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Abstract

This thesis explores the dynamics and mathematical properties of stochastic processes defined
in terms of the six-vertex model in half-space. The aim of this work is to, firstly, provide
explicit constructions of two distinct families of rational symmetric functions in terms of
commuting double-row semi-infinite transfer matrices. The first of which may be interpreted
as a Markovian discrete-time interacting particle system, while the second is its dual. Central
to our work is the explicit proof of a skew-Cauchy type summation identity between the two

families, which yields several useful degenerations.

A partition function on a triangular geometry, which is a natural half-space analogue of the
well-studied partition function with domain-wall boundary conditions, plays an important
role in the dynamics of the first family. We demonstrate a connection between a Pfaffian
formula for the triangular function and the celebrated determinantal one for the domain-wall
function due to Izergin. Both partition functions are further analysed using techniques of

shuffle products whereby both formulas are expressed as integer shuffle powers.

In the case of upper-triangular boundary conditions, the Cauchy identity has a natural
interpretation as an eigenvector relation of the half-space Markov process. Here, the dual
family plays the role of eigenvector and we provide an explicit coordinate Bethe ansatz type
expression for it. We prove that the dual family satisfies an orthogonality relation, which is
used to obtain a coordinate Bethe ansatz expression for the Markovian symmetric function for

upper-triangular boundary conditions.

The remainder of the text is devoted to the asymmetric simple exclusion process in half-space,
whose dynamics are obtained via a continuous-time limit of the Markovian symmetric function.
We provide an explicit formula for its transition probability for generic initial state. In the
limit of total asymmetry, the transition probability reduces to the form of a single Pfaffian for
a large class of initial conditions, which is shown to generalise a celebrated result due to Schiitz.
This single Pfaffian is used to define a Pfaffian point process supported on Gelfand—Tsetlin
patterns. Ultimately, this is used to construct Fredholm Pfaffian formulas for the joint particle
current distribution conditioned on the number of particles in the system. The explicit Pfaffian

kernel depends on a family of implicitly defined skew-orthogonal polynomials.
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Chapter 1
Introduction

This thesis is concerned with quantum integrable systems in the Kardar—Parisi-Zhang univer-
sality class in the semi-infinite geometry known as half-space with open boundary conditions.
This introductory chapter provides an overview of related topics in integrable probability and
symmetric functions. This serves primarily as a literature review for topics which are actively
perused in this text, however, some effort is made to demonstrate related and complementary
methods.

1.1 Yang—Baxter integrability

1.1.1 Heisenberg quantum spin chain

A central problem in the study of finite-dimensional quantum systems is the diagonalisation
of the system’s Hamiltonian. Perhaps the earliest study of an explicitly quantum integrable
system is that of the Heisenberg quantum spin chain [Hei28|, a special case of which possesses

the following Hamiltonian for a periodic chain of length L:

-J &

_ T T y Y z _z

Hxxz = 53 E :(Ui O 00l +Aciol,), (1.1)
i1

where J is the coupling constant while A is referred to as the anisotropy parameter. The

system consists of L sites which have either up or down spins upon measurement, so that

T,Y,%
(2

the Hamiltonian acts on some vector space isomorphic to ((C2)®L. The matrices o are the

Pauli matrices acting on the i-th copy of C?, where the system’s periodicity is enforced by the
identification o7%;* = ¢7**. The Hamiltonian (1.1) is in fact a special case of the Heisenberg

chain known as the XXZ spin chain, referring to the fact that the parameter A enforces the a
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different coupling in the z-direction.

In a landmark 1931 paper, Bethe provided an exact formulation for the eigenvectors of the
Hamiltonian (1.1) in the case A =1 [Bet31]. This solution took the form of an ansatz now
known as the coordinate Bethe ansatz. This method is extremely versatile and has been applied
to many integrable models over the last century [Bax82|. Bethe’s ansatz for the eigenvectors

takes the following form

)= Rv@)lah, (e = 3 Ary ), (1.2)
T O€dn

where the sum x is over the state-space of the system, while the coefficient ¢ (x) is presented
explicitly for the positions of n spins. The functions in the Bethe ansatz ¢ (x) from (1.2) are
given by a symmetrisation over a product of plane waves with complex momenta zq,..., 2,
which are scattered and permuted with some amplitudes A,, which may be determined explicitly
in terms of the momenta. In a finite system the momenta z; must obey a quantisation condition
which amounts to them being the solution to coupled polynomial equations called the Bethe
ansatz equations. These equations were initially proposed by Bethe and were subsequently
studied for arbitrary A in [Orb58], and were used to rigorously prove the ground state of the
of the Heisenberg is given by a Bethe ansatz eigenvector [YY66]. For more details and history
of Bethe’s ansatz see the book of Baxter [Bax82].

1.1.2 Six-vertex model

Originally considered as an equilibrium statistical mechanical model for two-dimensional
ice crystallisation, the siz-vertex model has since become an archetypal model for quantum
integrability in two-dimensions. Early exact solutions were concerned with the partition
function of two-dimensional ice subject to periodic boundary conditions. Its solutions via
Bethe ansatz are attributed to Lieb [Lie67b, LieG7a, Lie67¢| who noticed connections with the
diagonalisation of the Hamiltonian (1.1) for a specific value of A. This was later generalised

by Sutherland [Sut67] for generic values of the anisotropy parameter.

Commuting transfer matrices and integrability

A major conceptual breakthrough occurred when Baxter, while studying the more general
eight-vertex model in [Bax72|, observed that transfer matrices with independent free spectral
parameters commute:

[T(u), T(v)] =0, (1.3)
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for all appropriate u,v € C when subject to periodic boundary conditions. This remarkable
observation is central to our understanding of quantum integrability, in part because the
commutation relation (1.3) implies that transfer matrices may be diagonalised simultaneously.
The commutation relation (1.3) may be understood to be a consequence of of the Yang-Baxter
equation', whose solution may be understood as a necessary condition of quantum integrability.
In fact the XXZ Hamiltonian (1.1) may be obtained as a logarithmic derivative of the transfer
matrix of the six-vertex model. This in turn implies that the transfer matrix commutes with
the Hamiltonian [T'(u), Hxxz] = 0.

The commutation of transfer matrices has also been crucial tool for the study of alternative
boundary conditions. In particular the domain-wall boundary conditions (see Section 2.2), whose
partition function emerges as a building block of certain scalar products within the quantum
inverse scattering method for the six-vertex model in the work by Korepin [Kor82|. Izergin later
proved a remarkable formula for this partition function in the form of a determinant [1ze87]
(see Theorem 2.13). What is now typically known as the Izergin—Korepin determinant has
proven to be fruitful for the analysis of quantum integrable systems, for example in computing

the thermodynamic limit of the six-vertex model with domain-wall boundaries [KZ.J00].

Open-boundary conditions

A boundary analogue of the Yang—Baxter equation was studied in the works [Che84, Sk188|.
This was followed by a formulation involving more general non-diagonal boundaries in [dVGR93|
of what is known as the reflection equation. Underlying solutions to the Yang—Baxter and
reflection equations are crucial in the study of quantum integrable systems with open or
reflecting boundary conditions. As such, their solutions are central to this thesis as they allow

for the study of integrable systems and commuting transfer matrices in half-space.

There is a natural half-space analogue for the domain-wall partition function which lives on a
triangular geometry which we refer to as the triangular partition function (see Section 2.4).
This partition function was considered [Kup02| for specific boundary conditions, and more
recently in [BFK23| for completely generic boundaries where it is shown to have a Pfaffian
formula analogous to the Izergin—Korepin determinant (see Theorem 2.28). This triangular
geometry has also been used to study other aspects of the six-vertex model with boundaries,
see for example [BBCW18, He24].

!To avoid any ambiguity, throughout this thesis whenever we refer to the Yang-Baxter equation we mean
what is often called the quantum Yang—Baxter equation, whose solution is associated with a quantum group.
In our case this is usually U, (slg).
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Alternating sign matrices

The six-vertex model has been a powerful tool in the study of alternating sign matrices (ASM),
which are a combinatorial class of square matrices which generalise permutation matrices.

In [MRRS83| it was conjectured that the number A,, of n x n ASMs had the following simple
n-1 (3j+1)!
Jj=0 (1i+j)!'

the enumeration went unproven until the work of Zeilberger in [Zei96] using connections with

enumeration A, =[] Subsequently known as the alternating sign matrix conjecture,
other classes of combinatorial objects. A short while later Kuperberg found a bijective proof
with configurations of the six-vertex model with domain-wall boundary conditions [Kup96].
This proof is far shorter, and relies heavily on the integrability properties of the six-vertex

model.

Kuperberg’s bijective method for six-vertex model has proven to be particularly powerful for
the enumeration of ASM symmetry classes. These are often formulated using determinantal and
Pfaffian formulas for relatives of the domain-wall and triangular partition functions [Kup02] with
many classes having simple factorial product enumerations. Recently, the class of diagonally
symmetric ASM’s (DSASM) were enumerated by a connection with the triangular partition
function [BFK23] (see Figure 2.2).

1.1.3 Integrable stochastic processes

The asymmetric simple exclusion process (ASEP) is a stochastic interacting particle system
consisting of many particles hopping on a one-dimensional lattice with fixed rates. These
particles may hop to a neighbouring site, only if that site is free (see Section 6.1). The model
was originally considered as a model for DNA replication [MGPG68| and its mathematical

properties were more thoroughly explored in [Spi70].

The ASEP has become a "default model" for the study of stochastic transport phenomena
[Yau04]. Much of this interest has stemmed from the model’s integrable properties which
have been used in many different physical applications including random growth processes
[TW09, Corl2] and large deviation properties [DG09,dGE11]. In infinite volume, coordinate
Bethe ansatz solutions have been obtained for the TASEP in [Sch97b] (see Corollary 6.19),
for the ASEP with general hopping rates in [TWO08] and in half-space with closed boundary
conditions in [TW13|. There has also been a significant amount of analysis by the study of
duality observables in [Sch97a, BCS14,BC24|.

One may also define a Markov process from the six-vertex model, known as the stochastic
siz-vertez model, considered originally in [GS92a,GS92b|. This model has been fruitful in the

construction of discrete-time Markov processes like in [BCG16]|. There is also an explicit limit
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by which the stochastic six-vertex model recovers the dynamics of the ASEP. This connection
is well-known, see for example [Agg16]. More connections between the stochastic vertex models
and the ASEP have been analysed fruitfully in [BBCW18, He24] in half-space.

1.1.4 Higher-spin generalisations

The quantum integrable models discussed so far may be understood as being fundamental cases
of larger families of higher-spin models. The solutions of the Yang—Baxter equation which
are inherit to these models may be understood as particular representations of the universal
R-matrix of the quantum group Uy (;lg) Alternative higher-dimensional representations, i.e.

higher-spin representations, may be derived using the algebraic procedure of fusion [KRS81].

A model of similar character to the ASEP, but with multiple occupanices permitted, was
studied by Povolotsky in [Pov13] where it was solved using coordinate Bethe ansatz. The
model is related to Bethe ansatz solvable models studied earlier [SW98| and further generalised
in [Corl5, BC16]. From the model in question, often referred to as the ¢-Hahn process,
Povolotksy demonstrated two kinds of dual orthogonality relations, from which were defined
the Plancherel isomorphisms. These allow for appropriate functions to be expanded in terms of
the eigenfunctions of the model’s Markov generator which are expressible in terms of coordinate
Bethe ansatz. These transforms have been shown to lift to a wider class of both higher-spin
and fundamental models in [BCPS15] all of which are Bethe ansatz solvable. This has been

expressed explicitly in terms of the higher-spin six-vertex model in [Borl7, BP18§].

The study of higher-spin vertex models, and their Plancherel theory, has been extended to
higher-rank or coloured models, i.e. associated with the quantum group Uy (g\lml), in [BW22a,
with more progress on the analysis of observables in [BW20, BK21]. There has also been
additional work on fermionic vertex models, associated with Uy (;lmm), in [ABW23], whose

fusion is of a different character.

1.2 Symmetric Functions

A central focus of this thesis is the construction of families of symmetric rational functions
and a demonstration of their properties. As such, we will provide a brief overview of relevant

concepts and literature concerning symmetric functions.
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1.2.1 Classical symmetric polynomials

The study of symmetric polynomials, being multivariate polynomials which are invariant under
the permutation of their alphabets, is a classical one. One of the most important families of
symmetric polynomial are the Schur polynomials, originally considered by Cauchy and later
Jacobi in the first half of the 19th century. These polynomials, indexed by integer partitions A,
are traditionally denoted by s)(x), where they arise as characters of irreducible polynomial
representations of the general linear group GL(n). These functions have many fascinating
properties which are beyond the scope of this thesis; for an introduction see the books of
Macdonald [Mac98| and Stanley [Sta99]. These functions may be expressed in several ways,

one of which is as the ratio of two determinants:
det [xj] ~ +n]

- H15i<j5n(xi _xj) '

1<i,j<n

sx(x1,. .., Tp)

One of the most relevant properties of Schur polynomials is the following Cauchy-type summa-

tion identity
1

1 -2y,

;SA@?)SA(?J) =11 (1.4)

i.j
where the sum on the left-hand side of (1.4) is over all integer partitions A. Throughout
this thesis, we will see several examples of Cauchy summation identities for different families
of symmetric functions analogous to (1.4). Schur polynomials have many generalisations
including the important two-parameter (q,t)-generalisation: the Macdonald polynomials
Py\(x;q,t). Many of the interesting properties of these polynomials may be found in Macdonald’s
book [Mac98| including their Cauchy identity:

(t24Y5;9) oo
OhP(zia, ) P(yia,t) = [ [ ———, (1.5)

z}? 1;[ (xiyj; ) oo
where b, is a simple t-dependent coefficient and (2;9)e = [1i50 (1 — 2q%) is the g-Pochhammer
symbol. Many other orthogonal bases are obtained via specialisations of the parameters (g, t)

as in Figure 1.1.

It is also possible to consider polynomials which have different symmetries. For instance,
Laurent polynomials which are symmetric under the inversion of their parameters i.e. invariant
under z; — ;. These polynomials are referred to as BC,-symmetric polynomials because
of their association with root systems of the semisimple Lie algebras of type BC. Many
families of type A, symmetric polynomials have BC,, analogues, like the symplectic Schur
polynomials which arise as characters of representations of Sp(2n) [Kin76]. The BC,, analogue

of Macdonald polynomials are the Koornwinder polynomials defined in [K0092| and studied
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further, for example, in [Rai04, Ven15].

1.2.2 Integrable constructions of symmetric functions

The observation that transfer matrices commute has lead to the construction of symmetric
functions from Yang—Baxter integrable systems. Many known families of symmetric function
have been constructed using partition functions of vertex models including Hall-Littlewood
[Ts106] and g-Whittaker [Korl3] polynomials, both 1-parameter generalisations of Schur.
Notably, Macdonald polynomials have also been constructed using a matrix product ansatz

equivalent to a vertex-model partition function living on a cylinder [CAGW15].

There has been significant interest in integrable constructions of symmetric functions following
the work of Borodin [Borl7|, and subsequent works [BP18|. These works used a higher-spin
version of the six-vertex model to construct a family of rational symmetric functions which
may be regarded as generalisations of Hall-Littlewood polynomials with an additional spin
parameter s. In these works, the orthogonality properties of the vertex models are shown
to have an intimate relationship with their Cauchy identities. This work is made possible
because of the versatility of the underlying integrable systems to, not only construct symmetric

functions, but also to use exchange relations to prove Cauchy-type identities.

In the years since, there has been a large body of work in this direction on spin q-Whittaker
rational functions [BW21], and their inhomogeneous versions [MP22, BK24]. Non-symmetric
analogues of Hall-Littlewood [BW22a] and Macdonald [BW22b]| polynomials have also been
studied using higher-rank vertex models. Cauchy and Littlewood-type summation identities of
both A,, and BC,,-symmetric polynomials have also been analysed in [BWZJ15 BW16, WZJ16]
many of which are written in terms of determinants and Pfaffians of partition functions

associated with ASM symmetry classes.

1.2.3 Probability measures and stochastic processes

When interested in probability, it is often convenient to think about symmetric functions via
their specialisations?, p, rather than as functions over a specific alphabet. The non-negative
specialisations of Schur functions are well-known and are outlined in [Borll]. Motivated by the

Cauchy identity for Schur polynomials (1.4), the following is a probability measure on integer

2When thinking in terms of specialisations, which may be thought of as alphabets of infinite length, we
refer to Schur functions rather than Schur polynomials.
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spin Hall-Littlewood Macdonald spin g-Whittaker
[Borl7] [CAGW15] [BW21]
F,\(x;t,s) P)\(l',q,t) ]F/\(ZL';C],S)
N Neoo Ao
Hall-Littlewood g-Whittaker
[Tsi06] q=t [Kor13]
P)\(x't) W,\(x'q)

[Bog05,ZJ09]

Schur
sx()

Figure 1.1: Some degenerations of certain families of symmetric rational functions and polynomials
with references to their construction using Yang—Baxter integrable models.

partitions, defined by Okounkov [OkoO1], which is known as the Schur measure:

M(N) = ) sx(p")sa(p),

1
H(p*;p

which depends on two non-negative Schur specialisations p* such that
H(p*;p7) =Y sx(p")salp”) (1.6)
)

is finite. Using the skew-Cauchy identity for Schur functions (a generalisation of (1.4) involving
functions indexed by skew-partitions), Okounkov and Reshetikhin defined a probability measure
on sequences of partitions called the Schur process [OR03|. It is defined on sequences of
partitions \ = (AD L AM) and ji= (p®), ., p( D) satisfying an interlacing property. The

Schur process is the following probability measure

- 1 B
M (N i) = Z 50 (P5) 3 0 (p1) $r@/,0 (1)

81 1) (Ppo1) Sa v (1) Sxew (07) 5 (1.7)

which depends on appropriate non-negative specialisations pj and a normalisation constant
defined in terms of (1.6). The Schur measure and process have been extremely fruitful because
they both define determinantal point processes [Oko0O1, OR03|, which were used to analyse

volume measures of large plane partitions. Since then, they have been used extensively to
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analyse various physical phenomena, see for example [Joh03, Joh05] and to define discrete-time

Markov processes [Borll].

In turn, the Cauchy identity for Macdonald polynomials (1.5), and their degenerations, were
used to analogously define the Macdonald measure and the Macdonald process in [BC14]. This
may be regarded as a two parameter generalisation of the Schur measure and process. In
order to obtain genuine probability measures and stochastic dynamics, we require that the
Macdonald measure M(A) > 0 for all partitions A. Fortunately, all non-negative Macdonald

specialisations have been obtained in [Mat19].

Pfaffian measures

By defining the symmetric function 73(2) = Y. even Si/x(2), one can show that the following

Cauchy identity holds
1

11 (1.8)

1 -2y, z<]1 yly]

ZT/\(:B)SA(?J) H

by using properties of skew-Schur functions which may be found in [Mac98]. The identity
(1.8) was used, along the same lines as (1.7), by Borodin and Rains to define the Pfaffian
Schur process |BRO5]. As the name suggests, the Pfaffian Schur process is a related process
whereby correlation functions take the form of a Pfaffian point process, defined in [Rai00] (see
Section 7.1). Since then related processes have been defined including free-boundary Schur
processes [BBNV18| and half-space Macdonald Processes [BBC20| which may all be used to

define Pfaffian point processes.

1.3 Kardar—Parisi—Zhang universality

In 1986 a breakthrough observation in statistical physics literature led Kardar, Parisi and Zhang
(KPZ) [KPZ86| to propose the following non-linear stochastic partial differential equation to

characterise the random dynamics of the height of rough surface growth:

(1.9)

2022 2\0x

Oh _10%h (ah) ve
ot 2047 2 |

Here, the height h = h(¢,x) is a random variable while £ is uncorrelated space-time white noise
satisfying (£(¢,x)) = 0 and ({(t1,21)E(ta, x2)) = d(x1 — x2)0(t1 — t2). The equation (1.9), the
one-dimensional version of what is now known as the KPZ equation, was derived heuristically
to model the dynamics of random surface growth. This crucial observation has spawned a vast

array of work on the KPZ equation. Much of the interest has stemmed from the understanding
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Figure 1.2: ASEP particle dynamics correspondence with random surface growth.

that the KPZ equation (1.9) is universal in a similar way to Gaussian universality. That
is, a wide class of interacting particle systems have their large-scale behaviour described by
exponents suggested by the KPZ equation. For a great mathematical review on the topic
see |Corl12].

1.3.1 Exact statistics

Much of the mathematical interest in KPZ behaviour stems from that fact that certain integrable
stochastic processes lie within the KPZ universality class. This includes the ASEP [TW09] and
the stochastic six-vertex model [BCG16|. The correspondence of these models with the KPZ
equation may be understood by associating a height function to the dynamics of the model, as
shown in Figure 1.2 for the ASEP. These profiles are expected to display the following features:
a global tendency to smooth, a slope-dependent growth rate and roughening due to space-time

white noise.

One of the earliest exact results on the statistics of the KPZ class was due to Johansson [Joh00],
building on earlier work with Baik and Deift [BD.J99]. Through a matching with another
model of the KPZ universality class, Johansson showed that the height function of TASEP
subject to an adjacent (step) initial profile experiences linear growth with fluctuations of order

~ t1/3 governed by the following:

lim P ( h(t,x) — vt

. s) - Foue(s), (1.10)

where v, ¢ > 0 are constants. The distribution function is the Tracy—Widom distribution of
the Gaussian unitary ensemble (GUE). This function has its origin in random matrix theory,
where it was considered in [TW94] as the N — oo limit of largest eigenvalue of identically and
independently distributed entries of an N x N Hermitian matrix. Crucially, this function is
non-Gaussian and is characteristic of the KPZ universality class. Johansson’s result (1.10) has
been extended to other models in the KPZ class like the ASEP [TW09] and the stochastic
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six-vertex model [BCG16], when all models are started from the analogous step initial profile.

