP) to be transformed into class predictions. During the learning process, the

model optimizes its parameters by minimizing the negative log-likelihood loss function

ℓ(y, ŷ).

MLP

Classification

Graph Conv

TCPool KATZPool

EVPoolPPRPool

Graph Conv

TCPool KATZPool

EVPoolPPRPool

Graph Conv

TCPool KATZPool

EVPoolPPRPool

Readout
Readout

Readout

⨁
𝐺 =  (𝑉, 𝐸, 𝑿)

Figure 5.2: Hierarchical graph pooling. Following [1, 2], we employ a hierarchical
classification pooling approach with three GCN layers, each followed by a pooling layer
(TCPool, KATZPool, PPRPool, or EVPool). The input graph is processed by a GCN
layer, followed by a pooling operation that reduces its size. The pooled graph is then
passed to the next GCN layer, and after each pooling step, a readout layer aggregates
node features into a fixed-size graph representation. After summation over all readout

outputs, a Multi-Layer Perceptron (MLP) is applied for final graph classification.
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In this work, we introduce CentralityPool which uses a set of different well-known cen-

trality techniques [50, 185] as pooling layers to identify and select the most important

nodes within a graph. These techniques evaluate various aspects of a node’s position

in the graph such as its connectivity, influence, or ability to facilitate communication,

to assess node importance within a network, each offering distinct advantages. PageR-

ank centrality [138] evaluates nodes based on the principle that connections to other

important nodes enhance a node’s importance. It focuses on the overall structure of

the network, and considering both the quantity and quality of edges in a graph. Total

Communicability Centrality [181] evaluates a node’s score across the entire network by

considering contributions from all possible paths connecting that node to others. This

technique provides a comprehensive measure of a node’s reachability and connectivity

within complex networks, which makes it valuable to understand the importance of nodes

in diverse network structures. KATZ Centrality [180] balances the importance of nodes

by incorporating both their connections and their potential influence within the net-

work. It provides a more refined understanding of a node’s overall impact. Eigenvector

Centrality [182], on the other hand, emphasizes on the importance of being connected

to other influential nodes by providing a more localized view of importance based on

the influence of a node’s neighbors.

Although these techniques all share the common objective of assessing node importance

within a network, they each approach this task from distinct perspectives, which pro-

foundly impacts their applications and the insights they provide in network analysis.

5.4.1 Pooling Layer Architecture

The proposed approximation strategies can now be employed during pooling process

to assign scores to nodes within a graph. Let Hin denote the output of the graph

convolution layer (Fig. 5.2), which serves as the node embeddings input to the pooling

layer. The approximation process begins by initializing the input matrix H through a

two-layer neural network, formulated as follows:

Z0 = H = F (Hin,W) (5.11)
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Here, F represents a two-layer neural network function, while W denotes the associated

weight matrix. The matrix H acts as the initial embedding matrix Z0, obtained by

applying F to the input embeddings Hin.

Following this initialization step the iterative methods discussed are employed to score

the node based on both the structural and feature information. Each of the centrality’s

approximations step can be expressed as follows:

Following this initialization step, iterative methods are applied. Each step in the cen-

trality approximation process can be expressed as follows:

• TCPool:

Zk+1 =

(
K∑
k=0

ˆ̃Ak

k!

)
H (5.12)

The series always converges to the exact solution, given by Z(∞) = e
ˆ̃AH, based

on the Taylor series expansion. However, in practice, we iterate the process up to

a predefined number of steps, denoted as ZK .

• PPRPool:

Zk+1 = (1− α) ˆ̃AZk + αH (5.13)

This iterative method converges to the exact solution Z(∞) = ΠpprH. Expanding

the equation, we get:

Zk =

(
(1− α)k( ˆ̃A)k + α

k−1∑
i=0

(1− α)i( ˆ̃A)i

)
H (5.14)

As k →∞, the first term vanishes (since α ∈ (0, 1]), and the second term forms a

convergent geometric series.

• EVPool:

Zk+1 =
ˆ̃AZk∥∥∥ ˆ̃AZk

∥∥∥ (5.15)

By the Power method [184], the equation converges to the eigenvector of the largest

eigenvalue.
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• KATZPool:

Zk+1 =
K∑
k=0

(β ˆ̃A)kH (5.16)

Note that the series always converge to the exact Z(∞) = (In − β ˆ̃A)−11H based

on the Neumann series expansion. However, in practice, we iterate the process up

to a predefined number of steps, denoted as ZK .

Building on the previous steps, we use a predefined hyperparameter ρ as the pooling

ratio to control the number of nodes to preserve after pooling. Specifically, we select the

top ⌈ρN⌉ nodes based on their values in ZK . This ensures that only the most important

nodes and their connections, according to the learned embeddings, are preserved for

subsequent processing.

idx = top− rank(ZK , ⌈ρN⌉) (5.17)

Zmask = ZK
idx (5.18)

Here, top− rank(...) is a function that returns the indices of the top node values, idx is

an indexing operation and Zmask is the selected nodes’ embeddigs.

Based on idx, we can derive the coarsened adjacency matrix and the embedding matrix

as follows:

ˆ̃Aout = ˆ̃Aidx, idx (5.19)

Hout = Hidx,: ⊙ Zmask (5.20)

where Hidx,: is the row-wise indexed embedding matrix, ⊙ is the broadcasted element-

wise product, and Aidx, idx is the row-wise and column-wise indexed adjacency matrix.

Hout and ˆ̃Aout are the new embedding matrix and the corresponding adjacency matrix,

respectively.