For different classes of initial data, alternative distribution functions are expected. In the
work [BEPS07], the authors considered the TASEP started from a flat initial height profile and
were able to obtain a similar limit law to (1.10), where the distribution function becomes Fgog:
the Tracy-Widom distribution of the Gaussian orthogonal ensemble (GOE). This follows from
an observation of Sasamoto [Sas05], whereby from the determinantal result of Schiitz [Sch97b]
one may define a determinantal point process whose kernel is written in terms of a family
of orthogonal polynomials. This program work has been extended to several models with
similar determinantal structures to TASEP, including discrete-time analogues of TASEP, see
for example [RS05, DW08, BF'14, WWO09.

For generic initial height profile, the time-evolved height function of a KPZ model is expected
to recover to a universal Markov process known as the KPZ fized point under the so-called
1:2:3 scaling (see [CQR15,Rem22|). Now, the orthogonal polynomial problem which arises
in [Sas05] differs depending on the initial height profile of the TASEP. This problem was
solved for TASEP with generic initial condition, where the polynomials depend on the hitting
probabilities of random walks in [MQR21], ultimately providing a mathematical formulation
of the KPZ fixed point. This work has been extended to analyse similar models to TASEP
in [MR23, Ara24].

1.3.2 Half-space statistics

The study of the KPZ universality class in the half-space with open-boundary conditions has
been a highly active area of research in recent years. Some of the earliest exact statistics involve
half-space generalisations of the result of Johansson (1.10) obtained in [BROla, BRO1b, SI04].
Using the Pfaffian Schur process, through a matching with last passage percolation in the
half-quadrant, the following distribution function was obtained for the TASEP in half-space
with empty initial conditions (with o > 0 as a boundary rate) in [BBCS18]:

(h(t,O) — ot . ) ) Fese(s) ifa>1/2

Feoe(s) ifa=1/2

where ©,¢ > 0 are both constants. Here, the Tracy—Widom distribution associated with the
Gaussian symplectic ensemble (GSE) emerges whenever o > 1/2. Within KPZ universality this
function is understood to be associated to systems with open boundary conditions. Whenever
a < 1/2, the boundary height fluctuations h(t,0) are of order ~ /2 and governed by the
Gaussian distribution. For fluctuations measured away from the boundary in the half-space
TASEP, a limit law involving the Fgye is obtained similar to (1.10).
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While there is a good understanding of results with empty initial conditions, there has been
less progress on obtaining the exact statistics of models in the KPZ class for more general
initial conditions in half-space. Using completely different methods to that developed for
the full-space TASEP in [Sas05, BEPS07], recent work by Zhang [Zha24| obtains a Fredholm
Pfaffian description of the joint current distribution in the half-space with generic initial
conditions. Zhang’s work also ultimately provides a description of the KPZ fixed point in
half-space. The mathematical methods used to obtain the joint distribution are in contrast
to those used in Chapter 7 of this thesis, which may be viewed as a generalisation of those
in [Sas05, BEPS07] (see Corollary 7.21). Nonetheless, it is of significant interest to understand

how these approaches are related.

1.4 Overview

Chapter 2 introduces the stochastic six-vertex model and its open-boundary analogue where
we outline the algebraic properties of its integrability including the Yang-Baxter and reflection
equations. We also construct and connect the domain-wall and triangular partition functions
using both integrability and shuffle products. In Chapter 3, two classes of symmetric functions
are constructed from commuting transfer matrices indexed by half-space configurations which
satisfy a Cauchy-type summation identity. One of these classes admits an explicit contour
integral expression with generic boundary parameters which is provided in Chapter 4. Under
the specialisation of one boundary parameter, the Cauchy summation identity is interpreted as
an eigenvector relation in Chapter 5, wherein the spectral theory and orthogonality relations of
the classes are explored. In Chapter 6 the transition probability of the half-space asymmetric
simple exclusion process is recovered from a reduction from our symmetric functions. This
transition probability admits a single Pfaffian expression in the totally asymmetric specialisation
of its jump rates. From this expression, in Chapter 7 we construct a Pfaffian point process
supported on Gelfand—Tsetlin patterns. This formalism is used to derive a Fredholm Pfaffian
formula for a joint current distribution conditioned on the number of particles in the system

which depends implicitly on a class of skew-biorthogonal polynomials.



Chapter 2

The Six-vertex Model

This chapter provides an overview of the algebraic properties of one of the most quintessential
quantum integrable models: the six-vertex model. This outline will be extended to include

integrability with open-boundary conditions.

Let us initially motivate the six-vertex model as a statistical mechanical model for two-
dimensional ice crystals, largely following [Bax82| and references therein. Each molecule in the
crystal consists of a central oxygen atom bonded to two hydrogen atoms. Each oxygen atom
may be regarded as lying on the vertices of a square lattice £ c Z?. We further consider that
the molecules exhibit hydrogen bonding: whereby each oxygen atom will be surrounded by
four hydrogen atoms, two of which are connected closely by covalent bonds and another two

connected distantly by hydrogen bonds from neighbouring molecules.

This is equivalent to the ice-rule whereby each oxygen atom draws two hydrogen atoms

4
2

vertex configuration, giving the six-vertex model its name. We may then represent a lattice

closer and two are further away. This guarantees that we only have ( ) = 6 choices for each
configuration by having an arrow at each edge which points to the vertex which is closer to the
hydrogen. We may then extend this to regard right and up arrows as edge occupations while
left and down arrows are edge vacancies. When combined with the ice-rule, this allows us to
consider the six-vertex model as a model of intersecting connected paths which move up-right

along the edges of a square lattice. These correspondences are demonstrated in Figure 2.1.

As a model of classical equilibrium statistical mechanics, many of the essential thermodynamic

Within this chapter, Sections 2.1, 2.3, 2.4.1, 2.4.2 and 2.6 are based on the publication [P1]. Minor
modifications have been made for overall coherence and so that the thesis references its other chapters where
relevant.

13
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Figure 2.1: The equivalence between a two-dimensional ice crystal and the typical six-vertex model
path picture.

properties exhibited by the ice-like crystal may be calculated from of the partition function:
Z = Zexp (-BE(R)).
Q

The sum is over lattice configurations € of £ and 5 = 1/T is the inverse temperature parameter
of the lattice. The energy of each configuration, E(2), is assumed to be a sum of energies
associated with each vertex configuration of 2. This assumption allows us to associate
individual energies (and Boltzmann weights) to individual configurations at each vertex. The
six-vertex model is understood to be integrable because we typically assign Boltzmann weights

which lead to solutions of the Yang-Baxter equation.

As we outline in this Chapter, the study of the six-vertex model has developed significantly
from its origins as a thermodynamic model for two-dimensional ice crystals. Throughout this
thesis, the vertex Boltzmann weights will usually take the form of rational functions, where

the computation and properties of the partition functions will be central.

2.1 Stochastic six-vertex model

Here we define the weights and relations of the vertex models that will be used throughout

this work.

2.1.1 Stochastic weights

First, we provide a definition of the stochastic six-vertex model [GS92b| and its U, (;[2)
R-matrix. We will follow the conventions of [BW22a].

Definition 2.1. The stochastic six-vertex model is an assignment of a rational function to a
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vertex3

T =7 l

Ry/x,q(i7j;kal)ERy/x(i?j;kal): ) iajakale{()?l}' (21)

v
)
Yy

At any given edge a 1 indicates the presence of a path while a 0 indicates an absence thereof.
The values of the weights (2.1) are given pictorially in the following table where z = y/x. Any

weight which does not appear in the table is defined to be equal to zero.

- I

(2.2)

Proposition 2.2 (Stochasticity). The weights of the stochastic six-vertex model satisfy a sum

to unity property

Z Rz(z7jakal):17
k,le{0,1}

for any fixed 4, j € {0,1}.
Definition 2.3. The R-matriz of the stochastic six-vertex model is R12(z) € End(V; ® V3) for

V1, V4 = C? given by

Rip(z)= Y R.(i,5;k)EYY & ESD), (2.3)
i,j,k,le{O,l}

where E{7) e End(V,,) is the 2 x 2 elementary matrix with a 1 in row ¢ and column j.

We will be interested in R-matrices acting on (possibly infinite-dimensional) spaces V1 ® V2 ® -+

30ur conventions for the parameters q,t from Chapter 1 has changed. The parameter ¢ here is equivalent
to t while the parameter q plays no role in the remainder of the text.
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where each V; 2 C2. We will denote by R, the R-matrix which acts non-trivially in the space

V; aligned horizontally and Vj, aligned vertically as in the picture (2.1).

Proposition 2.4 (Factorisation). At the special value z = 1, the R-matrix (2.3) satisfies the

relation R,.1(%,7;k,1) = 0;;0;5. This has pictoral representation

k k
o aey ISy z
Rx/x(l7]7kvl) = =
1 1
1 1
xr X

Proposition 2.5 (Yang-Baxter equation). The R-matrix (2.3) satisfies the Yang-Baxter

equation

Ria(y/x) Ris(z/7) Ras(2/y) = Ras(2/y) Ris(z/7) Ria(y /7). (2.4)

For fixed i1, 1i2,13, j1, J2, j3 € {0, 1}, this is represented pictorially as

J3 J3
: ks . : k1 .
T =1 J2 T —>1 J2
kg k?)
k‘l,kz,kge{o,l} y 2 ]{;1 jl kl,k’Q,kgE{O,l} y 2 ]{;2 jl
i3 i3
) 1
z z

Proposition 2.6 (R-matrix unitarity). The R-matrix (2.3) satisfies the unitarity condition

Roy (z/y) Rz (y/x) =id,

where id is the identity within End(V; ® V5). For fixed i1, 12, j1,72 € {0, 1}, this is represented

pictorially as
J2 J2
k1 J1 J1

Z Y= i2 ko =y~ (5 = 52'1,]'1 52'27]'2'
k17k26{071}

88— =
8- =
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2.1.2 Re-normalised weights

We will also define two versions of re-normalised version of the weights from Definition 2.1.

These new weights inherit many of the algebraic properties of the stochastic ones.

Definition 2.7. The re-normalised vertices are represented pictorially

k

e v e
Ry/x(za];kal) = >

i

)

)
for 4,4, k,1 € {0,1}. We will refer to these vertices as dotted. The values of these weights are
given in the following table, where z = y/x. Any weight which does not appear in the table is

defined to be equal to zero.

1-qz 1-¢q

1-2 1 1-2
(2.5)

—_— _I B
1-gqz ] 2(1-¢q)
1-2 1-2
These weights are related to their stochastic counterparts (2.1) through the relation
N _1-qy/x o
Ry/x(l7j7k>l) = —'Ry/ﬁ('lv]vk?l) (26)

1-y/x

Since the re-normalised vertices differ from the stochastic ones only by an overall multiplicative
factor, we can write versions of the Yang—Baxter equation (2.4) what incorporate mixtures of

both R and re-normalised R-matrices.
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2.2 Domain-wall boundary conditions

In this section we will outline a finite partition function of the six-vertex model.

2.2.1 Properties and recursion relations

Definition 2.8. For a fixed integer n, let (z1,...,2,), (y1,...,y,) be fixed alphabets. The

following partition function is the domain-wall partition function of the six-vertex model:

1 1 1 1 1

zt—>1 0
1 0
| 0
ZOWV(@y, o i Y1y Yn) = (2.7)
. 1 O
7t —>1 0
o o0 0 0 0
T T
Y1 Yn

The domain-wall partition function has many remarkable properties and has been a focal point
of the study of quantum integrable systems. It was considered by Korepin in [Kor82|, where
it appears as a building block for scalar products of Bethe states within the algebraic Bethe
ansatz. In the same work, a number of defining recursion relations were determined which were
later solved by Izergin [1ze87]. It also arises as the kernel of many Cauchy and Littlewood-type
identities [War08, WZJ16]. We will now outline some of the characteristic properties of this

partition function.

Proposition 2.9. The domain-wall partition function from Definition 2.8 is a symmetric

rational function in both the (z1,...,z,) and (yi,...,y,) alphabets separately.

Proof. Let us consider the domain-wall partition function (2.7), where we will proceed to show
that it is invariant under the interchange of adjacent x; and x;,; for each 1 <7 < n. This implies
symmetry over the whole x-alphabet. We may attach an intertwining vertex to the left-hand
side of the diagram between the i-th and (i + 1)-th rows of the lattice in the diagram of (2.7).
By virtue of the weights of the intertwiner (2.2), this added vertex is frozen with weight 1.

And so, it may be appended to the lattice without changing the value of the partition function.
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That is:

1 0
z;t—>1 0
-1
Tyt -1 0
ZEW(xlv"wxn;ylu--'uyn): y (28)

1 0
1 0

0 0 0 0 0

T T

(A T Yn

where the spectral variable labels are interchanged on the left-side of the intertwiner so that
they match (2.7) on the right-side. Then, through repeated applications of the Yang-Baxter
equation (2.4), the intertwining vertex can be moved to the external right-hand side of the
diagram. This process interchanges the positions of the i-th and (i + 1)-th lines of the diagram.
From here, since it is frozen with weight 1, the intertwiner may be removed at no overall cost
to the value of the partition function in a similar way to which it was added. This leaves us
with the domain-wall partition function with the roles of z; and x;,; interchanged. This shows

the desired symmetry.

The symmetry in the y-alphabet follows by similarly appending an intertwining vertex the the
bottom of the diagram as in (2.8) and removing it at the top of the diagram. ]

Proposition 2.10. The function defined by

Z?W(xl, e T YLy ey Yn) = H (1-qzy;)- ZPW (), Y Yn) (2.9)
ij=1
is a polynomial of degree at most n in each variable z1,...,x, and yq,...,Yn.

Proof. Firstly, observe that the the multiplicative factor on the right-hand side of (2.9) may
be absorbed into the weight of each vertex in the lattice (2.7). Then, by virtue of weights
table (2.2), this absorption precisely cancels the denominators of each weight so that each
vertex contributes a polynomial of maximal degree 1 in the appropriate x;, y,;-variable for each
1 <17,j <n. Since there are exactly n vertices whose weights depend on each x and y-variable,

it follows that the maximal degree of (2.9) is n for each variable. O

The following collection of defining properties were considered by Korepin in [Kor82].



Chapter 2. The Six-vertex Model 20

Proposition 2.11. The domain-wall partition function (2.7) both satisfies and is defined by

the following recursion relations

ZOWV(wy, o Y1, Yn) x:O:O, (2.10)

ZEW(xlv"'vmn;yla"'ayn)y__0:07 (211)
5=

ZEW(xla"'axn;ylw"?yn) 1y :Zr?y\ll(xlw"75%@'7"'axn;ylw"?gjw'wyn)' (212)
;= j

Proof. By virtue of Proposition 2.10, the domain-wall partition function (2.7) is defined by

a symmetric polynomial of degree at most n in each variable x1,...,2,,y1,...,yn. And so,

it is completely defined by n + 1 independent specialisations. The relations (2.10),(2.11) and

(2.12) constitute n + 1 the required specialisations and so they may be regarded as the defining

relations.

We will now proceed by showing each of the relation individually.

(1)

(ii)

(iii)

Proof of (2.10). Recall that, using Proposition 2.9, the domain-wall partition function
is symmetric in the z-alphabet. And so, it suffices to consider its specialisation in the

parameter x:

DW .
Zn ($1>--~7$n7?/17---,yn) ;
x1=0

where 27! is the horizontal spectral parameter associated with the bottom row of the
square lattice (2.7). It is straightforward to see that, due to the boundary conditions, the

following vertex appears exactly once in the bottom row of each allowed configuration:

1

o (2.13)

M, depending on which column the vertex configuration appears.
J

which has weight T oors

Since this weight appears exactly once for each configuration and each other weight in

(2.2) is analytic at x; = 0, the partition function must vanish whenever x; = 0.

Proof of (2.11). This recursion relation follows by a similar argument as above, were it
suffices to consider the specialisation y,, = 0. It follows similar argument that the vertex
configuration (2.13) must occur exactly once in the right-most column with vanishing

weight at y,, = 0.

Proof of (2.12). Using the partition function’s symmetry, it suffices to consider the

specialisation x; = y;'. By applying the factorisation property of Proposition 2.4, the
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specialisation becomes:

b —>1 0
1 0
: 1 0
Z (@1, Tt Yn) = . (2.14)
n=l/n 3t =1 0
Y11 0
0 0 0 0 0
(. )
A1 Y2 Yn

Observe that both the split left-most column and bottom row of (2.14) are entirely frozen,
both with weight 1. It follows that the following specialisation takes place:

_ 7DW )
=70 (x2, o T Y2,y Yn)s

DW .
Zn (xlw"?xnuyl?""yn)
r1=1/y1

which completes the argument.

]

Remark 2.12. Although we do not present a complete argument in this direction, an alternative
defining collection of properties of the domain-wall partition function may also be formulated

as the following:
(i) The function ZPW(z;y) is a symmetric function separately symmetric in both alphabets
x and y.

(ii) The function ZPW(z;y) is a meromorphic function of each x; whose singularites are all

simple poles at the points z; = q‘lijl for all 1 <i4,5<n.

(iii) The following residue evaluation holds:

R ZDW . _
€S n (xb'"?mnayla"'ayn)_
En=q-ly:1
n n

q—lﬁ[yi—qyn 1—:riyn]
CYn it LYi—yn 1 —quiyn

DW .
X anl(xlv e Tp-1,Y15 - - 7yn71)~

(1-g)z131

(iv) When n =1, the domain-wall partition function is given by ZP"(z1;51) = =5,
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(v) The following limit holds:

Iliinoo ZW(xy, . iy, Yn) = 0.
Each of these properties may be identified using properties of the six-vertex model construction
(2.7). Given a candidate expression for the domain-wall partition function 3,(x;y), these
properties may be used to prove that 3, is equal to ZPW by induction on n. We may proceed
by showing that the difference P, (x;y) := ZPW(x;y) - 3,.(z;y) has only removable singularities
at x; = q‘lijl and is therefor an entire function of each z;. The final property (v) may be used
to show that the difference P, is bounded and exactly equal to zero by Louiville’s Theorem.
This technique is quite versatile and we will use it in Sections 4 and 5 to prove certain formulas

for other partition functions of the six-vertex model.

2.2.2 A determinantal formula

The domain-wall partition function has played a central role in the study of quantum integrable
systems. Indeed one of the most celebrated results in the field is the explicit evaluation of the
domain-wall partition function in terms of the so-called Izergin—Korepin determinant (also

often referred to as Izergin’s determinant) due to Izergin in [1ze87].

Theorem 2.13 (Izergin—Korepin determinant). Given a fixed integer n and alphabets
(r1,...,2n), (Y1, ---,Yn), the domain wall partition function has the following determinan-

tal expression:

ZEW(xl,...,a:n;yl...,yn) =

I3 (1 = 2iy;) dot [ (1-q)ziy; ]
Micicjen [(i = 25) (i = y5)] (1 -zy;)(1 - quy;) 1<i,j<n '
(2.15)

Although we do not present it explicitly here, Theorem 2.13 may be proven by either demon-
strating that the right-hand side of (2.15) satisfies the properties of Proposition 2.11 or,
alternatively, as outlined in Remark 2.12. Instead, we will find it convenient to construct
an alternative proof of this important result using an algebraic technique known as shuffle

products in Section 2.5.

The following expression provides an equivalent expression for the domain-wall partition
function by expanding the determinant (2.15). This expansion can also be found in [BW16].
Corollary 2.14. The domain-wall partition function may be written as the following:

n oy oy 1 - 23y
ZN(T1, Ty ) =YY (—1)”*’"(](2)Hﬂ

r=0 S,7<[1,n] ies 1 —qry;
[S|,|T|=r JeT
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1 1
x [T -iyy) [TA-2;) T] [1 (2.16)
ieS ies¢e ies Li— L5 %7 Yi —Yj
jeTe jeT jesc¢ jeTe

Proof. Let first note the partial fraction expansion of the kernel of the Izergin—Korepin
determinant (2.15):
I-@zy; 1 1
(1-zy)(1=quryy;) 1-xy; 1-quy;

(2.17)

Then note the following determinantal expansion, equivalent to Lemma 3.6 of [Oka06]:

det(A-B)=> > (-1)"7"(-1)% Si*2iTi det (Agr) det (Bge re),
i
which has a natural application as the expansion of the determinant (2.17). The fact that the
two expressions (2.15) and (2.16) are equal follows, after some manipulation, by application of

the Cauchy determinant identity:

1- XY

1 [Tises (i =) TToser (wi - 95)
det — i<j i<j )
s [Tees (1-2iy;)

i€S
jeT

2.3 Boundary weights

We also define weights of a boundary vertex. Such boundary vertices and their matrices were
introduced in [Che84,SkI88] and in a more general non-diagonal case in [dVGR93]. We consider

the non-diagonal case in which the boundary vertex weights depend on two free parameters.

Definition 2.15. A stochastic boundary weight is an assignment of a rational function to a
half-vertex
j !

K.(i;j) = e ;1,5 €{0,1}. (2.18)

1< T
As previously, a 0/1 at a given edge indicates the absence/presence of a path. With the use of

the rational function
ac(1l - x?)

" ey

(2.19)
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these weights are tabulated below.

\\ (2.20)

1 - () h(z) ";(f) 1+ %

Proposition 2.16 (Stochasticity). The stochastic boundary weights also satisfy a sum to
unity property

>, Ki(i;j) =1,

Jje{0,1}

for any fixed i € {0,1}.

Definition 2.17. The K-matriz of the stochastic boundary weights is K;(z) € End(V}) for
V1 2 C? given by
Ki(a)= % K.(ij)E.

i,j€{0,1}

Just as with the R-matrix, while acting on spaces V; ® Vo ® --- we will denote by K; the
K-matrix which acts non-trivially on the space V;. The boundary vertices (2.18), together

with the bulk vertices (2.1), combine to give the reflection equation.

Proposition 2.18 (Sklyanin reflection equation). The boundary vertex weights from Definition

2.15 and the bulk weights from Definition 2.1 satisfy the Sklyanin reflection equation
z x
R (5) Ky (2) Ria(29) Ko (y) = Ko (y) Bt (29) K (2) Bas (5) . (2.21)

For fixed 11,19, j1, jo € {0, 1} this can be represented pictorially as

Jo =yt 2 o
e J2 =Y
. B °
2 J1—>a! . -1
_ k1 Uy =z
k1,ka2,01,62€{0,1} b 2 1< T k1 ko, 01 £2€{0,1} ! i
° 2 1
i2 hl’) ¢ .
kl 2 <Y

This relation is sometimes referred to as the boundary Yang—Baxter equation.