For clarity and ease of understanding, Algorithm 5 provides a detailed description of the

process using the KATZPool method. The structure illustrated for KATZPool can be

similarly adapted for other centrality-aware layers (TCPool, EVPool, and PPRPool).
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Algorithm 5: KATZPool algorithm

(1)Input: Adjacency matrix A, Node input matrix Hin, Pooling ratio ρ, Parameter β,
Max iteration K

(2)Output: Hout and ˆ̃Aout

(3)Normalize adjacency matrix ˆ̃A← D̃− 1
2 ÃD̃− 1

2

(4)Initialize the parameters W
(5)Initialize input using a 2-layer neural networks H← F (Hin,W)
(6)Set the initial matrix Z0 ←H
(7)Set the accumulation matrix R← Z0

(8)Define matrix for power computation M← β ˆ̃A
(9)for 1 to K do

(10)R← R + Zk

(11)Zk+1 ←M · Zk

(12)k ← k + 1

(13)end
(14)idx← top− rank(ZK , ⌈ρN⌉)
(15)Zmask ← ZK

idx

(16)
ˆ̃Aout ← ˆ̃Aidx, idx

(17)Hout ← Hidx,: ⊙ Zmask

(18)Return Hout , ˆ̃Aout

5.4.2 Training Complexity.

Here, we discuss the complexity of various centrality-aware pooling layers. Directly

calculating the full matrices for TCPool, PPRPool, KATZPool, and EVPool is compu-

tationally inefficient and leads to a complexity of O(n3). Instead, the corresponding

explained approximations are employed to enhance the complexity. For PPRPool, ap-

proximations reduce its time complexity to O(n2), and space complexity to O(n) as

they avoid storing large matrices [129]. Likewise, KATZPool, TCPool, and EVPool,

achieving similar efficiency. By localizing the centrality computation via only consider-

ing nearby nodes within a certain radius (i.e., short paths only) rather than the entire

graph, linear computational complexity O(n) is also achievable. These approximations

enable the practical application of centrality measures to large graphs by significantly

reducing memory requirements.
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Table 5.1: Statistics of data sets used for graph classification.

Name Number of graphs Avg. # of Nodes per Graph Avg. # of Edges per Graph Number of Classes

DD 1,178 284.3 715.66 2
PROTEINS 1,113 39.1 72.82 2
NCI1 4,110 29.9 32.30 2
NCI109 4,127 29.7 32.13 2
Mutagenicity 4337 30.32 30.77 2
IMDB-B 1000 19.77 96.53 2
IMDB-M 1500 13.00 65.94 3
COLLAB 5000 74.49 2457.78 3

5.5 Experiments

We evaluate the performance of our centrality-aware pooling layers by experiments on

real-world datasets through multi-class graph classification and node classification.

5.5.1 Graph Classification

We evaluate two distinct architectures: hierarchical pooling and global pooling ap-

proaches. Figures 5.2 and 5.3 illustrate the hierarchical and global pooling architectures,

respectively.

5.5.1.1 Datasets

We conduct experiments on eight widely used graph-level benchmark datasets [186],

including biological networks, molecular networks, and social networks:

• DD (D&D) and PROTEINS [114, 115] contain protein structure graphs where

nodes represent amino acids and edges indicate spatial proximity. These datasets

are used for protein structure classification.

• NCI109 and NCI1 [116] contain chemical compound graphs where nodes are

atoms and edges are bonds. The task is to predict a compound’s activity against

cancer.

• Mutagenicity [117] contains Molecular graphs for predicting whether a com-

pound is mutagenic, with nodes as atoms and edges as chemical bonds.

• COLLAB [118] contains graphs representing academic collaboration networks

where nodes are researchers and edges indicate co-authorship. The task is to

classify research fields.
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• IMDB-B [118] contains Ego-networks of actors with nodes representing actors

and edges representing co-appearances.

• IMDB-M [118] is similar to IMDB-B but classifies movies into one of three genres

to reflect more complex social interactions.

The statistics of these datasets are summarized in Table 5.1.

5.5.1.2 Competitors

We compare the performance of our pooling layers including TCPool, PPRPool, KATZPool,

and EVPool with nine state-of-the-art pooling methods including SET2SET [178], SORT-

POOL [97], DIFFPOOL [100], TOPK [106], SAGPOOL [2], ASAP [175], VIPool [187],

CGIPool[188], and SSPool [1].

5.5.1.3 Train/Validation/Test Split

Following previous works [1], [188], we randomly split the data into train/validation/test

subsets, where 80% is used for training, 10% for validation, and the remaining 10% for

testing. To ensure fairness, we use the hierarchical classification model of the 3-layer

GCN each followed by a pooling and readout layers as illustrated in Fig. 5.2. For

the global pooling structure, we adhere to the methodology described in [2], which

involves applying three consecutive GCN layers followed by a global pooling layer. This

architecture is depicted in Figure 5.3.

5.5.1.4 Parameter Settings

Table 5.2 summarizes the hyperparameters for our framework. In addition to these

parameters, we also conducted analyses on the maximum number of iterations K (see

Fig. 5.5), and the pooling ratio ρ (global version, refer to Fig. 5.6). These analyses are

detailed in the subsequent sections.

We utilize the PyTorch Geometric library [3] for our GNNs implementation1. To evaluate

performance, we compare the models based on their accuracy on the test set. All models

1https://pytorch-geometric.readthedocs.io/en/latest/
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Table 5.2: The grid search space for the hyperparameters. The pooling ratio 0.75 is
used only for the hierarchical pooling architecture.

Hyperparameter Range

Learning rate 1e− 3, 1e− 4, 1e− 5

Hidden size 128, 512, 1024

Weight decay 1e− 2, 1e− 3

Pooling ratio ρ 0.75

Table 5.3: Performance comparison of different pooling layers across various datasets.
The best results are highlighted in bold and the second-best in underlined text.

Method
Biochemical Domain Molecular Domain Social Domain

PROTEINS DD NCI1 NCI109 Mutagenicity IMDB-B IMDB-M COLLAB

# Graphs 1,113 1,178 4,110 4,127 4337 1000 1500 5000
# Nodes (Avg.) 39.1 284.3 29.9 29.7 30.32 19.77 13.00 7449
# Edges (Avg.) 72.82 715.66 32.30 32.13 30.77 96.53 65.94 2547.78
# Classes 2 2 2 2 2 2 3 3

SET2SET [178] 71.46±2.17 71.94±0.56 74.82±0.85 74.12±1.31 77.69±0.55 70.98±0.78 48.64±0.46 77.62±0.38
SORTPOOL [97] 70.89±2.23 75.58±0.72 74.98±0.96 74.43±1.26 77.95±0.67 70.82±0.66 48.71±0.58 77.85±0.51
DIFFPOOL [100] 71.26±2.66 77.56±0.41 77.12±0.98 76.43±1.42 80.44±0.82 73.20±0.85 50.57±0.83 78.78±0.72
TOPK [106] 72.61±2.23 73.63±0.55 76.22±1.14 75.26±1.35 79.14±0.76 71.68±0.87 49.32±0.72 77.98±0.63
SAGPOOL [2] 73.16±2.31 74.72±0.82 76.84±1.21 75.98±1.47 79.18±0.82 72.20±0.91 49.92±0.69 78.56±0.77
ASAP [175] 73.86±2.52 76.58±1.04 77.49±1.35 76.33±1.58 80.12±0.89 72.74±0.93 50.28±0.61 78.95±0.69
VIPool [187] 73.65±2.66 76.89±1.69 77.49±1.81 76.73±1.62 80.19±1.02 73.37±1.41 50.49±0.96 78.87±1.23
CGIPool[188] 74.10±2.31 76.30±2.65 78.62±1.04 77.94±1.37 80.65±0.79 72.40±0.87 51.45±0.65 80.30±0.69
SSPool [1] 85.18±1.34 77.06±2.22 79.61±1.03 80.14±1.40 80.92±1.09 74.10±2.62 51.73±1.40 81.08±0.79

TCPool 78.92±0.67 80.50±0.98 79.81±0.41 81.69±0.93 81.47±1.20 74.80±0.40 52.53±0.27 80.80±0.18
EVPool 80.89±0.44 63.70±1.24 57.08±1.77 55.80±5.59 75.59±3.11 69.60±1.36 51.20±0.78 73.20±1.21
PPRPool 79.46±0.56 77.48±0.34 74.65±1.35 76.04±1.24 80.09±0.68 75.00±2.68 54.00±0.73 82.40±0.13
KATZPool 84.29±0.91 77.14±0.34 78.35±0.63 81.21±0.49 83.49±0.64 76.80±0.40 53.47±0.27 81.20±0.63

are trained and tested on an in-house GPU cluster. The experiment was executed on a

single NVIDIA A100 GPU partition, with 70.96 GB of memory allocated for the task.

5.5.1.5 Results

Overall Performance Results Table 5.3 shows the graph classification accuracy of

our methods compared to the state-of-the-art methods. The table highlights the best-

performing results in bold and the second-best in underlined text. The results indicate

that our models consistently achieve the highest accuracy in most cases which highlights

their superior performance. This demonstrates the effectiveness of centrality-aware pool-

ing layers in enhancing accuracy. Based on the results, centrality-aware techniques have

a significant impact on enhancing the quality of graph embeddings by effectively scoring

and prioritizing nodes based on their importance within the graph. By focusing on the

most important nodes, these techniques ensure that the final embeddings are capable of

capturing the critical structural and feature information of the graphs.
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Among the centrality-aware pooling layers, TCPool, PPRPool, and KATZPool con-

sistently achieved strong and competitive performance. KATZPool demonstrates con-

sistently strong results, especially in the biochemical (average: 80.72) and molecular

(average: 81.02). TCPool also performs well, particularly in the molecular domain (av-

erage: 80.99), and PPRPool notably excels in the social domain (average: 70.47). In

contrast, EVPool did not perform as well and showed a noticeable divergence in results.

One reason for this is that EVPool’s approximation mechanism does not accumulate

previous scores at each step. In contrast, the accumulation property present in the ap-

proximations of the other layers—through the summation of prior scores—significantly

enhances their accuracy in identifying important nodes. The results show the varying

strengths of centrality measures when applied to graph pooling and in preserving key

graph features.

5.5.1.6 Global Pooling

Here, we conducted a global pooling version of our model. The architecture consists of

a 3-layer GCN followed by a pooling (TCPool, KATZPool, PPRPool, or EVPool) layer.

Following the pooling function, a readout layer is used, and its output is fed into an

MLP classifier for graph classification. The architecture of global pooling is illustrated

in 5.3. Additionally, Algorithm 6 provides a step-by-step graph classification task using

the global pooling method.

Algorithm 6: Graph Classification algorithm using global pooling

(1)Input: Graph G = (V,E) with node features X, adjacency matrix ˆ̃A
(2)Output: Class label ŷ
(3)H← X %Initialize node features

(4)H1 ← GCNLayer(H, ˆ̃A) %Apply GCN Layer

(5)H2 ← GCNLayer(H1,
ˆ̃A) %Apply GCN Layer

(6)H3 ← GCNLayer(H2,
ˆ̃A) %Apply GCN Layer

(7)H← Concat(H1||H2||H3) %Concatenate
(8)H← PoolingLayer(H) %Apply Pooling Layer such as KATZPool (5)
(9)H← Readout(H) %Global readout

(10)ŷ ← MLP(H) %Classify using a fully connected layer
(11)RETURN ŷ

Figure 5.4 illustrates the accuracy of the models across both hierarchical and global

classification structures. The results indicate that the global pooling architecture not
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Graph Pool

Figure 5.3: Global pooling structure. Following [2], we employ a global classification
model featuring a 3-layer GCN followed by a one-step pooling approach. The pooling
layer can be one of TCPool, KATZPool, PPRPool, or EVPool. After a 3-layer GCN, the
outputs are concatenated to form a general representation. A pooling layer is applied
and a readout layer is used to aggregate node features into a fixed-size representation.