Proposition 2.19 (K-matrix unitarity). The K-matrix from Definition 2.15 satisfies its own
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unitarity relation

Ki(z)Ky (27') =id,

where id is the identity within End(V;). This can be represented pictorially as

° = =6,

for all 4,7 € {0,1}.

2.4 Triangular partition function

Definition 2.20. We refer to the following partition function, with generic boundary parame-

ters, as the triangular partition function:

Zm(x1 .0 T) = ° 0 - x5t . (2.22)

° 0— a7t

0 0 0 0 0
T )

1 9 T,

This function plays an analogous role to the domain wall partition function [1ze87| of the
six-vertex model on a square geometry. In fact, this function directly generalises a partition
function related to diagonally symmetric alternating-sign matrices introduced in [Kup02|. The
correspondence between DSASMs and lattice path configurations of the triangular partition

function is demonstrated in Figure 2.2.

We first note that for any m € N, the partition function Z,,(z1, ..., x,,) is symmetric and satisfies
certain defining recursion relations. It is instructive to derive these properties directly from
(2.22) and we will do so below. Moreover, the triangular partition function is a rational function

in its alphabet where the degree of numerator and denominator can be easily established. All
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0
0 0 J
0 1 0|«
1 0 -1 1 *
0 0 0 1 0

Figure 2.2: Correspondence between a 5 x 5 DSASM and a lattice path configuration of Zs.

these properties together completely determine Z,,(x1,..., ;) and we shall find several closed

formulas for it.

2.4.1 Properties and recursion relations

Proposition 2.21. The triangular partition function Z,,(z1, ..., z,,) from (2.22) is a symmetric
rational function in the alphabet (x1,...,z,,).
Proof. Considering Z,,(x1, ..., %), the symmetry can be seen by inserting an intertwining

vertex at the bottom of the diagram (2.22) to cross the adjacent lines with spectral parameters
x; and x;,1. This can be done at no overall cost to the partition function since the boundary
conditions enforce that the only possible vertex configuration is the all-empty one, which

carries weight 1.

Using repeated applications of the Yang-Baxter equation (2.4) and reflection equation (2.21),
the intertwining R-matrix can be pulled through to the right hand side of the lattice between
the i-th and (i + 1)-th lines of the lattice. In the process of shifting this intertwiner, the z; and
Z;+1 spectral parameters swap positions. The intertwiner can then be removed from the right
hand side of the lattice at no overall cost, again enforced by the boundary conditions, leaving

us with

Zm(xla ey Ly Tigdy e 7xm) = Zm(xla ey Tig1, Ty v - 7xm)7
which generates symmetry over the whole alphabet. O]

Proposition 2.22. The function defined by

m

Zn(@1,. . yam) = [[[(a-z)(c-2)] [] (1-quiz;)- Zon(z,. .. 2m) (2.23)
i=1 1<i<j<m
is a symmetric polynomial of degree at most m + 1 in each of the variables zy, ..., x,,.

Proof. The pre-factors remove all possible denominators of bulk and boundary vertex weights
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of any lattice configuration, so that we can conclude that Z,, is a polynomial in all 21, ..., 2.
Once the denominators are removed, the vertex on the boundary with argument x; contributes
a factor of power 2. Each of the m — 1 bulk vertices also contribute a factor of power of at

most 1, giving the leading order power of m + 1. O

Proposition 2.23. The triangular partition function (2.22) both satisfies, and is completely

determined by, the following recursion relations

Zn(x1, .. ) =0, (2.24)
x;=0

Z(x1, .. ) = L1 (T, Ty ), (2.25)
T;=+

Zm(:rl,...,xm) / = m,g(l‘l,...,j}i,...,ij,...,xm). (226)
ri=1/x;

Proof. Because of Proposition 2.22, the triangular partition function Z,, is defined by a
polynomial of degree m + 1 in each variable. The m + 2 recursions for each variable in the

statement of Proposition 2.23 therefore completely determine the rational function Z,,.

We now prove the recursion relations individually.

(i) Proof of (2.24). We make use of the symmetry of the partition function and consider

Zm(zi,xl,...,ii,...,xm) R

x;=0

so that the boundary vertex corresponding to the parameter x; is at the bottom-left-most
position. Setting x; = 0 forces the bottom-left boundary vertex to generate a path with
weight h(0) = 1, where we recall the definition of h(z) in (2.19). Since z; = 0, the
bottom-right weight in (2.2) vanishes and hence this path cannot turn to any vertical
edge on any vertex on the bottom line in the diagram (2.22). And so this path must
proceed to the right hand side of the lattice. However, due to the imposed boundary
conditions there cannot be any occupations on the external boundary edges on the right
hand side and so we conclude that there are no allowed configurations when z; = 0 and

hence that the partition function is equal to zero.

(ii) Proof of (2.25). Again making use of symmetry we consider

Zm(ZL‘i,Jfl,...,i'i,...,l'm)

x;=+1

This forces the boundary vertex at the bottom-left of the diagram in (2.22) to generate
no paths and be of weight 1 - h(+1) = 1. This causes there to be no occupations along
any edges of the bottom line, and hence this line may be removed at no cost leaving us

with Zm_1 (.I‘l, Ce ,JA,’,;, Cen 7.I'm).
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(iii) Proof of (2.26). Again using symmetry we consider

Z (T4, X5, T1, o Ty By o Ty )
xi=1/x;

Using the R-matrix factorisation, Lemma 2.4, the partition function becomes

o0 o 0

o 0 o 0

. 0 , 0

T 0O _ o 0

* 0 0 0
R 00
x;-l Tj T1 U Ty 1 T Ty

Here, we have used the unitarity of the K-matrix (Proposition 2.19) to obtain the second
diagram. We note here that the two bottom rows in the second diagram are completely
frozen with no occupations and total weight 1, so that they can be removed at no cost

to the partition function. This yields the result.

[
Remark 2.24. Another set of recursions can be derived for the numerator (2.23) of Z,,,
Z(21, - T) wimtjaz; = —0c(1=q)q" (1= a3) (1 =1/¢’xF) [T (1 - xn/qu;) (1 - xpa;)

X ~m_2(l'1,...,Iffi,...,i'j,...,dfm). (227)

These relations follow from the observation that the bottom-right vertex in diagram (2.22)
completely freezes when qz1x,, = 1, and as a consequence so does the bottom row and right-
most column, leaving a partition function of size m — 2 multiplied by the pre-factors in (2.27)
that arise from the weights of the frozen vertices. By symmetry a similar result follows for

qx;xj =1 for any ¢ and j.

2.4.2 Solution to recursion relations

This section provides solutions to the recursion relations of Proposition 2.23 which in turn

provide closed form solutions to the triangular partition function.
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Let ZX be the partition function corresponding to the off-diagonal boundary conditions, which

can be realised by setting a = —c =1, set

ZE (v, mp) = Zo(21, - ) aeemt. (2.28)

This partition function admits a Pfaffian formula due to Kuperberg [Kup02]:

m 1-z;x;
anf(xh e 7Im) = H% H '—;Pf(M(x“xj))lsi,jsm’

1<i<jsm ¥t J
(1 -q) (i - ;)

M2 = G0 A= quy)

We note that when m is odd the partition function ZX vanishes.

Theorem 2.25. The triangular partition function (2.22) with the general boundary weights

can be expressed as,

/2] " T - TiTj g
Ty 2m) = Hn(2) 3 (_ac) 5 Hlf—l(h(ii) e 7 (as),  (229)

Sc[1,m] ieS -

ieS L j
|S|=2r jese

where
ac(1 - x?)

Ho(x) = ﬁa “h(@). ()= O

The proof of Theorem 2.25 is presented in the next section using shuffle algebra techniques.

Corollary 2.26. Expression (2.29) for Z,, as a sum over subsets can routinely be converted
to a contour integration over a family of contours £; which all enclose each pole at x1,...,x,,

but omit all other singularities of the integrand

/2 dvl dov —v;
Zo(r, . 2) = H, [ 1
(@1, 2m) = Hin(2) Z ol ( ac) £ 2w Jr, 27 1<Z<j<r UZUJ

v;h(v;) 1 - vz,
Pf[M
Xl—{((1 U2)(1 h(UZ )H Uz_llfj ) (Uk’vf)]kkkr

Corollary 2.27. For all m > 1, one has that

m m i 1 i
lim Zp (21, ..., &) = lim [](1 = 2(:)) Hx( ax) (2.30)

=1 Z

Proof. Examining the sum-over-subsets formula (2.29), it is easily verified that the limit ¢ - oo
eliminates all terms in the sum over r except that corresponding to = 0. The claim (2.30) is

then immediate.
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Alternatively, one may prove (2.30) directly from the definition of the partition function (2.22),
by noting that the ¢ - oo limit causes the third vertex in the table (2.20) to vanish. Since the
boundary vertices then only have the option to inject (but never eject) paths, and no paths exit
the partition function (2.22) via its right-outgoing edges, it follows that the whole partition

function is frozen as a product of empty vertices. The factorisation (2.30) follows trivially. [J

The sum over subsets (2.29) can be compactly written in terms of Pfaffians in various ways. A

particularly elegant expression is the following single Pfaffian expression for Z,, from [BFK23|.

Theorem 2.28. When m is even, the triangular partition function (2.22) with the generic

open boundary weights can be expressed in terms of a Pfaffian,

1 - 2,7, Jy

PRGN | s ~Pf[ v, @(xz-,m] | (231)
Lj ' 1<i,j<m

1<i<j<m Ti = Zj L -z,

where () is a symmetric function in two variables given by

h(zi)h(x;) (1 - q)zix;

ac 1-qx;x;

Q(rs,z5) = (1= h(x;))(1-h(x;)) - (2.32)

Proof. Theorem 2.28 follows from Theorem 2.25 and the Pfaffian summation identity (A.3) in
Lemma A.3. O

Remark 2.29. In order to obtain an odd-sized solution from (2.31) we would write, for m = 2/,

Zoe1 (21, ..o xom1) = Zop(1, . .., Ty, 1),

which makes use of the recursion relation (2.25).

We note that the Pfaffian kernel (2.32) bears some resemblance to the one appearing in a
refined Littlewood identity for spin Hall-Littlewood symmetric rational functions [Gav23|,

though is quite different due to the boundary factors.

2.4.3 Reduction to domain-wall partition function

We will now present a connection between the triangular and domain-wall partition functions.

Proposition 2.30. For fixed integer n, the triangular partition function (2.22) reduces to the

domain-wall partition function (2.7) as:

liHOlZQn (exl, e €T, ﬂ, e y—n) = ZPW (21, iYL Yn)- (2.33)
> € €
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We will present two independent proofs of Proposition 2.30 since they are both instructive. The
first proof will follow from the vertex model structures of the domain-wall (2.7) and triangular
partition functions (2.22) respectively. The second will follow from the reduction of the Pfaffian
expression of Theorem 2.28 to the Izergin—Korepin determinant of Theorem 2.13. In this way,
it may be understood that the Izergin—Korepin determinant (2.15) is embedded within the
structure of the Pfaffian of (2.31). Assuming Theorem 2.28, both of these proofs together
may be regarded as a proof of the Izergin—Korepin determinant formula for the domain-wall

partition function in Theorem 2.13.

First proof of Proposition 2.30. Let us consider, for some € # 0 and generic boundary parame-
ters a, ¢, the triangular partition function (2.22) with the prescribed alphabet on the left-hand
side of (2.33). In the limit ¢ - 0 we observe

0— eyt
0 :
I 3 T 0 - ey;!
I 0 g
Zom (eml,...,exn,ﬂ,...y—n) ~ : : (2.34)
€ € o—)g : 0
o—) 0— e lagt
O 0 0 0 0
1 T 1 1
€T1 €T ey, ™ ey,

Let us first consider the lower-left triangular region in (2.34) which depends only on the
parameters 1y, ...,2,. We note here that the boundary vertices in this lower-left section are
frozen so that their only allowed configuration is the one where a path is created at every
boundary vertex. As a consequence, the remaining bulk vertices are also frozen as depicted
in (2.34). The entire lower-left section of the lattice is then frozen with weight 1. Due to the
boundary conditions, the n paths generated in the lower-left section must be re-absorbed in
the upper-right section of (2.34). It follows along similar lines that the upper-right section of

the lattice also freezes with weight 1.

And so, we are left with the dotted section in (2.34) which is a square partition function with
domain-wall boundary conditions. For fixed € # 0, observe that the ratio of spectral parameters,
and the argument of the vertex weight (2.1), in the is of the form z;y;. It follows that the
entire dotted section in (2.34) has no explicit dependence on e and that it is equal to the

domain-wall partition function (2.7). O
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Second proof of Proposition 2.30. Let us consider, for some € # 0, the left-hand side of (2.33)

using the Pfaffian expression of Theorem 2.28. Let us denote this as

n

1-e€ex; 1 - e 2y,y; 1 -2y
Zgn(El'l,...,E[L‘n,y—,.. ) H ( exm])( € yyj) x_@{ﬂ
€ 1<i,j<n ( xj)(yz ) ij=1 EL; — € Y
Qery exi)icijen  Q (e, 6_1yj)1gi,jsn
x Pt B . (2.35)
Q (e, exj)lgi,jgn Q (e 'y, 6_1yj)1gi7j§n
where Q(z;, 2;) = 2=2Q(z;, 2;) is the kernel of the Pfaffian in (2.31). The pre-factor outside

1zz

of the Pfaffian in (2.35) has the following asymptotic behaviour as € — 0O:

I (1-€xiz;) (1-€e2yy;) & 1-z;
whjen  (@imx)(Wi—y;)  heri— ety

. (_1) ﬁ ni,jzl(l_xiyj)

i1 €r — ety H1§i<j§n [(zi - xj)(yi - y])] '

And so, by simultaneously absorbing the factors of (ex; — e‘lyj)_l in to the last n rows and
columns of (2.35), we obtain the expression
n T3 -1 (1 -z, 1-€e2z;x:) (1 - e 2y,y;
Zgn(exl,...,exn,gﬂ,...y_): g ) ( -1])( y_lyj)
€ € [Ticicjen [(zi - Ij)(yi - ?Jg)] 1<i<j<n (em;—¢ yj) (exj —ey;)
N -1
~ ex;, € ly;
Qews, €25 )1<i j<n Q(—_lyj)
€Ex; — € 7Yj

x (=1)(5) . _ B 1<i j<n ‘
COPN Gy en) 3 (c ey > (2:36)

€x; — E_lyi 1<i,j<n (Exi - E_lyi) (Exj - E_lyj) 1<i,j<n

where the second pre-factor on the right-hand side of (2.36) is converges to 1 as € - 0. And
so, assuming that each individual limit exists, we may evaluate the ¢ — 0 limit on (2.36) by
taking the limit on the individual matrix entries. Using the form of (2.32), these limits are

readily checked as:

_ N (=10, ¢=1a;.
th(EZBi,efL‘]) hm Q(E %76 yﬂ)
€0 e~0 (ex — € yz) (6% —€ ?/J)

=0,

whereas
lim Q (i, e 1%) _ . (O-qzy;
=0 erj—ely;  (1-ziy;)(1-quiy;)
It follows that this is equal to the Izergin—Korepin determinant of (2.15) by noting the Pfaffian
property (A.2). O
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2.5 Shuffle Products

2.5.1 Single alphabet shuffle

The partition function Z,, and its generating function

Z(v) = i V" Z s

m=0

can both be conveniently written in terms of a shuffle product.

Shuffle product

Definition 2.31. Let f(z;y...2%) and g(x;...2¢) be two symmetric rational functions. We

define the shuffle product f * g to be the symmetric rational function given by

1-a;x;
frg= 3 flzs)g(zs) [ — (2.37)
Sc[1,k+€) ieS Li =Ly
|S|=k jes

The identity with respect to the shuffle product is the rational symmetric function 1 in zero
number of arguments and f *1=1x f = f. Further, for any rational function f(x;...zy) we

define the shuffle power and the shuffle exponential, exp,, by

[l fefresf,  exp(f)=1afehf 2okt (2.38)

From Definition 2.31 it follows that the shuffle product of f(x;...zx) and g(z;...x;) is

commutative unless both k£ and [ are odd
frg=(-1)"gxf. (2.39)

It can also be easily shown that this shuffle product is associative (f * g) * h = f * (g h). This
shuffle product can be used to construct an algebra of functions and constitutes a convenient

notation.
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Shuffle proof for triangular partition function

Proposition 2.32. Consider the first three triangular partition functions 7y, Z; and Zs. These
can be explicitly calculated from the the diagram (2.22) as

Zo=1,  Zicl-h(m),  Zo=(1=h(m)) (1 h(ny)) - MEAz2) (1= Dy, )

ac 1-qx129

which are rational symmetric functions in 0,1 and 2 arguments z respectively. The generating

function Z(v) takes form
Z(v) = exp, (v’ Zy + vZy). (2.41)

This exponential formula is equivalent to

1 1
ng = —‘Z;m, Z2m+1 = _'Zl * Z;m (242)
m: m!:

Proof. First we note that the two terms in the exponent in (2.41) commute with each other
and Z:% =0 for k > 1 due to (2.39). Applying definitions (2.38) to the generating function
(2.41) leads to (2.42). Let us examine the expression for Zs,, given by (2.42). Computing Z;™

produces a rational function with the (minimal) denominator
2m
[[(e-z)(c-z) [ (1-qmzzy). (2.43)
i=1 1<i<j<2m

This denominator is a polynomial of degree 2m + 1 in the individual z;, [ =1,...,2m. Let us
fix [ and show that the limit z; — oo of Z;™ exists. By writing Z;™ using (2.38) and (2.37) we

can see that Z;™ is of the form

o 1-2;,2;
Z3m = 3 Zo(@iy, wiy ) Lo (g, 3 ) x [ —— <0, (2.44)

ab=1,2 Lig — Tj,
therefore in each summand the dependence on z, is of the form

1- Tyy

Z2 (xév Lq )

) 1;[ Ty —Tp

where a and b are some indices not equal to [. Computing x;, — oo in both of these factors
shows that this limit exists. Therefore Z;™ is given by a ratio of a polynomial of degree at
most 2m + 1 in x, and the polynomial in (2.43). This implies that in order to prove (2.42) for

Zom we need to show that Z;™/m/! satisfies the recursion relations of Proposition 2.23.
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The specialisations given in (2.24) and (2.25) follow from

Z1(0) =0, Zy(x,0) = Z5(0,2) =0, (2.45)
Zv(1)=Zy=1, Zy(x,1)=2(1,2) = Z1(x). (2.46)

We have (2.42) satisfies (2.24) due to (2.45) and it satisfies (2.25) due to (2.46). Consider next
(2.26) and set zg = 1/z, in Z3™ as written in (2.44) for any distinct k,¢ = 1...2m. In each
term of the sum in (2.44) the arguments z ...y, are distributed between various factors Zs.
Considering a generic summand we encounter two cases: either k € {i1,i2} and £ € {j, jo} or
k,0 € {iy,iz}. In the first case the contribution is zero because of the factor which is explicitly

written in (2.44) and in the second case we compute

- 1 !
mZQ |mk=1/xz - m! Z 2 (CE@, !L‘_g) (s gy ) X H

b=1,2 Lt = Tj,

1
1 -y, L= 2,75

20 Ly

1 *(m-1) N A
_m(z2 )(...,Ik,...,.fg,...),

where we noted that Zs(x;,1/x;) =1 and the explicitly written rational function is also equal
to 1. There are in total m different summands for which k, ¢ € {i1,is}. All these summands are

equal to each other and to the symmetric function Z, (m-1)

which depends on xq, ..., x5, with
xy, r, omitted. These computations show that Z,, given by (2.42) satisfies the conditions of

Proposition 2.23. The case of Z5,,,1 can be proven analogously. ]

Corollary 2.33. The summation formula for Z,, given in Theorem 2.25 holds as a consequence
of (2.42).

Proof. We note that Z, in (2.40) is given by a sum of two terms and therefore (2.42) can be

expanded using the binomial theorem

Zam = 51 (1= RO b)) + () 2 (o))

=3 (20) Gz (= Bl (A=) s ()b 28 (a1,22))
The two terms given by the shuffle powers *(m —r) and *r can be computed. For example,
the second term is computed by observing that (ZX)*r = rlZK as a consequence of (2.42) and
(2.28). After this we can write the shuffle product of these two terms using (2.31) and match
the outcome with (2.29).
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2.5.2 Double alphabet shuffle

In this section we will provide an overview of a shuffle product defined between functions of two
alphabets which is ultimately related to the domain-wall partition function of Definition 2.8.

Shuffle products of two alphabets have been considered before, see for example [FO97].

Definition 2.34. Let f(xy,..., 2k 91,...,yk) and g(x1,..., 245 Y1, - ., Ye) be two rational func-
tions which are both symmetric in their x and y-alphabets. We define their shuffle product

as

1 1
fog= % [flasiyr)g(wseyre) [T (1 -ziy;) [T -iy;) [ I1 . (247)
S,Te[k+£] ieS ieSe ies Ly —Tj Ger Yi —Yj
ISLIT|=k jeTe JeT jese jere

The shuffle power and shuffle exponential are defined as

f®j =fofo-0f, expe(f) :=1+f+%f®2+%f®3+'".

j times

It is easily verifiable that the double alphabet shuffle product between f(z1,...,zr;y1, ..., Yk)

and g(x1,...,Z0y1,--.,Ye) IS commutative:

Jeg=g0/f,

which holds for all alphabet lengths k, ¢. Now, for any integer k > 0, let us denote the constant
function by 1x(z1, ...,k v1, ..., yx) := 1. In other words, 1; is the function in two alphabets,

each with k variables, which is exactly equal to 1. It is also easily verifiable that
1= (1)% 2.48

It also follows that the identity with respect to shuffle multiplication is the constant function

in zero arguments: i.e. f©®1y =10 f = f for all appropriate symmetric functions in two

alphabets f.