Ultimately, a Multi-Layer Perceptron (MLP) layer is used to classify the graphs.

only demonstrates competitive performance across all datasets but also outperforms the

hierarchical structure in several instances. Moreover, the global pooling approach has

lower computational complexity compared to the hierarchical method (Fig. 5.7).

Impact of K We investigate the impact of varying the number of iterative steps K ∈

{5, 10, 20, 40, 60, 80, 100} within the approximation strategy. This analysis is conducted

on two benchmark datasets: DD and Proteins. Fig. 5.5 illustrates the accuracies of
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Figure 5.4: The result for the graph classification of all pooling layers over hierar-
chical and global structures. Poolg denotes the global pooling and Poolh denotes the

hierarchical pooling approaches.

different pooling models. In general, KATZPool maintains high accuracy with fewer

iterations which reflects its higher capacity in approximating node importance. TCPool

and PPRPool show moderate improvement from higher K values. EVPool exhibits

stable performance and maintains an accuracy of around 80% across the PROTEINS

dataset. However, compared to other layers, EVPool still underperforms on the DD



CentralityPool 96

dataset.

Figure 5.5: Impact of K parameter in the layers approximation. The results are
reported for the DD and PROTEINS datasets.

Impact of Pooling Ratio We further examine the impact of the pooling ratio

ρ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9} on model performance across different layers,

using the global pooling architecture. Figure 5.6 presents the accuracy results for various

models. Overall, the KATZPool outperforms the other layers, particularly at moderate

pooling ratios, likely due to its ability to effectively capture node importance across

multiple connections. PPRPool shows steady improvement as the pooling ratio increases

which demonstrates its ability to boost accuracy. Similarly, TCPool’s performance on the

PROTEINS dataset improves as the pooling ratio increases, while EVPool significantly

underperforms, likely due to its non-accumulative update mechanism which makes it

less suitable.

5.5.2 Semi-supervised Node Classification

We observe that within the GCN equation, ˆ̃AXW, the adjacency matrix ˆ̃A can be

replaced with various matrices of its forms. For instance, Wu et al. [144] proposes
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Figure 5.6: Impact of pooling ratio, ρ. The results are reported for the DD and
PROTEINS datasets.

to replace the adjacency matrix with its higher power to capture information from

long-distance nodes. By raising the adjacency matrix to higher powers, their method

enables the model to aggregate information not only from connected neighbors but

also from nodes that are far away in the graph. This substitution indicates that the

developed centrality-aware layers are applicable to the convolution layers. Note that,

the Personalized PageRank algorithm has been employed as a convolution layer in recent

studies [129, 189]. Thus, We do not repeat the comparison with it again due to its

substantial similarity.

For node-level tasks, we utilize three well-established citation:

• Cora is a real-world bibliographic dataset featuring academic papers and their ci-

tation relationships within the field of computer science [107]. The dataset includes

documents classified into seven distinct categories.

• CiteSeer is a citation network consisting of computer science papers, which are

organized into six distinct categories [107].
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• PubMed is a citation graph focusing on research papers [107], with the papers

categorized into three specific classes.

The statistics of these datasets are summarized in Table 5.4.

Table 5.4: Statistics of data sets used for node classification.

Name Number of Vertices Number of Edges Number of Classes Number of Features

Cora 2,708 10,556 7 1,433
CiteSeer 3,327 9,104 6 3,703
Pubmed 19,717 88,648 3 500
OGB-arxiv 169,343 1,166,243 40 128
OGB-products 2,449,029 61,859,140 47 100
OGB-paper100M 111,059,956 1,615,685,87 172 128

Since different splits of the data (train/validation/test) may lead to a substantially

different ranking of models [112], for a fair comparison, we evaluate the models over

different splits as follows:

• Fix Split. For all datasets, we randomly split 20 nodes per class for training, 500

nodes for validation, and 1,000 nodes for testing.

• Semi-supervised Split. We randomly split the nodes into 48%, 32%, and 20% for

training, validation, and testing.

For node classification, we compare the performance of TCConv, KATZConv, and EV-

Conv with state-of-the-art convolution layers, including MLP, GCN [25], ChebNet [72],

APPNP [129], ARMA [190], GPRGNN [189], BernNet [191], ChebNetII [73], ANS-GT

[146], GATv2 [192], DET [193], NAGphormer [194], Gapformer [195], LRGNN [196] and

PCNet [147]. We train the models using Adam optimizer [148] with a learning rate

lr selected from {1e − 2, 1e − 3, 1e − 4, 1e − 5} and L2 ∈ {1e − 3, 1e − 4}. The loss

function is the negative log-likelihood loss. The embedding dimensionality d is selected

from {64, 128, 256}; maximum number of iterations K from {10, 20}; maximum number

of epochs from {80, 150, 400}; and training is terminated if the validation accuracy does

not improve for {10, 20} consecutive epochs. A fixed dropout rate of 0.5 and the ReLU

activation function is applied between the layers.

Table 5.5 presents the node classification accuracy of convolution layers over all datasets

within different data splits. It shows that TCPool and KATZConv perform on par with

the existing models in most cases, and outperform the other models on the CiteSeer
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dataset. TCPool and KATZConv are able to produce high-quality embeddings that

lead to superior performance across a range of datasets. However, similar to graph

classification, EVConv’s performance is below the others due to its non-accumulative

update mechanism.