This double alphabet shuffle product is particularly useful because of its description construction
of the domain-wall partition function (2.7). Let us denote the generating function of the

domain-wall partition function as

ZPW(w) =Y v ZPW.
n=0

Using the weights (2.2), we explicitly calculate the following expression for the domain-wall
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partition function of size 1

1-q)
20 () = T1124) 2.49
P (@15y1) 1— qz1un ( )

Proposition 2.35. The generating function of the domain-wall partition function may be

formulated in terms of the double-alphabet shuffle as
ZPW(v) = expg, (vZPV).
This exponential form is equivalent to

1 on
DW _ DW
ZM = — (ZPW)™. (2.50)
We will proceed with two separate proofs of Proposition 2.35. The first will be a direct proof
of the shuffle power formula (2.50) by demonstrating the defining relations of the domain-wall
partition function ZPW. The second proof will rely on the single alphabet shuffle product
formulation of the triangular partition function (Proposition 2.32), and its reduction the to

domain-wall partition function (Proposition 2.30).

First proof of Proposition 2.35. 1t suffices to prove the shuffle power expression (2.50). The
proof will proceed by first demonstrating that the function defined by

1 on
H(l - qx;Y;) - ] (ZPW) (1, T3 YL, oy Yn) (2.51)
2,7 °
is a polynomial in each x and y variable of maximal degree n. Observe the form of the function
ZPW in (2.49) and the shuffle product (2.47). It is not hard to see that the shuffle power
expression (2.50) will produce a rational function with the denominator [T; ;(1 - qz;y;). It is

also easily verified that the following limits exist

for all 1 <k, ¢ <n, from which we may conclude that (2.51) is indeed a polynomial of maximal

degree n in each x,y variable.

Now, it remains to show that the shuffle power expression satisfied the defining recursion
relations of the domain-wall partition function as in Proposition 2.11. The first two recursion
relations, (2.10) and (2.11), follow straightforwardly by the observation that

ZPWV(0;91) = ZPW(21;0) = 0. (2.52)



Chapter 2. The Six-vertex Model 38

In order to prove the remaining relation (2.12) we will proceed by induction n. First note that

ZPW(%;%) =1, (2'53)

y1=1/z1

which serves as our base case and assume, for some fixed n > 2 that ZPV% = 1, (zPw)yetm-1

for each 1 <m <n. Observe that this is equivalent to the assumption that

1

It will suffice to show that

:Z,'?lq(xl,...,Jfk,...,xn;yl,...,gjg,...,yn) (2.55)

1

DW DW .
_Zl GZn—1($17'">wn7yla-"7yn)
n TE=Ye

for any 1 < k,¢ <n under the assumption of our induction hypothesis (2.54). Let us consider

the following

1 1
~2PM ez =~ ), Z0(wsiyr) 22 (wseiyre)

n-1—
S,Tc[n]
[S],|IT|=1
1 1
< T (1= ) [T 0) TT —— [T —— (256)
ieS ies¢ ies Li = X5 Ger Yi —Yj
jere jeT jese Jere

where the only terms which survive the specialisation xj = 1/y, on the left-hand side of (2.55)
are terms satisfying either both k€ .S, ¢ €T or both ke S¢, ¢ e T¢. Let us firstly consider the
specialisation zy = 1/y, of the sole term in (2.56) corresponding to k € S,¢ € T" which, using
(2.53) and

1 1
H(l—xiyj)l_[(l—xiyj) H H =1,
ieS eS¢ ies L —Tj Ger Yi—Yj
jeTe jeT jese jeTe zR=1/y,
can be seen to contribute ~zPW(zy, ... @k, ... 0y, es - Yn). Next, consider the z, =

1/y, specialisation of the sum of terms in (2.56) corresponding to k € S¢, ¢ € T¢. These contribute

1

. Z ZPW(:I;SvyT)ZEYg(xSC\{k}7yTC\{Z})

N scin]{ky,Te[n]N {0}

[S,|T|=1
1 1
x [T Q-zwy) [T (-my) [I [1
€S ieSe{k} ies  Li X5 Ger  Yi —Yj
jeTe~{¢} jeT jeSe{k} jeres{¢}

1 R .
= EZPW O ZP%W (1, Ty T YLy Uy Yn). (2.57)

Now, using the induction hypothesis (2.54), the right-hand side of (2.57) may be identified as
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the function =1 ZP¥. Finally, the contribution of both terms will be

1 -1

SZY T = 22
as functions of the double alphabet (z1,..., %%, ..., T Y1, ..., Yo, -, Yn), Wwhich completes the
argument. O

Second proof of Proposition 2.35. The proof follows by the reduction of the triangular partition

function in Proposition 2.30. Namely, the result will follow from the limit

2 Yn 1 on
hnolﬁ (Zy)" (exl, ey €y Ty ?) = (ZPW) (T1, - T YLy Yn) s (2.58)
which we will demonstrate by induction on n. Firstly, the limit (2.58) holds for n =1 directly
from Proposition 2.30 at n = 1. Let us assume that (2.58) holds for n = k - 1, for some fixed

k> 1. Then let us consider

1—ww;
ZQ *ng_g(wl,...,wgk) = Z ZQ(wP)ZQk Q(U}pc) H —]. (259)
Pc[2k] ier Wi; — Wj
|P|=2 jepe
Let us then specialise the alphabet in (2.59) so that, for fixed € # 0, we set
€x;, fori <k
w; = y (260)

ety fori>k

where we note that the limits lim ..o Zo(wp),lim g Zor_2 (wpe) both exist for any subset
1-w;w;
wi—wjj

P ¢ [2k]. And so, consider now the product [Tcp jepe which appears in the summand
of (2.59). Under the specialisation (2.60), one can see that the this product vanishes in the
limit € - 0 unless the subset P (with cardinality |P| = 2) has exactly one element in the set
[1,k] and one in [k + 1,2k]. For each such P, we may identify S,T c [k] (with cardinality
|S| =|T'| = 1) such that the sole elements, s; € S,t; € T, are also {s1,t; + k} = P. In this way,

we may calculate

1

1—ww;
lim [] ——2 1-x; 1-x; : 2.61
-0 11:'1 w; — L—SI( y])zl:S[C( yj) L_S[ Ti— Ty 1;[ Yi =Yy ( )
jePc¢ jeTc jeT jesS¢ jeT ¢

where the complements S¢, 7 C [k] are defined in the obvious way. Under the same subsets P,

we also may recognise

lim 7, (wp) = Z?M (s, yr), i Zop,—5 (wpe) = ZN (wse,yre), (2.62)
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from Proposition 2.30. Finally, using (2.61) and (2.62), we conclude that

hmZQ * Z2k 2(w17 ce 7w2k) = ZP ) Zk (xla ey Ty Y1y - - yk)a

6—)

which completes the argument. O

The determinantal structure of the domain-wall partition function, through the Izergin—Korepin
determinant of Theorem 2.13, is related to the double alphabet shuffle power formula (2.50)
through the following result.

Corollary 2.36. The summation formula for the domain-wall partition function of Corollary

2.14 holds as a consequence of (2.50).

Proof. Let us begin by noting the following shuffle power property:

k

o 1] T~ (- 2™ (269
which holds for all integers k£ > 0. We do not present an explicit proof of the property (2.63)
since it follows by an analogous argument to that presented in the first proof of Proposition
2.35. That is, firstly under multiplication by [T, ;(1 - gz;y;), both the left-hand side and
right-hand side of (2.63) become polynomials of maximal degree k in each x and y variable.
Then, both the left and right-hand sides both can be seen to obey the following recursion

relations

1-=x
k 1 Yi f — e
kl(xla-"a xk;ylw-'ay’i?"wyk)u
gl qTey;

fk‘(xla"'axk;yla"‘?

1-x,y,
kl J 7 o~
T, .., T T
y;=0 gl Y fk 1( 1 k> Y1, y Yj 7yk)7

-0, (2.64)

xi=1/y;

fk(xlw"?mk;yl?"'ayk)

fk(zla"ka;yla"'ayk)

for all 1 <4,j < k. The relations are immediate on the left-hand side of (2.63). Consider the
right-hand side of (2.63), and note the properties of the k =1 version:

(11 - ZPW) |r1=0 - (11 - ZPW) ‘ ) |a:1:1/y1 =0,

_ DW
y1=0_1’ (11_Z1

which follow from the properties (2.52) and (2.53). Now, for k > 1, the right-hand side of
(2.63) can be seen to satisfy the recursions (2.64) by a similar calculation to the first proof of

Proposition 2.35 whose details we omit.

Now, consider the result of Corollary 2.14. Using property (2.48) as an evaluation for the

number 1, we can free insert a factor of & (1;)°" into the summand of the expression (2.16).
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Then, we may use property (2.63) to obtain the expression

n 1 o(n-r) 1 r

zN =3y (=) (ZPV -1,) (%d?ﬁc)'g(ll)@ (zs;y7)
r=0 S,T<[1,n] : .

[S]|T|=r

1 1
x [T =aiyy) [TA - 2y) T1 [1 . (2.65)
ieS iege ies Li — X5 ser Yi—Yj
jeTec jeT jeS¢ jeTec

whose sums over S, T, for each fixed r, may be identified as a shuffle product (2.47). Finally,

the expression (2.65) may be simplified using the shuffle binomial theorem as

L 1 o(n-r) 1 on
ZDW — - ZDW -1 o (1 or _ ZDW
" Tz:(:)r!(n—r)!( ! 1) (1) n!( P
which completes the argument. O]

2.6 Alternative expression for the triangular partition func-
tion
Theorem 2.37 below contains an alternative explicit expression for the triangular partition

function Z,,(x1,...,x,,) in terms of subset-sums over factorised expressions and valid for both

m even and odd. We first define S by

I‘i—ﬂfj

S(ﬁi,l'j) =

1- Q?il’j ’
and let

u2gl/?

Qe(‘ri’ xj) = S(xivxj) +

02
Q° (i, x5) = xix ;S (2, ;) + ql/—%ch(:pi)h(xj)s (ql/Qx,-, ql/ij) ,

" zixj h(x;)h(x;) S (ql/Qxi, ql/ij) ,

where u is a generating parameter. Furthermore, we define the following functions in terms of
Pfaffians

1-o;2;
ng(u;xlw"a'er) = H —= pf (ng(xiaxj))lgi,jg2m7

1<i<j<2m Ti = T

H 1 -z, . Pf ((ng_1($u xj))15i<j52m71 (_Uh(xz‘))lsiﬂm—l)

Zo . (W Ty, .., Tom_1) =
2m 1( 1 2 1) (uh(xj))lgngm—l 0

l<i<j<2m-1 Ti = Lj
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We also set

Z;mfl(u;xb R 7x2m*1) = ng(u;'rlu ey Tom-1, 1)7

Z9 (w1, .. o) = s (W21, .. Tom, 1).
Using these definitions we can now state the following theorem and corollary.

Theorem 2.37. The triangular partition function (2.22) is recovered by Z,,(z1,...,2y) =
Zm(u=1;21,...,2,) for m e N with

Zm(u; 1, ) = Z8 (w2, o ) + Z0 (W21, -, T ) (2.66)

Furthermore, the partition function with generating parameter, Z,,(u;x1,...,z,), can be

written as

2o, ) = z (u)ls\gs(x)nh(x)nnmf [ 5% (267

€S €S ]eSC —Tj 1<i<jsm 1- qr;x;
i,j€S

where rg = [|S|/2] and
> |IT, |S]iseven

gs(x) = L0
s - :
(ac) ° [Tz 1S]isodd

1€S¢

Remark 2.38. The recursions (2.27) appear in (2.67) as residues of the simple poles at
T = 1/qxg

Proof of Theorem 2.37. The equivalence of (2.66) and (2.67) follows in a straightforward
manner from the Pfaffian definitions of Z¢, and Z9,, the Pfaffian identity (A.3) and from the
fact that the Pfaffian of S factorises [Ste90],

Pf(S(24,75)) 145 icom = o
$7 7 1Sk s 1si<]I—‘£2m Iy
Next we need to show that Z,,(x1,...,2,) = Zn(u=1;21,...,2,). We do that by computing

the generating function
Z(uiv) = Y 0" Zp (i, 1)

m=0
at w=1with Z,,,(u=1;21,...,2,) given by (2.67). We will show that this generating function
is equal to the generating function of Z,,(x1,...,x,) (2.41) from Proposition 2.32. Using the
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definition of the shuffle product (2.31) we rewrite (2.67) with v =1 as

2m
ng(u = 1, L1y ,iL‘Qm) = Z ‘/Qm_j * Wf,

J=0

- 269)
Zome(u=1;21,. .., Topms1) = Z Voms1-j * WJQ,
=0
where we introduced symmetric functions V,, = V,,,(z1,...,2m)
Vs H z;h(z;) H —1 — il
o (ac)m o 1<i<j<2m 1- Q%xj’
m2 2m+1 1= oxs
VVQm 1= h(wz #7
: (CLC g 1<z'<jgm+1 - qT;x;
and Wel° = e/o(xl, ..y Ty ) are defined by
W2em = 17 W2€m+1 = =T1 " T2m+1, WQOm =Ty Tom, W20m+1 =1
All of these functions also factorise with respect to the shuffle product
1 * 1 *
Xom = —X5™, Xoms1 = — X1+ XJ™, for X =V, We¢ W°. (2.69)
m)! m!

From these formulas it follows that the generating functions of V, We W° can be expressed in

terms of the shuffle exponential (2.38). We compute the generating function Z(u = 1;v)

Z(u=1;v) = Z V" Zo (= 1520, ..., Do) +

m=0

/U2m+122m+1 (’LL = 17 Lise-- 7x2m+1)7 (27())

HNgt

using (2.68) and by representing each function V4, I/Vje/ ?in the form (2.69). The first summand

in (2.70) is computed as follows

5 0 (= Lins . wam) = (14 02Vs W) % exp, (02 (Va + 5))

m=0

=exp, (02 (Vo+ Wy +Vix WY)) =exp, (v 22), (2.71)

where Z5 = Z5(x1,x2) in the last expression is the triangular partition function for two sites.
In (2.71) the second equality is due to the nilpotency of the shuffle product and the third

equality is a consequence of the identity
Vot Wy + Vi WY = Z,. (2.72)

Let us remark that the numerator on the right hand side of (2.72) is a polynomial of degree 3
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in each x; while on the left hand side some terms have numerators which are polynomials of
degree 4 in individual z;. In the above equation it is easy to check that the degree 4 terms
cancel on the left hand side. This phenomenon manifests itself if one tries to evaluate the
degrees produced by the formula (2.67). The apparent degree is higher than expected and, in
order to show the connection with Z,,, it is required to argue that (2.67) actually produces

the correct degree.

In the next step we calculate the generating function of the second term in (2.70)

Z U2m+1ZQm+1 U Lz, ... ,12m+1) =v (‘/1 + Wlo) * EXPy (U2 (‘/2 + WQO)) <273>

m=0

= v * exp, (v2 (Zo+ Zy * xl)) =vZp * exp, (U2Z2)

where Z1 = Z1(x1) and Zy = Zs(x1,x2) in the second line are the triangular partition functions

for one and two sites. In the second equality in (2.73) we used
‘/1+W1():Z1 ‘/Q'l‘WQO:ZQ‘l‘Zl*iCl

and the last equality of (2.73) is due to the nilpotency Z;™ =0, n > 1. By combining (2.73)
with (2.71) in (2.70) we obtain the full generating function

Z(u=1;v) = exp, (v’ Zy + vZ}).

which coincides with (2.41) and therefore proves the statement of the Theorem. ]



Chapter 3

Half-space Symmetric Functions

3.1 Double row-operators

In this section we construct double-row operators which serve as our transfer matrices. Our

operators will act on the vector space with basis elements indexed by configurations in the set
W = {SCN:ZSZ- is ﬁnite}.
i

We denote a configuration g€ W with m > 0 parts by p = (i1, ..., ftm) Where i, < < g < 1.
By agreement i = & is defined when m = 0. We will only consider finite configurations p, v € W.
That means that there are only finitely-many occupations in these states and that these occur

at finite positions. We also define an orthogonal inner product on W by (ulv) =4,,,.

Definition 3.1 (Occupation notation). For p € W we define the occupation at site i € N as

1 ifiep

0 otherwise

This chapter is based on the publication [P1|. Minor modifications have been made for overall coherence
and so that the thesis references its other chapters where relevant.

45
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Definition 3.2. A double-row operator on W is defined by its action on co-vectors:

mwoomsomy )
00—zt
[
(1| A(z|Y') := ) weight 0«z |{v, (3.1)
veWw
A
Tt
Y Y2 Y3 )
U
o o o o o o 1> 21
[
(| B(z[Y') := ) weight 0«2z [{(v. (3.2)
veW
U
T
o Y2 Y3

where x, z € C are horizontal spectral parameters and Y = (y1,¥2,...) is an infinite collection
of vertical spectral parameters. For conciseness, we will often omit the family of vertical
parameters from our notation by writing A(z|Y) = A(z) and B(z]Y) = B(z).

Proposition 3.3. The empty state @ € W corresponds to a left-eigenvector of the double-row
operator (3.2)
(2| B(2) = h(z) (2],

where h(z) is given by (2.19).

Proof. When the bottom state is empty in (3.2) there is only one possible configuration on the

double-row. This single state is depicted as

=)
=)
=)

----@-)
----.-)
L 4

.................

L EEEE
i
1
A
1
1

I —_—
T
SRR LEEEY )

which propagates the empty state from below to above the double-row. The weight of all bulk

vertices in this picture are 1, while the boundary vertex has weight h(z). O]

A crucial property of the double-row operators of Definition 3.2 is their algebra of commutation
and exchange relations. In order to prove these relations, we must first define a version of the

double-row operators with finitely many columns.

Definition 3.4. For some fixed N € N, we define the monodromy matrices 7)) (z|Y") and

T (2]Y). The elements of these matrices are double-row row transfer matrices with N
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columns indexed by 7,7 € {0,1}. For fixed states u,v € N with py,14 < N these matrices are

represented as

ooy Ui
joat
N o
(TG (Y ) = icn
mony T iy
(R 1
Y1 Y2 Yn
nooy N
o o o o o j>1
o
T EY) ) = ez
mony T Ny
T T
Y1 Y2 Yn
where x, z € C are horizontal spectral parameters and Y = (y1,...,yn) is a collection of vertical

spectral parameters. As with the definition of the double-row operators, we will omit the
family of vertical spectral parameters from our notation by writing 7)) (z|Y') = T(V)(2) and

T (2]Y) = T (2). The elements of these matrices are represented as

N [ AM(z) BM)() oY AN (2) BM(z)
T )(m)—( CWN)(z) DW)(z) )’ T )(Z)_( CM(z) D(N)(z))

For states p,v € W, we can recover the infinite column double row operators by

Jim (p| A (@] Y) ) = (] A(z[Y) |v).
lim (4| B Y [v) = (] B(IY) Iv)
where the infinite column row-double row operators depend on the infinite collection of vertical

parameters Y = (y1, 92, ...) and we regard the finite column operators as having dependence

on the first N elements of the collection, i.e. (yi,...,yn)-

Proposition 3.5. Fix x1, x5 € C and assume that there exists p > 0 such that

1- 1-
1k q(1 = z2/yr) <p<l, (3.3)
1-qoiyr 1- q372/3/k
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for all k € N. Then the following limit holds for states u,v e W

N—

pe{0,1}

Which has a graphical interpretation

lim Y (i Ty () Tyo  (22) [1) Ry (0, i, 0) = (] A1) A2) V) (3.4)

™ m”v m "
0 - a3t 0— a3t
[ ] p @
0 - 27! 0« 29
lim Z = e
N_’°°pe{0,1} ’ 0« 29 00— ]
[ [ J
0« x 0«2y
m N nony

Proof. Consider pu,v € W to be finite states. We denote their maximum occupation by
7 = max{ui,v1}. Let N be an integer satisfying N > 7 which is also independent of 7. By
expanding the sum on the left side of (3.4) as

. 1-q) ..
Tim (] A () A (2) [v) + % lim (4] BM () CO () [p). (3.5)

The first term, which corresponds to p = 0, has the limit
Jim (] A (20) A (3) ) = (] A(21) A() o)

which is our final result. So all that remains to prove is that the second term (p =1) in (3.5)

vanishes under the limit.

Since we are interested in the large N limit, we consider for N > 7 the partition function

o o Y0 . 0
e e e e B ‘ 0— 151
B H
(1l BN (1) O (5) ) = — 1> a7 (3.6)
1@ .:
RO rrrvrr rrrrey rvrr rrvr - 0«2y
n e 0 0
1 Tt 1
n Yr Yr+1 YN

Since N > 7, it follows that n!',n? = 0 for all 7 <7 < N. This freezes the columns to the right of

the rectangle as shown in (3.6). The rectangle itself can be identified as a double row partition
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with 7 columns. By evaluating the frozen section, (3.6) is reduced to

S 1wy (1 - o /yk)
BWM) (7)) = Lk B ()0 S (37
(ul B (21) O (22) [v) kHI T——— (Wl BT (21)C 7 (22) V). (3.7)

Then with condition (3.3), we can bound (3.7) as

(1l BN (1) M (2) [)] < pN 7 || BT (21) T (22) ),
so that the p =1 term of (3.5) vanishes as N — oco. O
Proposition 3.6. Fix z, z € C and assume that there exists p > 0 such that

1-zyr 1-qzyg
I -qryr 1- 2y

1 -2y, q(1-z/yr)

<p<l, 3.8
1-qry, 1-qz/yx (3:8)

<p<l, ‘

for all £ € N. Then the following limit holds

lim > (| 700 @) TN () 1) R (0, p1: o1 = pasp2) Reje(p2, 1 - p2; 0,1)

N—oo p1,p2€{0,1}
P12P2
T—z .
= (u A(z)B(2)[v). (3.9)
T —qz
Which has graphical interpretation
ny .. o Ny
1-po
e o o o 0— !
® P1—DP2
. D2 1 - Z_l
lim
N—oo p1,p2€{0,1} 0«2
p12po ® D1
0« x
mo Ty
m
e o o o o 1> 21
[
-z 0« z
= X .
T —qz 0-x!
<
0« x
nony

Proof. In a similar manner to the proof of Proposition 3.5, we fix p,v € W with maximum

occupation 7 = max{u,r;}. We may write the terms in the sum over p;,py explicitly as
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v

j
\E

e 771% e "

Figure 3.1: The terms of the sum (3.9) corresponding to (p1,p2) = (0,0),(1,0),(1,1) respectively.