Table 5.5: Node classification accuracy of convolution layers on different datasets.
The best results are highlighted in bold and the second-best in underlined text.

Model\Data Split Cora CiteSeer PubMed

# Nodes 2708 3327 19717
# Features 1,433 3,703 500

MLP [25] 57.17±1.34 56.75±1.55 70.52±0.27
GCN [25] 79.19±1.37 69.71±1.32 78.81±0.24
ChebNet [72] 78.08±0.86 67.87±1.49 73.96±0.31
ARMA [190] Fixed 79.14±1.07 69.35±1.44 78.31±0.22
APPNP [129] 82.39±0.68 69.79±0.92 79.97±0.28
GPRGNN [189] 82.37±0.91 69.22±1.27 79.28±0.33
BernNet [191] 82.17±0.86 69.44±0.97 79.48±0.41
ChebNetII [73] 82.42±0.64 69.89±1.21 79.51±1.03
PCNet [147] 82.81±0.50 69.92±0.70 80.01±0.88
TCConv 80.78±0.57 70.70±0.33 78.70±0.22
KATZConv 82.51±0.64 71.18±0.17 78.85±0.31
EVConv 76.19±0.72 68.33±1.48 75.81±1.76

ANS-GT [146] 86.71±1.45 74.57±1.51 89.76±0.46
GATv2 [192] 87.25±0.89 75.72±1.30 85.75±0.55
DET [193] Semi-Supervised 86.30±1.41 75.37±1.41 86.28±0.44
NAGphormer [194] 85.77±1.35 73.69±1.48 87.87±0.33
Gapformer [195] 87.37±0.76 76.21±1.47 88.98±0.46
LRGNN [196] 88.33±0.89 77.53±1.31 90.24±0.64
PCNet [147] 88.41±0.66 77.50±1.06 89.51±0.28
TCConv 88.77±1.14 77.58±0.69 88.40±0.35
KATZConv 88.28±1.15 76.48±1.80 88.24±0.31
EVConv 83.35±1.14 74.04±1.31 82.29±0.54

Table 5.6: Node classification accuracy of all convolution layers on large OGB
datasets.

Model OGB-arxiv OGB-products OGB-papers100m

PPRConv 68.07±0.52 75.41±0.08 59.24±0.50
KATZConv 68.55±0.13 74.29±1.10 54.35±0.70
TCConv 65.37±0.32 67.34±0.12 51.40±0.24
EVConv 62.12±0.85 63.24±1.12 35.16±0.23

Performance on Large Dataset OGB Table 5.6 shows the result of node classifica-

tion accuracy for different convolution layers on the large datasets OGB-Arxiv (169,343

nodes, 1,166,243 edges), OGB-products (2,449,029 nodes, 61,859,140 edges) and OGB-

papers100m (111,059,956 nodes and 1,615,685,87 edges) [113]. PPRConv layer achieved
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the highest accuracy on OGB-Products and OGB-papers100m, while KATZConv out-

performed APPNP on OGB-arxiv. TCConv showed moderate performance, while EV-

Conv had the lowest accuracy, likely due to its approximation mechanism, which does

not accumulate scores from previous iterations at each step.

Figure 5.7: The time consumption of different pooling layers per epoch for the hier-
archical and global approaches in the graph classification task.

Time and Memory Usage Fig. 5.7 illustrates the computational time per epoch

for different pooling layers on the PROTEINS and DD datasets, using both hierarchical

and global pooling approaches. The results highlight differences in computational effi-

ciency among the pooling techniques. The global pooling approach generally require less

time. When using the hierarchical approach, the KATZPool layer intrigued the highest

computational cost.

Additionally, we analyzed the average time and memory usage of the convolutional layers

in the node classification scenario across multiple datasets, including one of the large-

scale datasets in the literature, OGB-papers100M [113]. Table 5.7 presents the results.

The GAT model [27] has higher computational costs, both in terms of running time

and memory consumption, compared to other approaches. Even on smaller datasets
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Table 5.7: Average time and memory usage in Seconds/MB per epoch for the node
classification task.

Model/Data Cora CiteSeer PubMed OGB-papers100m

GAT [27] 0.0039/151.68 0.0049/191.10 0.0063/965.48 279.43/12376.83
PPRConv 0.0032/50.85 0.0033/125.00 0.0033/111.74 259.83/1334.81
KATZConv 0.0042/50.84 0.0043/124.97 0.0049/111.84 292.13/1543.14
TCConv 0.0029/50.85 0.0029/125.00 0.0029/111.57 234.03/1324.22
EVConv 0.0042/50.85 0.0043/125.00 0.0043/113.77 243.33/2257.81

such as Cora, CiteSeer, and PubMed, GAT remains the most memory-intensive model,

which makes it less practical for large-scale applications. In contrast, the proposed

layers show notable efficiency, requiring substantially less memory while achieving faster

training times in most cases. This efficiency highlights their scalability for handling

larger datasets, where computational efficiency is a crucial factor.

Figure 5.8: Impact of β and α parameters in KATZConv (red) and PPRConv (blue)
layers on the node classification accuracy of Cora, Citeseer and PubMed datasets.
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Impact of Teleport Parameters To show the impact of the teleport parameters,

β and α, on the performance of the KATZConv and PPRConv layers, Fig. 5.8 presents

model accuracy results as α varies from 0.1 to 0.9. The results indicate that larger values

of β benefit the KATZConv layer (red), whereas lower values enhance the PPRConv layer

(blue), leading to more effective embeddings. This improvement can be attributed to the

increased involvement of adjacency matrices with different powers in the approximation

strategy. However, a decline in accuracy at α = 0.9 suggests that equally weighting

different paths (i.e., powers of the adjacency matrix) may not be optimal.