-z xz(l-q) z-2

X . .
AN () BM) BWM) (z)DW)

PR (z)B*(2) + T — ()D"(2)
. l-zz z(1-q)

1-qgrz x—qz

Sy [

B(N)(x)/l(N)(z)] v), (3.10)

where each of the terms corresponds to (p1,p2) = (0,0),(1,0), (1,1) respectively. Each of these

three terms are depicted in Figure 3.1. We will analyse each term individually.

Firstly, the p; = po = 0 term has the limit

2T AN () BN (2) ) = =
—qz

-z
T —qz

Jim (] (Wl A@)B() ).

which is the desired result. So it remains to show that the other terms vanish in the limit.

Consider now the term associated to p; = 1,p, = 0. By virtue of the configurations being finite,
this term can be decomposed into two possible configuration types. For some integer N > 7

which is independent of 7, these configurations are summed over

n 70 0
e S N O 1 -1
e :
; < 1«2
(] B () D) (=) ) = i > 1ol
‘e _:
R rrrer ey e 0« x
" B |
) T 1 1

A1 Yr Yr+1 YN
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ny o0 0 0
. $opofd L P Lo
I @
: 1<z
N
+ ) > 1271, (3.11)
0=7+1-®
................................. 0«=x
g 000
0 (O 0 1
('3 Yr Yr+1 Ye YN

where the dotted rectangles can be identified as stacked double row partition functions with
7 columns. The columns attached to the right of these rectangles in (3.11) can be explicitly

evaluated as

N (D () 1) = Nl L -aye q(1-2/uk) (DD (2) |y
(1l BO@DN ) = TT |7 e 52 [ BO@DO @) )

1 -2y, l-q¢ 1-q ‘H 1-qzyr & a(1-2/yx) BN
< 1 [Ue) () BO) (@) A () ).
peri1l L= qryr o2 1 - qz/yg T=zye i 1= 2uk 121 1- qz/yk

N

Using condition (3.9), we can then bound this term effectively as

(1l BN (2) DD (2) [)] < pV [l BT () DD (2) |v)]

1-
+pNT Y N-7) max {’ﬂ
te{r+1,..,N} |1 - qzxy,

}|<u|B<T><m>A<T><z>|u>\.
(3.12)

} l-q 1-g¢
max
te{r+1,..N} || 1= q2/ye 1 = 2y,

We note here that the conditions (3.8) imply that, for all N > 7, the points qzy,, ¢z/ye, zye are
all bounded uniformly away 1 for all £€ {7 +1,..., N}, and hence the maxima in the second

term in (3.12) remain finite as N — oo, and therefore both terms in (3.12) vanish as N — oo.

It remains to show that the third term in (3.10) vanishes. This follows similarly as

; B[ L -aye 1-qzy ;
BM()AM () |v) = [ i ] B (2)AD (2) |v),
(ul B (2) A (2) [v) kﬂl T — (ul B (2) A (2) [v)

which can be bounded using condition (3.9) as

(1l B () A (2) )] < pN |l B () AP (2) Iv)].

The limit of this term vanishes also, so we may conclude that only the p; = po = 0 term remains

in the limit N — oo which implies the result. ]
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Proposition 3.7. Fix x1, x5 € C and assume there exists p > 0 such that

1—1, 1-2,
L-qrye 1-qzj/yx

for all 7 # j and k € N. Then the double-row operators from (3.1) commute:

Proof. Let pu,v € W with maximum occupation 7 = max{u;,v1}. Also let N be an integer

satisfying IV > 7 and consider the double row partition functions with /N columns

ny o NN
0 - x5!
° 1
0—a7]
> (T (@) T (22) [v) Raya (0,p:,0) = L (3.15)
pe{0,1} 0« 29
[ J
0« T
e T

which, due to Proposition 3.5, has limit (u| A(z1)A(z2)|v) as N — co.

We may then append an additional intertwining vertex to the lattice after the last column. The
boundary conditions of this vertex mean that there is only one allowed vertex configuration on
the intertwiner so that it can be added at no overall cost to the partition function. We have
the (3.15) is equal to

nioony o ny Ui
0 - 27!
e
0— a3t
0 <~ T2
@
0« T
77? 775 775 njltf

We may then repeatedly apply the Yang—Baxter equation (2.4) to manipulate the diagram.

This equation can be applied successively to each column of partition function leading to the
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relation

m

.77N

"

U
0— a7t
[ ]
0— a3t
O<—$2 -
[
O<—ZU1
m

.77N

o

0— a7t
0— a3t
0<—$2

0<—$1

At this point the reflection equation (2.21) can be applied, followed by the Yang-Baxter

equation to push the intertwining vertices back to the right edge of the partition function.

This yields

m

.77N

I

Uit
0 - a7t
[ ]
0 - 23!
O<—I2 -
[ ]
O<—l’1
n

.nN

o

0— 27
0 - 251
0<—.T2

0<-f]31

At this point, the intertwiner at the bottom-right of the diagram can be removed at no cost

the partition function due to the boundary conditions. This yields

v

NN

Ny

0—>x[1

0<—271

0<—.T2

0 — x5!

(3.16)

which we recognise as (3.15) with x; and x interchanged. The limit of (3.16) can then be
evaluated as (u| A(x2)A(z1)|v) as N > oo due to condition (3.13). Since (3.15) and (3.16)

are equal for all N > 7, we can conclude that their limits must be equal. This is the result

(3.14).

]

Proposition 3.8. Given configurations u,v € W let N be an integer N > max{yuq,v,}. For
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21, 29 the double-row operators with N columns commute
(] BN (20) BN (25) |v) = (] BN (25) BN (21) [v) . (3.17)

This can be extended to the case of infinite columns to obtain the commutation relation of the

double-row operators (3.2)

B(21)B(2) = B(22)B(z). (3.18)

Proof. Let p,v € W with maximum occupation 7 = max{p,v;}. Also let N > 7 and consider

the following double row partition functions with N columns

Ui NN
o o o o 1- 21‘1
@
1 -2t
f(N)(Zl7ZQ) = 5 (319)
e o o o 0« 2z
@
0« 1
' oy

with two intertwining vertices appended to the right of the diagram. We note that these
intertwiners are frozen in their own right and can simply be evaluated. For any N > 7 this
yields

— 2122

PO e1,22) = 122 () B () BOO () ). 3.:20)

—qr1%22
It is important to note here that this holds for all N > 7 here rather than in just under the
large N limit as with the proof of Proposition 3.7.

Then following the same procedure as the proof of Proposition 3.7, we may apply the
Yang—Baxter equation (2.4) and reflection equation (2.21) to manipulate the diagram (3.19)

to obtain
(/- /¢
o o o o 1 - z!
[ ]
1— 2!
F (21, 2) = : (3.21)
e o o o 0« 29
[ ]
O<—Zl
m My

The intertwiners on the right side of (3.21) are also frozen in their own right and can be
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evaluated as
— 2172

SO (2, 29) = 222 B () BOD () ). (3.22)

1-qgz129
The result (3.17) is obtained by comparing (3.20) and (3.22). Taking the large N limit yields
the result (3.18). O

Proposition 3.9. Fix z, z € C and assume there exists p > 0 such that

1 -2y, q(1-z/yr)

1-zyr 1-qzyg P
1-gqry, 1-qz/ys -

1 -qryr 1- 2y

<p<l, ‘ p<l1, (3.23)

for all £ € N. Then the double-row operators from Definition 3.2 obey the exchange relation

r—-qz 1-x2

A(z)B(z) = B(2)A(z). (3.24)

r—z 1-qxz
Proof. Let p,v € W with maximum occupation 7 = max{yu,v;}. Also let N be an integer

satisfying N > 7 and consider the double row partition functions with N columns

Z (1l 76(,;\?(1:)7;(1]22,1_372(2) V) Re2(0,p1;p1 = p2,p2) Reje (P2, 1 = p2; 0, 1)

p1,p2¢{0,1}
P12pP2

L/ O/
o o o o 0 - -1
[
1— 21
= = fM(z,2). (3.25)
0« z
[
0«2
' oy

Due to condition (3.23) and Proposition 3.6, the limit of (3.25) is

lim f™)(x,z2) =

Tr—z
N—o0 T —qz

(1l Ax) B(2) |v) (3.26)

We may manipulate the diagram of (3.25) to obtain an exchange relation in a similar way to

the proof of Proposition 3.7.

By following the same steps as in the proof of Proposition 3.7, we may arrive at the following
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diagram which is equal to (3.25) as a partition function

(/- /¢ (/- /¢4
0— 2t 00—zt
[ ] [ ]
1 -1 _ 0
f(N)(:E,Z) _ - Z _ 1-—2z2 <«
e o o o 0« z I-qxz e o o o 1 - z71
[ ] [ ]
O« x 0« z
' oy ' oy

The last equality follows from noticing that the intertwining vertices are both frozen by the
boundary conditions, so they may be evaluated as a factor and removed from the diagram.

The limit of the right diagram yields

1-2z .
i (N) =
fim F(e.2) = 1 (B AW ),
which can be combined with (3.26) to give the result. O

3.2 Symmetric functions

We will now define a partition function which will be central to much the remainder of this

work.

Definition 3.10. Fix two alphabets (x1,...,xr) and (21,..., 2y ), and configurations p, v € W.
We define

Gy, ., zn]Y) = (pl A(a|[Y ) A(zL[Y) [v) (3.27)
Fup(21, - 2m|Y) = (| B(21|Y ) B(2m|Y) ). (3.28)

The functions (3.27) and (3.28) can be represented diagrammatically by stacking double-row
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operators (3.1) and (3.2) appropriately. We find
nony
0— a7t
[
0« Iy,
[
Gy/#(ZEl,...,ZEL|Y) = (329)
[
0 - a7t
[
0« T
mony
(R
Y Y2 Y3
and
nony s
e o o 1-— z]‘v}
o
0« ZM
e o o
o
Fu(z, ..., 2mlY) = o o o (3.30)
o
o o o 12!
[
0« 21
moony
O
Y1 Y2 Y3

We will also, where convenient, omit the family of parameters Y from our notation.

The primary focus for the remainder of this work will be the partition function depicted in
(3.29). This will ultimately be shown to reduce to describing the behaviour of the ASEP on

the half-line with generic open boundary conditions.
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In many cases we will be interested in the partition function (3.29) whose bottom state is
empty, so that u = @. While for the partition function (3.30) we will often be interested in

cases when the top state is empty, so that v = @. In such cases we will write

Gy/@(lfl, . ,ZL’L|Y) =: Gl,(l'l, . ,ZUL)
Fug(z, ..., 2mlY) =t Fu(z1, ..., 20)

Corollary 3.11 (of Propositions 3.7 and 3.8). Fix u,v € W. Given parameters xy, ...,z € C
and Y e CN all satisfying the conditions (3.13), the partition function G,/,(z1,...,2zL]Y")
is symmetric under permuting its x-alphabet. Given zi,..., 2y, € C, the partition function

Fop(z1,...,2m|Y) is symmetric in permuting its z-alphabet.

Proposition 3.12 (Branching relations). The partition functions from Definition 3.10 obey

the branching relations

GV/M(Z'l, Ce ,LZ'L+M) = Z GV/H/(:L.M+17 e ,LCLJrM)GH/M(:Cl, Ce ,ZL'M), (331)

FM/V(Zb cee ZL+M) = ZF/\/V(ZM+1> cee ,ZL+M)FM/,\(217 cee >ZM)-
A

Proof. This can be seen by inserting a sum over a complete set of states between the double-row
operators in (3.27) and (3.28). O

Proposition 3.13. Fix a configuration 1 € W. The partition function (3.27) obeys the
sum-to-unity property

ZGV/M(:]:D' .. ,iL'L) =1.

Proof. This follows from the stochasticity of the bulk and boundary vertices, Propositions 2.2
and 2.16. ]

3.2.1 Cauchy summation identity

In this section, we use the exchange relation (3.24) to prove an infinite summation identity
of Cauchy type between the functions (3.27) and (3.28). This identity is the hint of a deeper

orthogonality theory behind these functions that we plan to explore in a future text.

Theorem 3.14. Fix the alphabets (z1...,21),(21,...,2y) and assume there exists p > 0 such
that

L-ziye 1-qziyx
L= qriye 1 - zyx

1-zye q(1 -2/ yw)
L —qziyr 1-qzi/yx

<p<l, (3.32)

<p<l, ‘
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forall 1<t < L,1<j< M and k € N. Then the partition functions from Definition 3.10 satisfy
the skew Cauchy identity

ZGN/p(xla'"7xL)FI€/l/(Zl7"'7 )

HH[%_% ZZ%]Z (21 2 ) Gop (20 ap).(3.33)

i1 o1 L T~z L —qzix;

where the sum on the left is an infinite sum over k € W while the sum on the right is a finite
sum is over A € W contained within p. That is, A\; < p; for all ¢ less than the lengths of both A
and .

Proof. We begin by writing the left-hand side of (3.33) in double-row operator notation as
S G, 2)Fop (o, 2ar) = (| A() - A(p) B(21) B (2ur) ).

From here we may commute the A operators through the B operators using Proposition 3.9.

Each commutation will generate a multiplicative rational factor; collecting all of these, we have

(1 A1) A(zr) B(21)B(zar) V)

_ H I [mj -qz 1-zx; :|<M|B(Zl)"'B(ZM)A(Il)"'A(xL) ). (3.34)

Ty -2z 1—qzw;

The right side of this may be recognised as the right-hand side of (3.33) ]

Corollary 3.15. With the same set of assumptions as in Theorem 3.14, one has the following

summation identity

M M L .
ZG,{(I'l,..-,ZUL)FN/,/(ZI,...,ZM):Hh(zz Hnlx] qzl Ml ]GV(II7"'7xL)' (335)
K i=1

i=1 j=1 Lj— % 1- qzix;

Proof. This is the u = @ case of Theorem 3.14. Indeed, following the same steps as in the

previous proof we use the fact, due to Proposition 3.3, that

(2| B(21)-B(zu) = n h(z) (2]

n (3.34). This recovers precisely (3.35). O

Remark 3.16. Subject to the positivity, Propositions 3.12 and 3.13 motivate the understanding
of G, as the propagator of a discrete-time Markov process from initial state u to state v. In

order to define an appropriate probability measure, the spectral parameters (z1,...,z1) and
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Y = (y1,99,...) need to be fixed so that the weights from table (2.2) and (2.20) are all real,

non-negative and less than or equal to 1.

We may also regard the symmetric function F' as an observable of this Markov process; indeed,
the left-side of (3.35) can be interpreted as the formal definition of the expectation value of
the observable F, ), with respect to the discrete measure G,. Provided that the right-hand
side of (3.35) can be evaluated explicitly, Corollary 3.15 then provides a systematic method

for evaluating the expectation value of the observable Fy,.

3.2.2 Recursion relations

In this section we demonstrate a series of recursion relations for the symmetric function (3.27)
which will prove important in deriving a formula for the function. These relations follow from
the unitary of the R and K-matrices (Propositions 2.6 and 2.19) and the R-matrix factorisation
(Proposition 2.4).

Proposition 3.17. We have the following relations for the row-operator (3.1):

A(0) =0, (3.36)
A(21) = id, (3.37)

where id is the identity within End(Span W). Further, for fixed x € C, if there exists p > 0 such
that

|1—xyk. q(xyp —1) <p<l

1-qryr 2yr—q

for all 5 € N, then it holds that
A(x)A(2z7!) =id. (3.38)

Proof. We will proceed with the proof of each identity separately. In each proof, we will

consider arbitrary finite configurations p,v € W.

(i) Proof of (3.36). It is sufficient here to consider the partition function

ny ny n
00—zt
f(x)=(ulA(z)|v) = . : (3.39)
i
neony o

where we will be interested in the case z = 0. We note here that all contributions from

the weights which make up (3.39) are non-singular at x = 0. In this case, the vertex
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configuration with weight z(1-¢)/(1 -¢z) =0 from (2.2) cannot appear. This means

that the lower row of (3.39) cannot carry any occupations on any horizontal edges.

This will mean that the only possible boundary vertex configuration will be that of
weight h(z) = 1. Since the weight z(1-¢)/(1 - ¢z) = 0 will not appear on the upper row,

each horizontal edge on the upper row must be occupied.

However, this is not permitted since the boundary conditions on the right edge must be
vacant. This means that there is no possible path configuration in (3.39). It follows that
f£(0) =0, which gives the result.

(ii) Proof of (3.37). We will again consider (3.39), this time with = = £1. In this case the
function h(+1) = 0 so that the boundary vertex must have both entry and exits either

both occupied or both vacant. Both of these configurations carry weight 1.

This is equivalent to the fact that that K (1) is the identity matrix. We are then left

with
ny ny o n ny ny n3
0 0
f(£1) = = :
0 0
nonh o n noony o n

where we have made repeated use of the unitarity condition of R-matrices (Proposition
2.6), to produce the final equality. From here we may conclude that f(£1) = 1 which

gives the result.

(iii) Proof of (3.38). Let 7 = max{ui,v1} and let N be an integer satisfying N > 7. Then

for x # 0, consider

ny SN
0->=x
[ ]
(N) (N (N) (1 0zt
Z <M|7B,p (‘7;)7;),0 (LL’ )|V>Rx/x(07p7p70): 0
pE{O,l} O<—l’
[
0« =x
]
(3.40)

which is equal to (u| A(x)A (z71)|v) in the limit N — oo from Proposition 3.5. Due to

the factorisation property of the R-matrix (Proposition 2.4), we may recognise that the
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intertwining vertex in (3.40) is the identity. We may simplify (3.40) as

ny Ui ny Ui
0—-=x 00—z
[ } [ ]
= : (3.41)
[ ] [ ]
0« x 0«2z
et T oy ne Tt T

where we have use the unitarity property of the R-matrix (Proposition 2.6) over the N
columns to obtain the second diagram. Within this diagram, we may use the unitarity

property of the K-matrix (Proposition 2.19) to simplify (3.41) as

(/- /¢
00—z
Oz
)

from which we may again use R-matrix unitarity to remove all vertices. This shows that

(3.44) is equal to (u|v), which yields the result under the limit N — oo.
[

The relations in Proposition 3.17 for the row-operators lead to recursion relations for the

partition function (3.27).

Corollary 3.18. The partition function G, (x1,...,2.|Y") from (3.27) satisfies the following

recursion relations

Gy, L) ._020,
Gojp(x, ..., 21) T Gy, &4,...,2),
Gy/u(l'l,...,[L'L) T :GV/M(x17'"7ij7"'7‘§:k7"'7‘7’.[/)7 (342)
z;=1/z}

forall 1 <¢<Land 1<j< k< L. Here, ; means that x; is omitted from the alphabet

(z1,...,2L).

Proof. These follow from the row-operator identities,(3.36),(3.37),(3.38), in Proposition 3.17
as well as the fact that G, is symmetric in its alphabet. O
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Corollary 3.19. Let pu,v € W and x4,...,2 € C\{0}. The partition function (3.27) satisfies
the following unitarity property:

> Gy (a:{l, . ,le)GH/u(xl, ey @) = Ope

Proof. The proof follows from the branching relation (3.31), the recursion relation (3.42), and

the fact that G, evaluated on an empty alphabet is equal to 9. n

3.2.3 Empty initial conditions

Lemma 3.20. Let (z1,...,21) be an alphabet satisfying conditions (3.13) for all i # j. The
evaluation of the symmetric function indexed by a single configuration G, = G, from (3.27)

reduces to the following partition function

v

n o ns

v

13

° O—>J:Z1

G (a1,... oY) = © . (343)
o 0— a5t

. 0— a7t

o 0 0 0 0 0 O O O 0 O
T (N N

T ITg Tn YL Y2 Y3

Proof. Given an integer N > vy, consider the N column version of the double-row picture

(3.29). We may append a triangular arrangement of R-matrices onto the right-hand side of
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the lattice to obtain the following object

ny ... ..oy
0— z;!
¢ D2r-2
0
0
[ J
0—a7!
gIEN)('Tla"'vxL) = Z ' ) (344)
p1,p2,-€{0,1} 0« xp
° D2
0
° P 0
0« T
0O 0 0 O

where the sum is over all occupations of the edges of the appended triangle. Absorbing the
sum into the notation of the partition function, we can apply the Yang—Baxter equation to

move the intertwiners to be adjacent to the boundary. This is depicted as

Uit Ui
0— xz;!
[ ]
[ ]
0—z7!
gl(,N)(xl,...,xL) !
0<—.Z‘L
[ )
[ )
0<—$1
0 g

We note that the left-moving sector of the vertical columns is frozen with no occupations. As
a result, these vertices may be evaluated to 1 and removed from the diagram. In the limit
N — oo this results in the desired diagram (3.43).

Now directly consider the large N limit of (3.44). Due to the conditions (3.13) the only term
which survives this limit is the one with p; = -+ = po,_o = 0. This forces all p; = 0 so that the

sum of (3.44) collapses into a single term where all intertwining vertices are equal to 1. This
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yields

Alfi_r)riogl(,N)(ml, ce,xp) = Alfi_r)rolo(®|A(N)(:p1)~--A(N)(xL) lv)=G,(x1,...,21).

The diagram in (3.43) leads to the following result.

Theorem 3.21. When both the initial and final configurations are empty, i.e. p=v =@, the

symmetric function (3.27) reduces to the triangular partition function (2.22)

Go(21,.. . 2r) = Zr(21,. .., 21).

In particular, G does not depend on the collection of vertical spectral parameters Y.

Proof. This result is immediate from diagram (3.43) in Lemma 3.20 when we set v to be
empty. This causes there to be no occupations on any of columns or rows past the point
of y;-dependence. This means that the entire bulk on the right evaluates to 1 and may be

removed without effect on the partition function evaluation. O

3.2.4 Cauchy summation identity revisited

Corollary 3.22 (of Theorem 3.14). Fix alphabets (x1,...,21),(21,...,2n) and assume that
there exists p > 0 such that conditions (3.32) hold. Then the following Cauchy summation
identity holds

z(;ﬁ(xl,...,m)m(zl,...,zM)=Hhz@>HH[% 2 x]

i=1 i=1 j=1

« 11 ﬂ.pf(xi;zcg(xi,xj)) . (3.45)

I<i<j<L Ti = T
where @ is given by (2.32).

Proof. The proof follows by using Theorem 2.28 in the Cauchy summation identity of Corollary
3.15. 0

We note here the parallel of (3.45) to the refined Cauchy identity of Macdonald polynomials
from [KN99|, which is expressed as the product of the Macdonald Cauchy kernel and the

Izergin-Korepin determinant in [War08g].



Chapter 4

Half-space Markov Processes with Generic

Boundary Parameters

The central objects of this work are the two symmetric functions of Definition 3.10. Theorem
3.21 shows that the function G, reduces to the triangular partition function when both
bottom and top configurations are empty. The previous section demonstrates how even when
both conditions are empty this symmetric function is highly non-trivial. In this section we
provide more insight into this behaviour by providing two equivalent evaluations of G, for
arbitrary v from an empty p = @. The form of this function leads to a striking conjecture on

the orthogonality of the dual family Fj.

4.1 Subset formula

Theorem 4.1. Let the state on the bottom be empty while the arbitrary state on top
v=(v1,...,V,) consist of n occupations at positions finitely far from the origin. Assume that

L >n and there exists p > 0 such that

-z, q(1—2;/y) <
L-quiye 1-qzjfye |~

p<l,
for all 1 <i# j < L,k eN. Then the partition function (3.27) is calculated explicitly as

Gy(z1,...,x]Y) = > Zpn(apy, - xg, ) [ h(2)

Kc[L] [13:¢
|K|=n

This chapter is based on the publication [P1|. Minor modifications have been made for overall coherence
and so that the thesis references its other chapters where relevant.

66
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XHH rj—qr; 1-xm; H 1-zz;

D 1 — LT

ik jeke | Tj = T4 ATiTj | 1<i<j<L qT;T;
i,je K

Tho) ~ Ik : l(l - q)xk"(")yyi - Lko iy Yi

o (i)
* Z H x - H 1-qx 1-qzx ;
eS8y 1<i<j<n ko (j) ko) i=1 ATk, Yv;  j=1 4Tk, Yj

(4.1)

The outer sum is over subsets K = {ki,...,k,} of [L] = {1,..., L} with n elements, whose

complement is denoted K¢ = {ky,... ,kr_n}.

We will now prepare for the proof of this important result. Instead of proving that the partition
function with empty initial condition (3.43) is equal the rational function (4.1), it is convenient
to invert the family of vertical spectral parameters, with Y~ = (y;%,y5',...), by considering
the diagram from (3.43)

v

ny o ony N3

° 0— ;!

° 0— a7

o 0 0 0 0 o0 O O O 0 0
T (R N N

I e L
Which we will show is equal to the following rational function formula, which is equivalent to

(4.1) with inverted vertical spectral parameters

&, (..., 2 ]Y ) = Y Ziu(wgy,. .o ag, ) [T R(2:)

Kc[L] ieK
|K]=n

T;—qr; 1-mx; 1-2x;
ik o

jek jere L Ti— i 1 —quixj | e 1 — quin;
i,jeK

[(1 - q)xka(i)/yyi et 1 - Ika(i)/yj
1 - qua(l) /yl’z j=1 ]' - qua(z) /yj

(4.3)

< S T] Thoey ~ ko) 1

oSy 1gi<j<n Tko(jy ~ Thoy i=1
Before we present the proof of Theorem 4.1, we will need some important properties of the
partition function which largely follow from Lemma 3.20.

Lemma 4.2. The partition function from Definition 3.10 with empty initial condition satisfies

the following properties. We note that for configuration v € W with at least one occupation,
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The coordinate v, € N denotes the right-most occupation in v.

(i) G, (z1,...,2L]Y 1) is a meromorphic function in y,,. Its poles are all simple and occur

at the points y,, = qz; for 1 <i< L.
(ii) G, (z1,...,2L]Y 1) is symmetric in its alphabet (z1,...,2.).

(iii) The residue of G, (z1,...,z.|Y 1) at its simple pole y,, = gz, is given by

-qry 1-z125§

-1 L X
Resy,, =go |Gy (21, 22 |Y 1) | = (1= @)aih(a) [

i -1 1 -qr;

vi—1

Y — 1 -1
X =G va,ovn) \ L2y -+, T Y . 4.4
[T 222G (el ™). (80

(iv) The limit in y,, is

lim G, (xl, . ,xL|Y_1) 0.

(v) When the coordinate is empty
Gy (a:l, .. ,xL|Y‘1) =Zp(x1,...,xL).
Proof. We will demonstrate the properties diagrammatically on the partition function(4.2).

(i) From the diagram, the only dependence on y,, is from the v;’th column. The weights
which contribute to the partition function from this column will be from (2.2) with
z = /Y., where ¢ corresponds to the rows 1 < i < L. All of the vertex configurations carry
weights which are either entire functions of ,, or are analytic except at the isolated point
Yy, = qx;. Since these weights contribute the only dependence on y,, we can conclude
that G, (z1,...,2.]Y 1) is a meromorphic function for all y,, with possible singularities

at the isolated points y,, = qx; for 1 <i < L.

Each global path configuration on (4.2) is will feature a weight from each vertex in
the v1’'th column at most once. Since each weight generates at most a simple pole at
Yy, = qx;, we can conclude that the partition function will be a sum of rational functions

with simple poles at y,, = qz;. Therefore the poles at these points will be simple.
(ii) This property follows from Corollary 3.11.

(iii) Observing the boundary conditions, the vertex in the v4’th column and first row has two
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possible vertex configurations. these are shown in the table below.

N

Since the all-empty configuration on the left has weight 1, lattice configurations where
this vertex is empty will have a partition function contribution which are analytic at
Yy, = qr1. When the other weight is involved the contribution will have a simple pole at
Yy, = qr1. By taking the residue of the whole partition function at the point y,, = qz1 we
isolate contributions where this vertex is non-empty. Such configurations are depicted in

the following diagram

141
4 a4 a a oA

............................... ,- --.E---.E---::---‘:.---E-.‘ B B

. E ....... E ....... EE ....... E ........ E ....... E ....... E E ....... E R
& 4 & oo
Y~ Y2~ Y3 Yu,

By fixing the configuration at this vertex, we really freeze the contribution along the
whole line associated with spectral parameter x; and the line associated with vertical
spectral parameter y,,. This freezing passes on the empty boundary conditions from
below the first line to the second line. Likewise it enforces the empty conditions on the

right of the v4’th column to the (v —1)’th column.

After removing the frozen contribution when taking the residue, what is left in the
rectangle in (4.5) is that of the same partition function (4.2) with a n -1 coordinates

(va,...,v,) and L -1 rows with spectral parameters (xo,...,x1).
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Taking this residue can be written as

14

Resyulzqm[Gy (xl, .. ,xL|Y‘1)] = h(z) [] Il—[ Y; — 1

1 - 21T, -
i l—qrizy 53 Y5 —qn

Y

Ny 21(1 - q) 7 (o, — ;)
Gove vy (w9, xr[YY) 1 ) —
* (2,00m) (:EZ $L| )yVll_r)rqlxl [(y ' qxl) Yvy =41 ]1:[2 Yvy — 4T

which can be easily manipulated to take the form of (4.4). We note here we can include
the entire inverted alphabet Y~ and remove it from the evaluation of the limit since the

smaller partition function will only have explicit dependence on y; for 1 < j < wvs.

(iv) From the table of weights (2.2), the configuration

has weight (1 - ¢q)z;/(y,, — qx;) when the horizontal and vertical spectral parameters are
z;t and y;! respectively. In the limit y,, - oo this weight is equal to zero and will not

occur with the v1’th column of the partition function.

However when observing the boundary conditions of (4.2), we note that there is a path
exit through the top of the v4’th column while there are no occupations on the bottom
entry or to the right of this column. Consequently, this weight must appear in the v;’th

column exactly once for any configuration to provide a non-zero contribution.

Meanwhile, all other vertex configurations within (2.2) will not diverge under the same
limit. This is sufficient to conclude that the limit of the whole partition function will

evaluate to zero.

(v) This property follows from Theorem 3.21.

O
We will now proceed with the proof of the theorem.
Proof of Theorem 4.1. Let us write (4.3) in the more compact form
&, (z1,...,2|Y ) = Y Zr (wge) h(ag) A(2glere) @, (2x|Y 1), (4.6)

Kc[L]
|K|=n
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where we have defined

h(zk) =] M),

e K

T;—qr; 1-z75 1-zx;
] (2 (2adV] ]
R e e D s
iek jere L U3 —Ti LT qTi%j Jigicj<r LT iy
i,je K

(o) 5 ] ety

[(1 = D Thyiy [ Yo ¥t 1=k, 1Y
0eSn 1<i<j<n Tkoey ~ Lhoy i=1

V= qun, /v 51 1= ah, /v ]

We shall begin by proving that (4.6) obeys the same set of properties as G, (z1,...,2.|Y 1)
from (4.2). These are the properties in Lemma 4.2 which provide a recursive construction
for the formula (4.3) with an initial condition, and so completely define the formula for (4.2)

through an inductive argument.

(i) &, (z1,...,2L]Y 1) is a meromorphic function in y,,. Its poles are all simple and occur
at the points y,, = qx;, 1 < ¢ < L. This property is immediate from the formula for
®, (xx|Y '), which is the only place where &, (z1,...,2.|Y 1) has dependence on the
family Y.

(i) &, (z1,...,2L|Y 1) is symmetric in its alphabet (z1,...,21). This is manifest from the
form (4.6) of &, (z1,...,2L]Y ).

(iii) The residue of &, (z1,...,2,|Y 1) at its simple pole y,, = gz; is given by

L .. _ .
Resyylqul[ﬁy ($1,...,$L|Y_1):| = (1_(])1‘1h($1)nx] gy L1

jo2 Tj I 1 -qxix;

vi—1

Yj — L1 -1
Svovn s xplY 7).
X JI:{ Y; - qa (v2,.., )(x2 le )

This is easily seen by computing

Resy, —gz, [‘Pu (zxlY™") ]

T;—qr Sy - 3 .
(1-q)z J Dy ) (T (13 ]Y ifle K
jefg\l{l}xj—xlgyj—qxl ) (TrVH[Y )

0 itl1¢K
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and noting that for 1 € K, we have

Ti—qr & 1—-212;
A(ZL‘K|ZL‘Kc)= H J 4 17 A($K\{1}|ch), h(ZL’K):h(l‘l)h(xK\{l}).

jeke Tj =1 j5 1 —quiz;

(iv) &, (x1,...,2.]Y"!) > 0 as y,, - co. This follows by computing this limit directly on
D, (xx|Y 7).

(V) &y (x1,...,20|Y V)= Z(2q,...,21). This is simply the n = 0 case of the formula (4.6).

We have shown that &, (x1,...,2.|Y ') obeys the same set of properties as G, (z1,...,2.|Y 1)
does according to Lemma 4.2. It remains to show that these properties imply the equality of

the two objects; we do this by induction on the length of . To that end, define the function
(.., 2 ]Y) =6, (xl, . ,:cL|Y‘1) -G, (xl, . ,:cL|Y‘1) )

By construction, 34(x1,...,2.|Y) =0. It follows that there exists an integer m >0 such that
3u(x1,...,2L]Y) = 0 for all strict partitions p = (11 > -+ > ) of length m (with L being

arbitrary); this is our inductive hypothesis.

Now let A = (A1 > --- > Apuy1) be a strict partition of length m+1. We know that 3,(z1,...,2.|Y)
is a meromorphic function in y,,, its poles are all simple, and it vanishes as y,, - oco. However,
from the recursion relation obeyed by &, (x1,...,z]Y ') and G (z1,...,2,]Y 1), as well as
the inductive hypothesis, all poles have vanishing residue. This means that 3,(z1,...,2.|Y")
is entire and bounded in y,, and therefore constant. This constant must be zero in view of
the known y,, - oo behaviour. It follows that 3)(x1,...,2.]Y") = 0 for all strict partitions
A= (A1 > > Apyp) of length m + 1, and the inductive step of the proof is complete. ]

4.2 Integral formula

Here we will present the sum over subset expression (4.1) as an equivalent nested integral

formula.

Definition 4.3. Fix an alphabet (z1,...,z1) € C¥Z. We denote by Cy,...,C, a collection of

positively oriented closed complex contours satisfying

e For all 1 <7< j<n, we have that ¢C; lies completely outside the interior of C;, where ¢C;
denotes the image of C; under multiplication by ¢. In addition, if 1 is within the interior

of C; we also require that C; is completely contained in the interior of C;.
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C ¢
qC .
(N [. 1\l
\-’( o U
[ ]
(a) Permitted contours where C; = C. (b) Permitted nested contours surrounding 1.

Figure 4.1: Diagrams depicting arrangements of contours allowed by Defintion 4.3.

e For all 1 <i< L, the contour C; surrounds all points x; and does not surround the points

qrj,qtr;t, gyt a,c forall 1< j< Loand keN.

Examples of contours satisfying the conditions of Definition 4.3 are shown in Figure 4.1. These
conditions allow for some freedom with contour choice. In particular we may choose all contours

to be equal, C; =: C for all 7, provided that the contours neither lie upon nor enclose 1 € C.

Provided that the integrand considered has no singularity at 1, the contours may surround 1
if we choose that they are nested. That is, for all 1 <7 <n -1 the contour C; is completely
contained within the interior of C;,1. This choice is convenient as it allows us to choose elements

of our alphabet, x;, to be arbitrarily close to 1.

Theorem 4.4. The partition function expression (4.1) can be expressed as the following n-fold

integral:
d dw, _ _
Gy (z1,...,20]Y) = jg —1. jg — 7 n (1;1, T, wh ,wnl)
¢ 2mi cn 2mi
y ﬁﬁ[qwi—xj 1 -wx; ] H l wj — w; 1—qwiwj]
i1 =1 L Wi — Ty L= quity | ggen | qwy —wi 1 —wiw;
noac(qu?-1 s e - wy,
XH[ YT ey
ic1 L (wi —a)(w; — ) 1 - quiy,, 1 1—quiy;
where the contours Cy,...,C, satisfy the conditions of Definition 4.3.

Proof. The idea of the proof is to replace each x; for i € K in the sum in (4.1) by an auxiliary
variable w; that will be integrated over a contour surrounding simple poles at all xy,...z.
The sum over K then dictates which n of the L possible residues are evaluated, whilst the

sum over o € .5, dictates the order in which the residues are evaluated for a given K.

For this to work, only the residues at w; = x; in (4.7) should be evaluated. All other poles in
(4.7) therefore need to be excluded from the contours, and this is guaranteed by Definition 4.3.
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Firstly, it is obvious that the explicit poles in (4.7) at a, c, cflgy;1 and q71$]—.1 need to lie
outside each contour. Secondly, the poles at gz; also need to be avoided because these cause

singularities in Zj,,,, see below. Moreover, for 1 <i < j <n, the factors of the form

wj —w; 1-qww;

qu; —w; 1 —w;w;’
produce potential residues which will be avoided when ¢C; lies outisde the interior of C;.

In order to reproduce the triangular partition function Z;_, that appears in the summand of
(4.1) we extend this function to Zp,, in the combined alphabet (x1, ..., 2z, wit, ... w;!). During
the evaluation of the residue of the simple pole at each w; = z;, the recursion relation (2.26)
ensures that we re-obtain Z;_,, in the complement alphabet of z-variables of (4.1). Furthermore,
according to Proposition 2.22, the rational function Z,, (z1,..., 2, wi!, ..., w;') has poles
at w; = at, w; = ¢! and w; = qz; and so has no singularities at w; = ; that could affect the

residue evaluation.

In order to proceed, we rewrite the following factor that occurs in (4.1),

H H lxj—qxi 1—:cixj]: H H 1 HH (qui —xj)(1 - )

ik jeke L T — T 1= quixy | jcje jeie Ti = T ek 51 1 - qz;z;

1 -quz; qr? -1
x ‘ . (4.8)
1 G-y e a2
i,je K
Incorporating this we notice that for each K the second line in (4.1) is manifestly symmetric

in the variables x; for ¢ € K. This allows us to replace each x; for 7 € K with wy, i.e. the right
hand side of (4.8) is replaced by

n n L ( W1 - wiTs n 1- an. n 2 _ 1
qu; — ;) (1 - w;z;) qu;W; qu;
(wi -w ) )
e G 0=y 1 Guran (= vy H T gunt=ap)
%] %]
and each ,(;) and z,(;) in (4.1) is similarly replaced by w; and w; respectively. Simplifying
and cancelling common factors we thus obtain the integrand of (4.7). Finally we note that
the factors w; —w; in (4.7) ensure that after evaluating the residue of w; at zj, the singularity

at w; =z, is removable for all j # ¢, and hence that the residue for each w; is evaluated at a

different simple pole. O



Chapter 5
Half-space Spectral Theory

This chapter will focus on the properties of the symmetric functions from Definition 3.10
in the case where the boundary vertices become upper-triangular. In this specialisation a
symmetrisation formula for the partition function F), is provided, which is shown to obey a

spatial orthogonality relation.

5.1 Eigenvector relation

Let us consider specialising the boundary parameters a, ¢ so that the boundary weights become
upper-triangular. This is achieved by specialising one of the boundary parameters, in our case
¢ — oo, whilst leaving the parameter a arbitrary. In the limit ¢ - oo the boundary vertices of
(2.20) are tabulated below.

’ .
4 ’
’ ’
4 v
’ ¢
4 ’
. N
N .
N AN
. .
. .
N N

1- 2
z(1-axz) a(z ) 0 ]
z—a z-a
In this upper-triangular boundary specialisation, the partition function F,(z1,...,%,) from
(3.30), indexed by a single half-space configuration € W and an alphabet (zy,...,z2,) € C?,

has the following eigenvector property.

Corollary 5.1 (of Theorem 3.14). Let n,L > 0 be fixed integers. Fix the alphabets

This chapter will be the basis of a future publication whose main result, Theorem 5.12, was posed as a
conjecture in the publication [P1].

75
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(z1...,21),(21,-..,2,) and assume there exists p > 0 such that

1-zye 1-qzye
1-qryyr 1- ZiYk

1 -2y, q(1-2z/yr)
1-quiye 1-qzi/uk

<p<l, (5.1)

<p<l, ‘

forall 1<i<L,1<j<n and keN. Then, in the upper-triangular boundary limit ¢ - oo, the

partition functions from Definition 3.10 satisfy the following summation identity

L n L sy
ZGK/“(Z'l,...,xL)F,{(Zl,...,Zn)anl(l ax)nnl% gz 1 sz]] w(Z1,00,2).

el i1 j Ty -2z 1-qzz;
(5.2)

Note that we may interpret the half-space configurations u, x € W as coordinates in some discrete
and countable physical space, while the alphabets x, 2z are coordinates in some continuous
and uncountable spectral space. Corollary 5.1 allows us to interpret the partition function
F,(#,...,%,) as an eigenvector of the matrix G,/,(x1,...,2r) where matrix multiplication
takes place over the physical space and the eigenvectors are indexed by the uncountable
spectral space. Recall also the sum-to-unity property of the function G, from Proposition
3.13. Provided that we have a non-negative specialisation, we may regard the function G,,, as
the discrete-time transition probability of a Markov processes between two physical half-space

coordinates in W.

5.2 Symmetrisation and coordinate Bethe ansatz

For a fixed integer n > 0 we denote the group of signed permutations of {1,...,n} by B
Sy, x {£1}". This group is of order 2"n! and is sometimes known as the hyperoctahedral group.
The group B,, acts on functions of some alphabet (z1,...,z,) of length n by permuting the

variables as
U(f(zl7 s ,Zn)) = f (za(l)a RRE) ZU(n)) ’

where the negative indices are defined by z_ := 1/(gz;) for any 1 < k < n. Wherever it is
convenient, we will use either o; or o(i) to denote the image a signed permutation. The

symmetric group of permutations, S, is contained within B,, as a subgroup.

5.2.1 Symmetrisation formula for F,

The main result of this section is Proposition 5.2: a symmetrisation formula for the function

which plays the role of eigenvector in Corollary 5.1. Let us define the following plane wave
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function for k£ >0

1-az (1-¢)z% 1-qzy;
(=) = pu(efy) = - 120D :

5.3
1-qz? 1-zyp 51 1-2y; (5:3)
Proposition 5.2. Let p= (p1,. .., ftm) € W™ be a half-space configuration with m parts and
consider the partition function F),(z1,...,%,) from (3.30) of an alphabet of length n >m. In
the upper-triangular specialisation ¢ — oo, the partition function may be expressed as the

following symmetrisation formula

1

Fu(iye s 2a) = () Vi [ |
=1

22 5 U( 0 lzl-—qu 1- 2z ]ﬁ%(%)), (5.4)

2= G ye, \1<i<jen | 2~ % 1—qzizj |34

where ¢ is given by (5.3) and the overall normalisation factor is

¢ (1-q)*
e [(1-¢) (1+g )]

Vi = (5.5)
Remark 5.3. By virtue of Corollary 5.1, Proposition 5.2 provides the explicit form of the
eigenvectors of the matrix defined by the partition function GG. This symmetrisation formula
is of the same form that one would expect to derive using the coordinate Bethe ansatz
method, where the the hyperoctahedral group B, emerges rather than the symmetric group
S, due to the presence of the boundary at the origin in the half-space. In the language of
Bethe ansatz, the parameters zy,..., 2, are not constrained by the requirement that they
are solutions to any Bethe ansatz equations. They are in fact free to take values satisfying
the constraints (5.1) since the half-space is infinite volume where there is no quantisation
condition. Similar symmetrisation formulas to (5.4) have been derived for integrable models
in half-space for models previously using coordinate Bethe ansatz (see for example [TW13]),

and for vertex model constructions for BC,-symmetric Hall-Littlewood polynomials (see for
example |[WZJ16]).

Before we present the proof of Proposition 5.2, it will be important to outline several key

intermediate results. The first is the following symmetrisation identity.