Figure 5.9: The t-SNE derived from different learned embeddings on the Cora dataset.

5.6 Discussion and Future Work

Figures 5.9 and 5.10 illustrates node selection across convolution layers over the Cora

dataset. PPRConv, KATZConv, and TCConv select similar nodes, which reflect their

comparable performance, while EVConv selects different nodes, likely explaining its
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Figure 5.10: The graph visualization with node importance scores derived from differ-
ent learned embeddings on the Cora dataset. Darker colors indicate lower importance.

lower effectiveness due to the lack of an accumulative mechanism. This limitation causes

local node features to fade over iterations which leads to suboptimal performance, as

global information is crucial in the node and graph classification tasks. To address

this, future work could introduce a residual or personalization mechanism, such as skip

connections or teleportation terms, into the EVPool (e.g., EVConv) approximation ap-

proach. This approach offers a theoretical way to address the limitations of traditional

eigenvector propagation and would preserve EV’s global structure without sacrificing

scalability and enhance its effectiveness in graph representation learning. Another fu-

ture work, since we are focusing on individual analysis of centrality techniques, could be

the development of a learnable weighting mechanism for their dynamic integration and

the optimization of the propagation depth.
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5.7 Conclusion

In this chapter, we introduced CentralityPool, a novel graph pooling framework that

exploits the power of centrality techniques as pooling layers to enhance graph-level clas-

sification tasks. CentralityPool is a set of layers built upon four well-known central-

ity techniques: Personalized PageRank, Total Communicability, KATZ centrality, and

Eigenvector centrality. Each of these techniques offers a unique approach to identifying

the most important nodes in a graph to ensure that the critical structural information

is preserved during the pooling process. In addition to the hierarchical-based pooling

methods, we explored the global pooling architecture and provided an analysis of their

performance across different datasets. By extensive experiments on real-world datasets,

we show that our models outperform state-of-the-art pooling layers in terms of graph

classification. Furthermore, we extended the application of centrality techniques by in-

corporating them as convolution layers in node classification tasks. The results on node

classification showed competitive accuracies against state-of-the-art node-level models.

Overall, centrality techniques offer a powerful method that can be applied to a wide

range of graph-based tasks, from classification to node-level analysis.
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6.1 Conclusions

In conclusion, node influence analysis plays a crucial role in various applications of

GNNs, particularly in tasks such as node classification and graph classification. Node

classification heavily relies on the process of message passing, where node embeddings

are updated through the propagation of information across the graph. This process is

inherently tied to the analysis of node influence, as the impact of neighboring nodes on

a target node’s embedding determines the accuracy of classification results. Similarly,

graph classification depends on effective graph pooling methods, where the selection and

aggregation of key nodes during the hierarchical pooling process significantly impact the

preservation of critical structural information.

In this thesis, we have introduced three innovative frameworks that push the bound-

aries of GCN in addressing these challenges. The first framework, NACFormer, and

its advanced version, NACFormerMS , enhance the aggregation of both local and dis-

tant node information through multi-head attention and adjacency matrix-based mech-

anisms. This approach allows for more accurate node representations by balancing the

influence of both nearby and distant nodes. Secondly, FadiGNN integrates both node

features and graph topology to evaluate node importance in an unsupervised manner

by using the personalized PageRank algorithm to enhance node ranking. Finally, we

introduced CentralityPool, a graph pooling framework that uses centrality techniques

as pooling layers, preserving essential structural information during the graph-level clas-

sification process.

Our key contributions are reiterated as follows.

6.1.1 Multi-Scale Node Neighborhood Aggregation Via Graph Coars-

ening and Transformer

In Chapter 3, we presented a multi-scale node neighborhood aggregation to incorporat-

ing distant node information, NACFormer. This model enhances GCN by incorporating

a multi-head attention mechanism from Transformer by allowing it to intelligently ag-

gregate information from both local and distant nodes. This approach mitigates the

oversmoothing problem and ensures that node features remain distinctive even after

multiple propagation steps. Unlike GCNs with fixed neighborhood aggregation due to
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the limitations, NACFormer finds most important and even distant nodes during mes-

sage passing and improves information flow across the graph.

Additionally, NACFormer utilizes graph coarsening to reduce the complexity of graphs

while preserving essential structures. This approach make the computations more effi-

cient for long-range information propagation, and improves generalization across diverse

graph structures. The advanced version of NACFormer, NACFormerms, train on a set

of coarsened graphs derived from the original graph at varying reduction ratios. This

multi-scale training approach enhances the model’s generalization ability and leads to a

more enhanced embeddings and improved accuracy in graph-based tasks.

Through extensive experiments across the node classification task, NACFormerms consis-

tently outperforms state-of-the-art models by effectively learning features from both local

and distant nodes across nine different datasets, including large-scale graphs. To ensure

a fair comparison, we used two different data splits and benchmarked NACFormerms

against both transformer-based and non-transformer-based models from the existing

literature. In both data splits, NACFormerms achieved superior performance, demon-

strating a clear advantage in terms of accuracy and its ability to generalize across diverse

graph structures.

6.1.2 Feature-Aware Unsupervised Detection of Important Nodes in

Graphs

In Chapter 4, we addressed the challenge of identifying important nodes within a graph

by proposing FadiGNN, a feature-aware Personalized PageRank model. This hybrid

approach integrates GCN with centrality technique, particularly Personalized PageRank,

to enhance node scoring by using both node features and graph structures.

key advantage of FadiGNN is its ability to perform node ranking in an unsupervised

manner by overcoming the common challenge of limited labeled datasets. By employing

a well-designed loss function, the model ensures stable convergence while effectively

learning node importance without relying on manual annotations. This unsupervised

learning approach makes FadiGNN highly adaptable across different graph structures,

which allows it to generalize well across various datasets and applications. Furthermore,
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by integrating both feature-based and topology-based information, the model refines

node importance scores beyond what traditional centrality measures can achieve.

To further enhance computational efficiency, FadiGNN incorporates approximation strate-

gies for centrality measures to enables it to scale effectively to large graphs without com-

promising accuracy. These approximations preserve the effectiveness of centrality mea-

sures while significantly reducing the computational burden and make the model suitable

for real-world applications where scalability is critical. Unlike traditional centrality-

based methods, which rely solely on structural properties, FadiGNN’s learning-based

approach ensures greater flexibility, robustness, and adaptability across diverse datasets

and application domains.

Through extensive experiments across two distinct application scenarios, FadiGNN con-

sistently outperforms traditional and state-of-the-art models in both node classification

and active learning on seven different datasets including large graphs. By effectively

learning both node features and graph structures, it achieves superior accuracy in rank-

ing influential nodes. For node classification, the original graph is compressed into a

smaller version at different ratios, where a distinct model is trained on. The model

is then evaluated on the original graph to assess how effectively the nodes are ranked

and selected. For active learning, varying labeling budgets are used during training to

analyze the model’s performance under different supervision levels.

The results highlight FadiGNN’s adaptability to accurately ranking key nodes. This

demonstrates its strong potential for real-world applications where identifying influential

nodes is crucial.

6.1.3 Centrality-aware Hierarchical Graph Pooling

In Chapter 5, we presented centrality-aware hierarchical graph pooling, CnetralityPool,

to investigate the centrality measures in the graph pooling process.

CentralityPool introduces a novel approach to graph pooling by employing four widely

recognized centrality techniques including Personalized PageRank, Total Communicabil-

ity, Katz Centrality, and Eigenvector Centrality—individually to guide node selection.

The model aims to find the most important nodes and subgraphs and contribute them

to the final representation to improve classification accuracy. CentralityPool extends its
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flexibility by offering results for both hierarchical and global pooling mechanisms. Hier-

archical pooling focuses on capturing local node relationships at multiple scales, while

global pooling captures overall graph-level information.

In addition to pooling, another huge contribution of this work is the incorporation of

these centrality measures directly into convolution layers (since the matrix representaion

of each of these techniques are in the form of and adjacency matrix) to enhance node

classification by integrating structural awareness into feature aggregation.

Additionally, since the centrality matrices can be computationally expensive to calculate,

approximation strategies are employed to reduce both computational time and memory

usage. These strategies significantly improve efficiency and enables the model to handle

large-scale datasets with billions of nodes and edges without sacrificing performance. By

optimizing the computational process, these approximations make it feasible to apply

CentralityPool to complex, real-world graph data while maintaining high accuracy and

scalability.

To evaluate the models, we conducted extensive experiments across two application

scenarios: graph classification and node classification tasks. For the graph classification

task, the developed pooling layers—PPRPool, TCPool, KATZPool, and EVPool—were

tested on eight graph datasets. The results demonstrated the superiority of these pooling

methods, particularly PPRPool, TCPool, and KATZPool, in effectively capturing key

structural information during the pooling process.

For the node classification task, the developed convolution layers—PPRConv, TCConv,

KATZConv, and EVConv—were applied to six datasets, including three large-scale

datasets, such as OGBN-paper100M, which contains over one hundred million nodes

and one billion edges. The results across two different data splits consistently showed

superior performance compared to state-of-the-art models. Furthermore, the scalability

of these models on large-scale datasets highlights their practicality for real-world graph

applications by balancing efficiency and accuracy.
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6.2 Application and Future Work

6.2.1 Application

Node influence analysis has broad applicability across various domains where data can

be structured as graphs. This section outlines three primary applications including

transportation networks, social networks, and biological systems.

6.2.1.1 Transportation Networks

One of the primary applications of node influence analysis is in transportation networks.

Transportation networks, such as road and traffic systems, can be naturally represented

as graphs, where nodes correspond to critical locations (e.g., intersections, road seg-

ments, or transit hubs), and edges define connectivity between them. In such networks,

examining the influence of the nodes is essential to identify key roads and intersections

that significantly impact overall traffic flow, congestion levels, and network resilience

[197]. For instance, in a city’s road network, certain highways or major intersections

serve as critical nodes that facilitate the majority of traffic flow. If a high-impact inter-

section experiences a failure, such as an accident or road closure, it can trigger congestion

that spreads throughout the network, which leads to delays across multiple regions. Once

the influential roads or intersections are identified, traffic authorities can implement ap-

propriate strategies to mitigate cascading failures and maintain network efficiency.

6.2.1.2 Social Networks

In social networks, nodes typically represent individuals or organizations, while edges

represent relationships, communications, or interactions. Analysing node influence is

crucial for understanding how information, behavior, or influence propagates through

the network. This has practical applications in viral marketing, where companies aim to

identify and target key influencers who can maximize product adoption through word-

of-mouth [198]. Similarly, in misinformation detection, influential nodes can serve as

early indicators or blockers of false content spread [199].
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6.2.1.3 Biological Networks

Biological networks, such as protein–protein interaction (PPI) networks, gene regula-

tory networks, and metabolic pathways, inherently rely on graph-based representations.

In these networks, nodes represent biological entities (e.g., proteins, genes), and edges

represent interactions or regulatory relationships. Identifying influential nodes can re-

veal essential proteins or genes that control critical biological processes [200]. This is

particularly useful in drug discovery, where targeting highly influential nodes may yield

more effective therapeutic outcomes. In disease pathway analysis, detecting key regula-

tory genes can improve the understanding of disease mechanisms, and allow for earlier

diagnosis and more personalized treatment strategies.