Proposition 5.4. For any fixed integer n > 0 the following factorisation holds on any alphabet

(21,5 2n):
Zi—qz; 1—2;2; 1
Z U( H [ 95 . ]) =17
veB, \1<icjen | %= % 1 =022 Va

where the constant V}, is given by (5.5).

Proposition 5.4 will be used extensively in Chapter 6, and so, we will defer the proof until there

(see Proposition 6.7). The argument essentially follows by matching with a summation identity
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found in [Venl5| which is used to show that a BC,-symmetric Hall-Littlewood polynomial

indexed by an empty partition is equal to 1.

Let us define a local permutation operator s; for any ¢ € N, which acts on the infinite-
length alphabet Y = (y1,%s,...) by interchanging the order of y; and ;1. That is, ;Y =
(Y155 Uity Vit Yir Yir2, - - - )-

Lemma 5.5. Let (u1) € W! be a fixed half-space configuration with one part (so that p € N).

The one double-row partition function F{,,)(z) obeys the following recursion relation:

Yur+1 — QY Yu (1 —¢
Floy (2| Y) = 5 "W oy gy Ym120)
yu1+1 - y,ul pni+l — ym

Fun (1Y), (56)

Proof. Let us consider the one-double row partition function Fi, ) (z|s,,Y), onto which we

may attach an intertwining vertex to the top of the lattice as:

0 0
0 0 0
o o o o o - j2!
Py (23, Y) = o
0 0 1 0 0
1 T

U1 y,u1+1 ym

The intertwining vertex may be attached without changing the value of the partition function
since the attached vertex is frozen with weight 1. Application of the Yang—Baxter equation

(2.4) leads to the following expansion:

o o o o o - j2!
[
1< 2
Fy (2 ]5,,Y) = 0 0 0
: 5.7)
n 1 0
T
Y+l Y
Yu (1-9) Yl = Ypu
= ) (2| Y) + " Flay (21Y),
Yyur1+1 — qYuy i+l — QYu,

where each term on the right-hand side of (5.7) comes from each configuration of the intertwining
vertex. The coefficients may be calculated from reading off the weights of the intertwining

vertex from the table (2.2). The result (5.6) follows by re-arranging the right-hand side of
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(5.7). O

The following collection of properties is central in the proof of Proposition 5.2.

Proposition 5.6. Let n > m > 0 be fixed integers and let 1 = (1, .. ., ftr) € W™ be a half-space
configuration with m parts. The partition function F},(21,...,2,) from Definition 3.10 satisfies

the following properties in the upper-triangular specialisation ¢ — oo:

(i) F.(z1,...,2,) is a meromorphic function in the variable y,, . Its singularities are all
simple poles and occur at the points y,, = z;1, gz for 1 <i<n.

(ii) F,.(z1,...,2,) is a symmetric function under permutations of its alphabet (z1,...,2,).

(iii) The following residue evaluation evaluation holds:

Res F(zl,..., n) =

2
Yy =27t a—z 1-gqzf

1-az (1-q)(1-23) H[zl qzi 1- 212 ]

21—22 1—qz1z

bl - gzy;

X ———Flp) (22, 2). (5.8)
o 1- 2y, (B25eesftrm)

(iv) The following limit holds

lim F,(z1,...,2,)=0.
Yuq =00
(v) When the coordinate is empty
moa(l -z
F@(Zlv"'72n) H ( ) (59)
1 a—z
(vi) F,(z1,...,2,) obeys the following symmetry under the inversion of its first variable
21~ 1/(qz1):
z-a qz1(aqz — 1) ( 1 )
CFy (21, % s ) e (=L, ) 5.10
1_21 (21, 22 Zn) = 1-¢22° "\ gz 2 < (5.10)

Proof. We proceed by demonstrating each of these properties individually where we assume

throughout that = (p1,. .., ) € W™ is a half-space configuration with length 0 <m < n.

(i) Consider the column in the double-row lattice of the partition function F),(z1,...,2,)
from (3.30) associated with s, which is responsible for the function’s y,,-dependence.
The partition function F,(21,...,2,) is a rational function in y,, since the weights of the
vertex configurations which may appear in the column are themselves rational functions

in y,,. The lower rows of the partition function is a constructed from the weights in the
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table (2.2) with argument z;/y,,, for each 1 <7 <n, whose weights are either constants or
contribute possible simple poles at y,, = ¢z;. Similarly, the upper rows are constructed
from weights in the table (2.5) with argument z;y,,, for each 1 <4 <n, whose weights
have possible simple poles at y,, = z;'. And so, F,(z1,...,2,) is a meromorphic function

in y,, with the appropriate singularities.
(ii) This property follows directly from Corollary 3.11.

(iii) We will calculate the residue at y,,, = z;* explicitly on the partition function (3.30). This
residue isolates specific configurations of the dotted vertex in the column associated with
Y., on the bottom double-row. That is, the evaluation of the residue means that the

following vertex configuration will not appear

——,

since its weight is equal to 1 and any lattice configuration containing this vertex configu-
ration is therefore analytic at the point y,, = 27!, By virtue of the boundary conditions
only the following configurations may appear in the dotted vertex in question with the

following residues:

z.‘l - == z,_l —
i i -1
Res | = Res 1 (5.11)
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This leads to the following calculation on the lattice of the entire partition function:

OOOOOO

BRETLEEETLEED PO PPCEEERLVCRT TR CRTTrS

S S S SN

el
D ettt 0 e
A T
R SRR R EE R S L
T S »
Res F(21,...,2 | Y) =T = © oo dmemeteme—= o (51
yu1721 21 “"'.~~“---:—-":"'f"':"":.7':‘-':"€'0(_22
PSR SR GRS S S S S R
« L :
RCEEY EEECEEY PERUTES e Fets 0+ 2
mony ony 10
totot i

Let us examine the different subsections of the lattice on the right-hand side of (5.12)
individually. Using the branching relation of Proposition 3.12, we may rewrite the residue
as

Res F(Zl,...,ZTLlY):ZFK(ZQ,...,ZTL‘?) Res Fue(xY),

Yuq _21 K Yu1=

where Y is the infinite-length alphabet Y with y,, replaced by 27! and where the sum
over kK € W is the over the state in between the first and second double-rows of (5.12).
The section of (5.17) contained within the dotted rectangle may then be recognised as

the partition function F\ (22, ey Zn ‘ 17)

Note that whenever x has non-zero length, its largest part satisfies k; < ;. Upon
evaluating the residue at y,, = 27! and factoring out its value, we may regard the
responsible vertex as a factorised bulk vertex (akin to Proposition 2.4). For fixed k, let us
consider the residue of the function F),/,.(21). By virtue of the allowed configurations of the
pi-column vertex (5.11), the bottom row can be understood to have the right-boundary
conditions of the partition function G defined by (3.29). In fact, this relationship can be
made precise by re-normalising the first p; — 1 dotted vertices using (2.6), which yields

-1 1- p=l 1
Res Fu/n(zl 1Y) = q-1a(l-2) H Uit

G (.. Y
Yur =2 2 1-q2f 51 1-qyn [(H25eeespim) (Zl‘ )

Note that in the lattice path formulation of the partition function Gy u,.....1m) (zl ‘ 17)
(see (3.29)), the vertical and horizontal spectral parameters coincide in the upper row of

the column associated with 1, which is consistent with the application of the factorisation
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(iv)

property (Proposition 2.4) as above. Putting this all together, we may recognise (5.12)

as

~lq(1-23)rt 1-y;2
Res Fu(zl,...,zn|Y):q a( ;) I Yi
Yuy=27" 21 1=-qz ja l-qyiz

X3 Grottumrgm) (21 | Y) Fi (22, ., 20 | Y) . (5.13)

We may then apply the skew-Cauchy identity of Theorem 3.14 to re-write the sum over
k in (5.13) as

21—z 1- 212 _ N
E[ Zl — Z; 1 —q;lzi:l z/\:F(“27"'vl‘m)/)‘ (227 <y Rn | Y) GQ/)\ (Zl ‘ Y)

" lz1—qz 1-212 ] 21(1—az) ~

= : F, czZn|Y), (5.14
g [ 21—z L—qnz (2restim) (22’ ' ‘ ) (5:14)

which has been simplified since the only non-zero term in (5.14) is the one due to A = @.

The result (5.8) follows by including (5.14) into (5.13).

Note that we have assumed that the z1, 29,..., 2, parameters are such that convergence
conditions of the skew-Cauchy identity (3.32) are satisfied for all k € N\ {p }. It is easily
verified that these conditions are satisfied for k = p1. The result (5.8) may be understood

to hold for all appropriate values of 21, 29,..., 2, € C via analytic continuation.

Consider the weights of the column corresponding to y,, that makes up the partition
function F),(z1,...,2,). Observe that in the limit y,, — oo the following weights vanish

in each double-row:

It follows from the boundary conditions that for each double-row the only possible

configuration with non-zero weight in the column associated to ¥, is the following:
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(vi)

However, since the external edges on the top of the lattice in (3.30) must be empty,
this configuration may not occur on the top double-row of the lattice and so the whole

partition function vanishes.

Recall the double-row operator construction for F),(z1,...,2,) from (3.28), which may

be simplified for u = @ with Proposition 3.3 to yield

: : . 2oa(l-z;
(0] B(r)B () 12) = [Th(=) - {ele) = [T L),
i=1 =1 A%
where we have evaluated the function h(z;) from (2.19) in the upper-triangular speciali-

sation ¢ — oo.

Using the partition function symmetry and branching relation of Proposition 3.12, we
may write
F(z1,22,...,2p) = Z Fx(z1)Fup (22, -, 2n),
)

so that it suffices to prove the inversion symmetry property on the one double-row
partition function F)(z1). Since F)\(z;) vanishes whenever A has two or more parts, the
result follows by considering the empty configuration and all configurations A € W! with
one part. Let us first consider A = @, where the required inversion symmetry (5.10)
follows immediately from the evaluation of Fi(z1) in (5.9). Let us then consider A = (1)
(so that there is one part adjacent to the boundary) which may be calculated explicitly

as the sum of two possible lattice path configurations as

21(1—Q)+Zl(1—a21) m-z1 l-gq zl—Zf 21(y1 —a)(1-q)
Y1 — 4= zi—a  Yyr1—qyn l-yiz Z1—a(yl—q21)(1—y121)

F(l)(Zl) = (515)
The right-hand side of (5.15) may then be explicitly verified to satisfy the inversion
symmetry property (5.10).

In order to show the property for all A = (A\;) € W! with A\; > 1, we will proceed via
induction on the coordinate A;. Let us fix A; >0 and assume that F{,,)(z) satisfies the
required inversion symmetry (5.10). Recall Lemma 5.5, whereby F{),.1)(21]Y") may be
written as a linear combination of F{y,)(z1) with permuted y alphabets. Importantly, the
only z; dependence in this expression for F{y,.1)(z1) is through the functions Fiy,)(21)
which satisfies the required inversion symmetry (5.10) because of our induction hypothesis.
And so, we may conclude that the property holds on F(),;1)(21) and all A € W! via

induction. O

We are now ready to proceed with the proof of the symmetrisation formula for F,. The proof

will proceed along similar lines at the proof of Theorem 4.1.
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Proof of Proposition 5.2. Let us define the rational function §,(z1,...,2,) as the right-hand

side of (5.4). The argument will proceed by first individually demonstrating that the rational

function §,(z1,. .., 2,) satisfies each of the properties of Proposition 5.6, after which it will be

shown that this is sufficient to determine that the rational function is equal to the partition
function F),(z1,...,%,) from Definition 3.10.

(i)

(ii)

(iii)

For each term associated with o € B,,, the only dependence on y,, in the symmetrisation
formula for §,(21,...,2,) comes from the single factor of ¢, (25(1y). This factor is itself
a meromorphic function of y,, since it is a rational function. The only singularities
of v, (25(1y) in y,, occur at y,, = z;(ll), which will take only take the required values

depending on the signed permutation o € B,,.

Since it is the product of the symmetric product H & - and a symmetrisation over B,

Su(21,. .., 2,) is @ manifestly symmetric function.

The only terms within the symmetrisation formula (5.4) for §,(z1,...,2,) which have
a singularity at y,, = 27! are those which have a factor of ©y,, (21). These terms are
exactly those associated with signed permutations o € B, satisfying o(1) = +1. It is,
therefore, only these terms within the symmetrisation which contribute to the residue.
We calculate their contribution directly as

1o

Res §.(z1,...,2) = (=a)""V, H

Yuq _Zl =1 % —a

x Z U( H [ i—qz; 1 ZZZJ]HSQM(Z@) Rezsilsoyul(zl). (5.16)

oeBn I<i<j<n | % T %) 1 - qzz; Yu
o(1)=+1

Observe that the factor following factor is invariant under z; » 1/(gz;)

2i—qzj 1-2z;

zi—zj 1—qzz;

It follows that

ﬁ 21-qzj 1= 212
<1

=2 -zj 1-qzi1z;

is invariant under the action of all o € B,, satisfying o(1) = +1. And so, all z;-dependent

factors in the sum of (5.16) may be factored out. This yields:

1-22 221 -qz; 1-22;
Res Su(zl, cyZp) = ! H[le J ! J] Res ‘Pyul(zl)
2

Yuqy=27" 21— a s —z; 1=qz125 |yu, =21

o 152 3 o T [q ]Hw) (5.17)

2i— 2z 1-qzz;
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where we may recognise the bottom line of (5.17) as the symmetrisation formula for

S (uarim) (225 - -, 2n). The required property (5.8) follows by explicitly calculating

1-az 21— qzy;

Res z1)=—(1-¢q
Yy =27 P (1) =~ )1—q2% i 1= zy;

(iv) Along the same lines as the first property, each term in the symmetrisation formula has

a factor ¢, (25(1)). It follows from (5.3) that limy, , e ¢y, (200)) = 0.
(v) This property corresponds to m = 0, where it follows directly from Proposition 5.4.

(vi) Consider the following two rational functions:

Z2-a qz1(agz — 1) ( 1 )
—— Fu(z1, 22,0, 20), —_—. — 20y Zn |
1-22 821,22 ) 1-q?23 Sy qz1 2

Observe that the multiplication by the rational pre-factors on both the functions reduces
them both to symmetrisation formulas over B, of the same function. The inversion

symmetry (5.10) follows immediately.

By virtue of Proposition 5.6, we have now shown that §,(z1,..., 2,) satisfies the same collection
of properties (i)-(vi) as the partition function F,(z1,...,2,). It remains to show that these
properties imply that the two rational functions are equal. Let us define the following rational

function
321,y 20) =802, ) = Flu(z, .0, 20),

which we will show vanishes by induction on the length of the configuration p. Throughout
the remainder of the proof let us fix the difference n—m > 0, so that the induction will proceed

on m,n together.

By construction when m =0 (or u = @) we have 35(21, ..., 2,-m) = 0. Then, let us assume that
for some fixed integer m > 0 that the function vanishes for all configurations = (g1, ..., tim)

of length m i.e.

3y (215, 20) = 0. (5.18)
Then consider, for some fixed half-space configuration k = (k1,...,Kmps1) of length m + 1,
the function 3., . «..0)(21,-- -, Zne1) which is, as the difference of two appropriate rational

functions, a meromorphic function in y,, whose singularities are simple poles at the points
Yiy = 27 1 gz for all 1 <i<n+1. However, since F,, and §, are both symmetric and share the

same residue at y,, = z;', the following residues vanish:

ReSLl 3(517---7’im+1)(217 R Z7L+1) = 07

Yry=%2;
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for all 1 <i<n+1. Using the inversion symmetry (5.10), we may similarly calculate the residue

at the point y,, = qz1:

1-22q2(agz -1
Res Fioy i) (2152253 Zng1) = L2 ( 21 5 ) - Res Fl(wi,22,...,2n41)
Yn1 =021 zi—a  1-q%z; Yy =wyt L
wi=gr
_ z1(a-qz) (1-¢q) (1-22) ﬁ [qzl -z 1-¢?z2 ]
a—-z 1-qz iz | 21— 22 q(1-qz12;)
k1—1
q(y; - =1)
X =l rimen) (22, ooy Zna1).
911 Yy — a7z (12 1)( + )
The same calculation may be performed on the symmetrisation formula F,,  x,..0)(21, -5 2n).
And since we assume that §e,, 1) (22,05 20) = Flao,mmia) (22, - - -5 2n), it follows from the

symmetry of both functions that

R,_eS 3(517-~-7'€m,+1)(217 cee 7ZTL+1) = 07
Y1 =497
for all 1 <i<n+1. From this we conclude that 3, _x...)(%1,--.,2n+1) is an entire function

of y.,. Using the properties that we showed earlier, it also follows that

lim 3(517”.7,%“1)(21, ceey Zn) =0.

Yrq =00

From this, we may conclude that it is a bounded entire function, which is identically zero by
virtue of Liouville’s Theorem. Thus, we conclude that (5.18) holds on all configurations of

length m + 1 which is the necessary induction step. O

5.2.2 Symmetrisation formula for G,

Much like its dual function, the partition function G, also admits a symmetrisation formula in
the upper-triangular boundary parameter specialisation ¢ - co. However, this symmetrisation

is only over permutations S, rather than signed permutations B, as is the case for F),.
Let us define the dual plane wave function for k > 0

a-z 1-q2(1-q)ypt=t 12y,
Uul2) = (oY) = o ]
z(1-az) 1-2%2 1-qzye j11-qzy;

(5.19)

which will play an important role in the remainder of the chapter. Note that the dual plane

wave function (5.19) is distinct from the plane wave function (5.3). We will also define the
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following modified version of the dual plane wave function

kll

¢k(2) ¢k(Z|Y)—1 22 (1 -q)zyk - 2Y;

(5.20)
a-z l-qzyr j11l-qzy;

Corollary 5.7 (of Theorem 4.1). For a fixed integer n, let v € W be a configuration with
n parts and (x1,...,x,) € C* be an alphabet of length n whose components satisfy the
requirements of Theorem 4.1. Then the partition function (3.29) indexed by state v has the
following symmetrisation formula in the upper-triangular boundary parameter specialisation

C —> 090:

G,,(xl,...,xn)za”Za( H l i~ 4% 1_90%]1—1%@(36 )

veg,  \icicjen | T5— T 1 —quiz;

Proof. Consider the subset formula for G, given by (4.1). Since the length v and the alphabet
(z1,...,x,) are of the same length, the outer sum reduces to a single term K = [n] while the
sum over permutations S, remains. The only remaining products outside the symmetrisation
are symmetric under the action of all O’ € Sn, and so they may be brought into the sum. The
result follows by noting that h(x;) = ) and identifying the function (5.20). O

5.3 Orthogonality relations

In this section we will outline orthogonality relations of the functions F, and G, in the
upper-triangular boundary parameter specialisation which have symmetrisation formulas given

in Proposition 5.2 and Corollary 5.7 respectively.

5.3.1 Preliminary results

The orthogonality relations we present will involve various multiple-integral expressions with

nested complex contours which we now outline.

Definition 5.8. For a fixed alphabet of vertical spectral parameters Y = (y1,%2,...), we

denote by Ci,...,C, a collection of positively oriented closed complex contours satisfying

e For all 1 <i<j<mn, wehave that ¢C; lies completely outside the interior of C;, where ¢C;
denotes the image of C; under multiplication by ¢. In addition, if 1 is within the interior

of C; we also require that C; is completely contained in the interior of C_j.

1

e For all k € N, the contour C; surrounds all points Y, and does not surround the points

qyit, ¢ Yk, g7yt a for all ke N
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We note that the contours C; of Definition 5.8 are nested in the same way as those C; of
Definition 4.3 except that they surround the points w; = y;* for all 1 <7 <n and k € N. As such,
many of the properties of the contours of Definition 4.3 carry over to those of Definition 5.8. In
particular, whenever the point 1 is not contained within the interior of the innermost contour
C1, then all contours of an appropriate multiple integral expression may be deformed to coincide
by C; = C without changing the value of the integrals, where C is a small contour surrounding

the points y;' for all j € N.

Definition 5.9. Let H(wy,...,w,) be a rational function in n variables which is analytic
at the points w; = wj?l for all 1 <4 # j < n and has possible simple poles at the points

Wy = yjfl forall 1 <k <n and j e N. We call H an admissible function if the specialisation
H (wy,...,wy,)

has removable singularities at wy = ijl forall 1<k, /<n and jeN.
We=wy,
Note that there is no requirement on a rational function being symmetric in order to be to be
admissible. The following result will be useful for the symmetrisation and manipulation of

multiple-integral expressions whose contours are arranged such that they are nested according
to Definition 5.8.

Lemma 5.10. Let H be an admissible rational function in n variables. Then the following

multiple contour integral expressions are equal:

dw dw w; —w; 1 —quw;w,;
‘75 — ‘75 = - e H(wy,...,wy,)
) om Cn 2mi 1<Z<]<n w; — qw; 1 —ww;

L ph p L s (S ), 52

¢ 27“ 211 1<i<j<n 1- WiWj 5es, 1<i<j<n Wi = qUWj

where the contours Cy, . ..,C, on the left-hand side satisfy the conditions of Definition 5.8. The
contours on the right-hand side all coincide, where C is a contour which surrounds the points
yjfl for all j € N whilst not surrounding any other singularities of the symmetrisation inside its

integrand.

Lemma 5.10 essentially amounts to the ability to symmetrise multiple contour integral expres-
sions of certain integrands whose contours are initially arranged according to Definition 5.8.
The fact that these contour expressions may be symmetrised is not immediately obvious. This
is largely due to the factor of [];.;(1 —wyw;) which appears in the integrand of the left-hand
side of (5.21) which contribute singularities when the w-variables are all in neighbourhood of
1 € C. These types of factors are usually not present in the studies of orthogonality in full-space
models (see for example [TWO08, BCPS15]), and it is essentially a feature of coordinate Bethe
ansatz scattering factors in half-space models. The appearance of these factors expressions of

half-space models may be found in, for example [TW13, He24].
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Proof. As outlined in Figure 4.1, when the point 1 € C is not contained within the interior of
Cy for all 1 <k <n, the contours of each wy-variable on the left-hand side of (5.21) may be
deformed to coincide Cj + C without crossing any singularities of the integrand, after which,

the symmetrisation may be performed freely.