In conclusion, this thesis has laid a solid foundation for advanced node ranking, graph

pooling and graph filtering, and demonstrated the potential of integrating GNNs with

centrality techniques.

6.2.2 Future Direction

Each of the proposed models, NACFormer, FadiGNN and CentralityPool, has demon-

strated superior performance across a diverse range of real-world datasets, by achieving

state-of-the-art results in different application scenarios including node classification and

graph classification tasks.

However, despite their empirical success, several limitations and open challenges remain.

These limitations not only highlight the boundaries of current methodologies but also

pave the way for promising future research directions. In what follows, we provide

a detailed discussion of these limitations, along with potential avenues for addressing

them in future work.

• NACFormer: Multi-Scale Node Neighborhood Aggregation Via Graph

Coarsening and Transformer: Since the model integrates graph coarsening to

refine the input graph and construct a condensed representation, its performance

becomes inherently tied to the effectiveness of the underlying coarsening strategy.

While coarsening reduces the computational training time due to the smaller graph

and helps the model focus on more meaningful structural patterns by reducing the
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influence of noisy or insignificant details in the original graph, it also introduces a

critical dependency that can hinder the model’s ability to generalize—particularly

in scenarios involving highly irregular, sparse, or noisy graphs. In such cases, an

inappropriate coarsening strategy may result in the loss of critical structural infor-

mation or the distortion of essential topological patterns, ultimately undermining

the model’s ability to accurately represent the original graph.

The choice of the coarsening algorithm can significantly influence how well the

hierarchical structure of the graph is preserved, which in turn affects the tasks

such as node classification. As a result, there is a need for more flexible and

data-aware coarsening strategies that can adapt to the intrinsic properties of the

graph.

To address this limitation, future work could focus on designing adaptive coarsen-

ing methods. This could include learning-based approaches where the coarsening

mechanism is integrated into the end-to-end training pipeline and allows the model

to jointly optimize structural reduction and task performance. Such advancements

have the potential to enhance the applicability across a broader range of graph do-

mains.

• FadiGNN: Feature-Aware Unsupervised Detection of Important Nodes

in Graphs: A key limitation of FadiGNN, in comparison to traditional methods,

is the increased complexity associated with its training process. The increased

complexity arises from the model’s dependence on sophisticated graph-based learn-

ing techniques, which, although effective, require substantial computational power

and time. Consequently, this can create significant challenges, especially when

handling large datasets or networks with a high volume of nodes and edges. The

training time for the model can grow nonlinearly as the size of the graph increases,

which limits its applicability in real-time applications or scenarios involving mas-

sive datasets.

To address this issue, future research could focus on reducing training complexity

by investigating faster approximation techniques. For example, scalable GNNs

architectures, such as those that employ graph sampling or attention mechanisms,

could be explored to optimize computational efficiency while preserving the model’s

ability to learn meaningful representations.
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Additionally, extending FadiGNN’s applicability to other types of graphs, such as

knowledge graphs or temporal graphs, presents an exciting opportunity. Knowl-

edge graphs, with their rich semantic structure and complex relationships between

entities, could benefit from FadiGNN’s ability to capture intricate node dependen-

cies. This extension could open up new application areas, such as recommendation

systems. Exploring these directions not only broadens the scope of FadiGNN but

also presents an opportunity to refine its capabilities and further enhance its per-

formance across a variety of domains.

Furthermore, FadiGNN is built upon Personalized PageRank centrality technique,

which plays a crucial role in capturing the importance of nodes based on person-

alized diffusion patterns. While PPR centrality has proven to be highly effective

in identifying influential nodes in a variety of graph-based tasks, it is only one

of many centrality measures available in the literature. A promising direction for

future research could involve adapting alternative centrality techniques, such as Be-

tweenness centrality, Closeness centrality, or KATZ centrality, into the FadiGNN

framework to enhance flexibility across a broader range of graphs.

• CentralityPool: Centrality-aware Hierarchical Graph Poolings: A key

limitation of this work is the absence of an accumulative mechanism within the

EVPool (e.g., EVConv) layer. Without such a mechanism, the influence of local

node features diminishes progressively over multiple iterations, which leads to a

loss of valuable information. This is particularly problematic since global informa-

tion plays a critical role in tasks such as node and graph classification, where the

ability to capture both local and global structural patterns is essential for accurate

predictions. As the model lacks a mechanism to preserve this context, the per-

formance of the EVPool layer becomes suboptimal, particularly for graphs with

complex, hierarchical structures or long-range dependencies.

To address this issue, future research could explore the introduction of a residual

or personalization mechanism into the EVPool (e.g., EVConv) approximation ap-

proach. For instance, incorporating skip connections, which allow information to

flow directly across layers, or teleportation terms, which reintroduce initial infor-

mation at each iteration, could help mitigate the loss of important node features

over time. These mechanisms are able to preserve the global structure encoded

in the eigenvectors approximation algorithm and the model can efficiently handle
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large graphs without sacrificing performance. This adaptation would allow the

model to more effectively balance local and global information, thereby enhancing

its overall predictive accuracy.

Additionally, a promising direction for future work—since our analysis has pri-

marily focused on individual centrality techniques—could be the development of

a learnable weighting framework. Such a framework would enable the dynamic

integration and optimization of the propagation depth for each of the four cen-

trality layers introduced. By allowing the model to learn how best to combine

the contributions of different centrality measures at varying depths, this approach

could lead to improved task performance across a broader range of graph-based

tasks, and consequently enhance the flexibility and effectiveness of the framework.
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