So let us assume, without loss of generality, that the point 1 € C is contained within the
interior of the innermost contour C; arranged according to Definition 5.8. Let 1 < k <n be
a fixed integer and let us consider the wy-integral on the left-hand side of (5.21) under the
deformation of the contour Cj + Cj_;. The only possible singularity which may be crossed
under this deformation are the simple poles at the points wy = w;',. We will ultimately show
that this may be regarded as a removable singularity in wy once all integrations are performed.

Let us then freely evaluate the residue of the left-hand side at this point

i —wj 1 - quw;
Res ] lw ad qu]]H(wl,...,wn)

wi=wily 1<icien L Wi — qWj 1 —w;w;

_ (1—q)(1—wi71) w; — w;j 1—qwiwj]

wet (Wi —q) ks [Wi-qwy 1w,
(1,5)#(k=1,k)

(5.22)

By virtue of our assumption that the function H is admissible, the right-hand side of (5.22) has
removable singularities at the points wy_; = yjfl for all 7 € N. And so, the only w;._; singularities
enclosed by the C,_; contour are those at the points wy_; = w, ! for each 1 <¢<k-1. From

here, we will show that the following integral vanishes

dwy,— i —w; 1 - quw;
9{ Tl Res ] lw O Z T g, wy) = 0, (5.23)
Cr-1

2m1 w=wil 1<i<j<n | Wi — qWj L = wyw;

for each 1 < k£ <n by describing a series of sequential contour manipulations. The fact that
the wy_;-integral (5.23) vanishes is sufficient to allow for the required contour deformation of

Ci ~ Ci_1 for the wy-integral.

The first step is the deformation of the ws-integral from Cy + C;, which implies (5.23) for k = 2
since the resulting w;-integral surrounds no singularities. Let us assume that for k£ > 2 we have
been able to deform all contours Cj,_; = C;. Then we may freely deform the wy-integral contour
from Cj, ~ C; without crossing any singularities of wy. Now the poles at wy =w;' for 1 <<k
may be accounted for by deforming the wy-integration from Cy + C;. These singularities are
all understood to be removable by virtue of (5.23) for k = 2. It follows via induction that
all contours may be deformed so that they coincide as Cj, + C; =: C to match the contour

arrangement on the right-hand side of (5.21).

Since all contours coincide, the symmetrisation may take place which recovers the right-hand
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side of (5.21). This completes the argument. H

Lemma 5.11. For any x € W, the partition function Fy (w1, ...,w,) is an admissible rational
function according to Definition 5.9.

1

Proof. It suffices to consider F), under the specialisation wy = wi" using the branching rule

(Proposition 3.12) and the symmetry (Corollary 3.11):
F, (wl,wfl,wg, . ,wn) = ZF,\ (wl,wfl) Fip(ws, ... wy).
)
Lemma 5.11 will follow by showing that F (w1, w;") has vanishing residue at w; = y;* for all
7 eN.

Let us remark that whenever A = @, the partition function Fy (w;,w;') may be evaluated
using (5.9), which is analytic at w; = yjfl for all j € N. And so, we only need to show that
F) (w1, w;") has vanishing residues at w; = y;' for all j € N. To this end, let us define the

following partition function for fixed \ # @:

0 0 0 0 O

1—> w1
[
0« wy!
Alw)= 1—wit (5.24)

0« w1

mom N

T 1

U1 Yo YN

which implicitly depends on some integer N > ;. We may then write

N
- 1 - qury; wi — qyi
Ey (w1,wy) = fa(ws) - [ ],
( 1) (wr) g I-wy; wi-y
which accounts for the change in the normalisation of the vertices from replacing the dotted
vertices with stochastic vertices for both double-rows according to (2.6). Importantly, the
function fy(w;) defined by (5.24) is analytic at w; = y;l. This means that we may calculate

the required residue as

N [1 — qu1Y; w1 — qY;i (5.25)

Res Fy (wi,wi!) = 1) Res
The residue on the right-hand side of (5.25) is non-zero for all 1 < j < N. And so, we will proceed
by showing that fy (yj‘l) =0 for all 1 <j < N. Let us then consider this partition function
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(5.24), evaluated at w; = yjfl for 1 < 5 < Ay, which may be written using the factorisation

property (Proposition 2.4) as

0O 0 0 0 O
1> y;l
° 0« "
0« y;l
o oy
I

This may then be simplified using the unitarity properties of the R-matrix and K-matrix
(Propositions 2.6 and 2.19) to yield

0 0 0 0 0 0 0 0 0 O
1—>y]T1 1—>y]fl
[ ]
O<—yj O<—yj
Hhy')= 1>y - L>yi . (5.26)
0<—y}1 ()<—y]T1
Y1 Yj Yn Y1 Yj Yn

At this point we may again use the unitarity of the R-matrix and the Yang—Baxter equation
(2.4) to find

0 0 0 0 0 0
1—y! 1yt
0« Yj 0« Yj
j-1 J-1
(") =TT L>y; - [T0,0- L=y, . (5.27)
i=1 0« y;l i=1 0« y;l
m m m N
f 1 f 1
Y YN Y; YN

The product in (5.27) comes from identifying the first j — 1 columns of (5.26) after applying
unitarity. Now observe that all vertices on the upper row of the right-hand side of (5.27)

are frozen. Evaluating these frozen vertices and removing them from the lattice yields the
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following expression:

0O 0 1
B i 1_ y]2 1—-y;
i=1 qy;
oy
f 1
Yj YN

Finally, observe that the right-most vertex in (5.28) has no possible allowed configuration,
and so, we conclude that the entire partition function f) (y;l) = 0. This completes the

argument. O

5.3.2 Spatial orthogonality

Theorem 5.12. Let n > m > 0 be fixed integers and let v € W" x ¢ W™ be half-space
configurations with n and m parts respectively. Then the following spatial orthogonality result
holds:

1 d dw,, i 1 -quw;
Sy = gy §£ v Wim Wy L2 AU ) (s w),
: (1-¢q)" Je, 2mi C, 2mi 1<1<]<n w; —qw; 1 —wyw; |7
(5.29)
where the contours Ci,...,C, are defined according to Definition 5.8 so that they all surround

the points w; = y] , for 1 <i<n and j € N and no other singularities of the integrand.

The orthogonality relation (5.29) consists of series of contour integrals whose contours are nested
in the complex plane according to Definition 5.8. The following Corollary is a symmetrised

version of the same orthogonality relation.

Corollary 5.13. For fixed integers n > m > 0, the following symmetrised spatial orthogonality

property holds as a consequence of Theorem 5.12:

5 - 1 yé‘dwlmjgdwn 1_[ lwi—wj 1—qwiwj]
T (I=q)rarn! Je 2w Je 27 gL, | wi - quy 1 - waw;

2
n L 1-— 2
XH[( U ) qwz]Gl/(wla"'7wn)Ff€(w17"'7wn)7

| \wi (1-w?) ) 1-aw;

where the contour C is a small contour surrounding the points w; = y;l for all 1 <i<n and
7 €N.
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Proof. Firstly, observe that the rational function [];¢,,(w;)F(wy,...,w,) satisfies the re-
quirements being an admissible function according to Definition 5.9. This can be seen simply
by Lemma 5.11 and where it is clear that multiplication by [T; %,,(w;) does not affect the
admissibility. The argument then follows by freely deforming the contour integrals of (5.29)
to coincide and subsequently symmetrising according to Lemma 5.10. The partition function
G, can be seen in the factorised integrand by noting the symmetrisation formula of Corollary
5.7. O

Let us define the following product of partition functions
X(Wk|Y) =G, (wy,...,w, | Y) - Fy(wy,...,w, | Y). (5.30)

Let us also recall the local permutation operator s;, defined for ¢ € N and its action on the infinite-
length y alphabet by swapping the order of y; and ;41 as: ;Y = (y1, ..., Yi1, Yis1, Vi, --- ). Let
us also define its action on half-space configurations v € W by interchanging the occupations of
the two-sites ¢ and i+ 1. That is, if (n¥,n%,,) = (4, k), then s,v € W is a half-space configuration
defined by the occupations (1", n;]) = (k,j) with all other n} =7, for all £ e N~ {77+ 1}.

Lemma 5.14. Let n > m > 1 be fixed integers. Consider two half-space configurations
ke Wm v e W with m and n particles respectively. For any integer ¢ € N, whenever
(nF,mr,) =(0,1) the following relation holds:

7 — Y 1- i
MX(V,BM 1Y) + %X(%H 1Y)
Yis1 — qY; Yiv1 — qY;
(k|5 Y), ya—
1- i i+1 — Yi .
- (1-q)y x (v, k5] 5Y)+ q(Yin — Y )x(ﬁz‘%"v’ |s,Y), if (n7,n%,)=(1,0) (5.31)
Yiv1 — qYi i+1 — qQYi
(1 - Q)ym Yir1 — Yi .
——x (v, k|8Y)+ ———x(siv,k|8Y), if (n¥,n7,)=(0,1
Yiv1 — qY; ( | ) Yiv1 — qY; ( | ) ( +1) (0,1)
Proof. Recall the partition function expression for the function G, (w1, ...,w,) given in Lemma

3.20. In our case, where v € W” is a half-space configuration with n parts and we consider an
alphabet of length n, particle conservation enforces the fact that every boundary vertex in
(3.43) is frozen in the configuration which creates a path at each vertex. In turn, this freezes

the entire triangular section of the lattice, which may be evaluated in the upper-triangular
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specialisation as:

° 1 - w;t
L 1
° 1
—aan. a2
° 1_,w51 _ H 1 —ww; a(l wi).
1$i<j£n1_qwiwj =1 A~ W;
° 1 —wi!
0O 0 0 0 0
T 1
Wy W, o,

Observe that whenever v € W” is a half-space configuration with exactly n parts then we may

express
n 2
1 - ww; a(l-w?)

[l

1-quyw; o7 a-w;

G (wy,...,w,|Y) = Ty (wr, .. w,|Y),

where, following the freezing of the triangular section of the lattice of (3.43), I', may be realised

as the following partition function?

Ulb)
wyt -1 0
1 0
Ly(wy,y ..., w,]Y) = 1 0.
wit -1 0
0O 0 0 0 O
T
Y1 Y2

We may deduce by Lemma 3.20 and Corollary 5.7 that I', has the following symmetrisation

formula:

T 1= VVVi_l 1= .
Fy(wly-..,wn)Z ZO’( H L~ 4% ( Q)Zyl i ])

oS, \ici<jen Ti—Ti 1| 1—qzy,, 1 1-qzy;
We may then identify the quantity (5.30) as

WYy [T v fpelow) v, 4y,

l<icgen L —qQUiw; i1 a—w;

4These boundary conditions have been considered extensively in the context of full-space models where they
are typically denoted by F, see for example [Bor17,BP1§] in the context of the higher-spin vertex model. The
particular case of the fundamental six-vertex model is addressed directly in [GGW24].
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where X(v, k) =T, (wy,...,w,) - Fy(wi,...,w,). And so, it suffices to prove the relation (5.31)

on the quantity X (v, ), which we observe may be expressed as a single partition function

v

n s
1
1
1
[ ] [ ]
[ J
X(v, kYY) =
[ ] [ ]
@
[ ] [ ]
[ J
mony
T 1
Y1 Yo

0—-w,
0—>w1
0—>w1
1-w,

-1
0« w,

(5.32)

1 - wit

0<—w1

Note that it is only possible to attach these partition functions since the vertical edges between

the double and single row partition functions are all frozen with no occupations.

Let us fix some x € W with some i € N such that (nf,n%,) = (0,1). Consider now the lattice

(5.32) with an intertwining vertex attached to the bottom of the lattice between the i and

(i+1)-th columns. Application of the Yang—Baxter equation (2.4) yields the following equality:

Ui M Mis1 -
1 0
1 0
1 0
e o o o o 1
[ J
0
e o o o o 1
[ ]
0
e o o o o 1
o
0
Y
i
n 0 1
(.
Yir1 Yi

M M
0
0
0

o o o 1
0. (5.33)

e o o 1
0

e o o 1
0

0 1

to1



Chapter 5. Half-space Spectral Theory 96

We will recover the relation (5.31) by expanding the possible configurations of the intertwining
vertex on both sides of (5.33). Firstly, the left-hand side of (5.33) may be expanded as

T, " X(v,skY)  + T " X(v, k|Y), (5.34)
Yivr1 Yi Yivl Yi

which agrees with the left-hand side of (5.31). The right-hand side of (5.33) may be expanded
at the top of its lattice in a similar manner to (5.34). This expansion ultimately yields the
right-hand side of (5.31), depending on the local configuration of (n?,7?,,), however we omit
the details. O

We are now ready to present the proof of the spatial orthogonality result.

Proof of Theorem 5.12. Let us begin by noting that that for any half-space configurations
v,k € W, that the Kronecker delta function d,, obeys the same relation (5.31) as x(v,x|Y")
from Lemma 5.14. In order to see this, we may consider the left-hand side of (5.31) for the

local occupations of (7, nf,) = (0,1), while varying (n?,nY,,), which is:

0, if =0t
q(Yir1 = Yi) (1-q)yin q(Yir1 — i) .
—(5 vov +—5 v v =\ lf (77;/,77;):(170)7
yi+1 — qyl (ni ’ni+1)7(170) yi+1 — qyl (ni 7ni-*—l)’(o’l) y’i+1 —_ qyl 1
1-q)yi PR R
G2 i () = (0.1)
(5.35)
which agrees the right-hand side of (5.31) with y(v, k) replaced by 5(ny,ny (o) 18 follows

that the local relation (5.35) may be extended to the global relation on §,,.

Throughout this proof, we let n > 1 be a fixed integer and assume that v € W” is a half-space
configuration with n parts. We then denote by J,, the multiple integral expression on the
right-hand side of (5.29), where we will aim to show that 7, , =0, , for all v € W" and x e Wm
for any integer 0 <m <n. In the case of m =0 (or k = &), the fact that 7, 4 = 0, & = 0 follows
by considering the expression for Fy in (5.9). This is because the integrand of J, 4 has no

singularities at the points w; = ijl forall 1<i<n and jeN.

In much the same way as the proof of Corollary 5.13, we note that we may symmetrise the

integrand of the right-hand side of (5.29). This leads to the following integral expression
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T 1 %dwl fdwn 1—[ W; — Wy 1—qwiwj
“R T (1= q)ramnl Je 2mi Je 2ni L<isjen | Wi = qu; 1 —wiw;

XH[( —a )21_qnglx(l/,m|w1,...,wn|Y), (5.36)

w; (1 w?) ) 1-aw

whose contours coincide and surround singularities at w; = y;l forall 1<i<n and jeN. We
note that the wy, ..., w, parameters in (5.30) are the integration variables of (5.36), and so,
we add them to the notation of the y here. The fact that x(v, klwy,...,w,|Y) is a factor of
the integrand of (5.36) endows the quantity 7, , with the property that it also satisfies the
relation (5.31). And so, since both 9§, , and J,,, both satisfy the same relation, we may use

this to compare the quantities under varying the states v, k.

In particular, we may begin by fixing x = (m,..., 1), so that all of its m parts are adjacent
to the boundary, and deduce the fact that 4, , = J,, for all v €e W* k€ W™ via the relation
(5.31).

So then let us consider the integral expression for [J, .. 1). By virtue of Lemma 5.10, we
may un-symmetrise the integral expression (5.36) yielding the expression on the right-hand
side of (5.29) with x = (m,...,1). From this, we may expand the symmetrisation formula of

Proposition 5.2 to yield

jl/,(m,...,l) = (_a)n_mvn—m Z Iy,(m,...,l)(o-) (537)
oeBBy,

where

1 dw, dw
() = f A v
o)) = G B 2 B o

. l w; —wj 1= quiw; We(i) = (Wo(j) 1 = We(i)Wo(j)
1<i<j<n

w; —qu; 1 —wiw; We) = We(s) 1= qWo)We(j)

x ﬁl/}m (wl) ﬁ me—i+1(wa(i)). (538)

Recall that the contours Ci,...,C, of (5.38) are arranged according to Definition 5.8, whereby
C, is the inner-most contour, contained either on or within the interior of all other contours.
This means that we may, in practice, calculate the quantity (5.38) by evaluating the w;-integral
first by having its contour surrounding only the singularities at w; = y]Tl for all j € N using the

residue theorem.

For fixed signed permutation o € B,,, let us denote the component k € {1,...,n} such that
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either o(k) = +1 or o(k) = -1 (equivalently k£ = 071(x1)). Let us define the following quantity:

_ Pm-jer(w) if j<m
Pj(w) ==

if j>m
Then, since they are responsible for the w;-singularities contained within the interior of the C;

contour, we calculate the w;-dependent plane wave functions of (5.38) as

2
1 -wy

- Vo, (01) Br(Wo k)
1~

1-q)y, 1- vl 1 — gy mE 1 quy;
(1 -9y, g WY 1Y, if k<m and o(k) = +1
- quiyy, 1 —w1¥Ym-p1 j1 1 —qury; 51 1-wry;

_ a— qui (1_9)%/1 1_(] Vll__f 1_w1yj m_kq(yj_wl) ifk'<mand U(k)z_l
I -awy 1 = quiyy, Ym-k+1 —qur 51 1—qury; 53 Y5 —qus -

1-qu} (1-q)y, 35 1-wy;
wl(awl - 1) 1- qu1Yy, j-1 1- qwly]

if k>m

(5.39)

We will now make some key observations. Firstly, we may immediately see that the bottom two
cases on the right-hand side of (5.39) are analytic at all points w; = y;l for j € N. Additionally,
observe that since v is half-space configuration with n parts, then its largest part must satisfy
v1 > n. Consider the top case in (5.39), where the only way by which there will be a singularity
at a point w; = yjfl is if m -k +1 > ;. The only way by which this inequality may be
satisfied is if all of m =n,k =1 and v; =n hold simultaneously. Note that whenever v, = n for
v € Wn, since the parts are ordered (v; > -+ > 1, > 1), the only possible configuration satisfies
vi=n—1+1 for all 1 <7< n. Putting this all together, we may now immediately conclude that
T, (m,...1(0) vanishes for all o € B,, unless m =n and v = (n,...,1). And so, we may conclude

that J,,(m,..1) =0 whenever m <n or v # (n,...,1).

All that remains to show is that J,,. 1),n,..,1) = 1, which will ultimately follow by showing
that the identity signed permutation o = id € B,, is responsible for the only non-zero contri-
bution to (5.37). Recall above where we determined that we must have k = 071(x1) = 1, in

Tin,..1),(n,..,1)(0) is only non-zero whenever the first part of o is o(1) = +1.

And so, we consider the quantity Z,, . 1,(n,..,1y(¢) in the case o (1) = +1, where we may evaluate
the wi-integral just by taking the residue the simple pole at w; = y;'. Let us consider the

remaining factors of (5.38) after the evaluation of the wi-integral. Firstly, the scattering factors



Chapter 5. Half-space Spectral Theory 99

under the specialisation w; = y,!:

w; —w; 1= quw;j We(y — qQWa(j) 1= We(i)Wo(j) ]

L<icien LWi = qW; 1 —wiw; We(i) = Wo(s) 1= que()Wo(s)

wi=y;!

are analytic at wy = y;! for all 2 < k < n for all signed permutations o € B,. So then, the

singularities enclosed by the contour of the subsequent ws-integral are due to the factors

1—w?
Wo — ;wn—l(wl)gpn—a’l(:{:Z)-#l(wiQ)'

We may conclude, by a similar analysis to (5.39), that there is only a non-zero contribution
to the wy-integral whenever ¢(2) = +2. It follows, by induction for instance, that the only
non-zero quantity Zg, . 1y (n,..1)(c) is from the signed permutation satisfying o (k) = +k for all

k, which is exactly the identity permutation.
And so, it suffices to consider
Ttn,. 1)1y = Lin,.1) () (1)

which is expressed explicitly, by using (5.39) and noticing that the scattering factors of (5.38)

all cancel, as:

Lin,..0),(n d)=(1-9)" —J<1§ : : 5.40
( ,...,1),( ,...,1)(1 ) ( Q) C_l 27T1 C_n 27T1 Z:HI (1 _ wlyn_z+1)(1 _ qwiyn_i+1) ( )
Notice that for each w;-variable, the only singularity contained within the interior of the
Ci-contour in (5.40) is the simple pole at w; = yt..,. It follows by a straightforward residue

calculus computation that Zg, 1) n,.1)(id) = 1.

And so, we conclude that J, ;... 1) = 0y,(m,...1) for all v € W™, It follows by the relation of
Lemma 5.14 that J,, =6, for all K € W™ for all 0 < m <n, completing the argument. O]

5.3.3 Integral formula for G,,

An immediate application of the spatial originality relation of Theorem 5.12 is the following

explicit multiple contour integral expression for the partition function G,,, from Definition

viu
3.10 indexed by two half-space configurations.

Theorem 5.15. For fixed integers n > m > 1, let v,u € W be half-space configurations

v=_(v1,...,vy) and = (f1,..., m). The partition function (3.29), in the upper-triangular

boundary specialisation ¢ — oo, indexed by the skew configuration v/u is given by the following
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integral formula

L L n
x;(1 - ax; dw dw,, T —quw; 1-—w;x;
Gy/u(xla"'axlz H ) - - % HH - -
(1- q)” il Ti—a a 2mi Je, 27y | mi-wy 1-qwj
w; —w; 1- qwzwj:|
x Yy (W) Ey(wn, ... wy), (5.41)
1<g<nl — quj 1 W;W; H
where the contours Ci,...,C, are arranged according to the Definition 5.8 so that all contours

surround enclose the points w; = yjfl forall 1 <i<mnand jeN.

Because of the sum-to-unity property of the partition function G (Proposition 3.13), the
integral formula (5.41) has the interpretation of a transition probability of a discrete-time
Markov process (assuming that we have a non-negative specialisation of G,,). Theorem 5.15
may be regarded as an extension of Theorem 4.4 from empty to a generic initial condition in

the upper-triangular boundary specialisation.

Proof. Consider the integrand of the right-hand side of (5.41), where we may recognise the

right-hand side of the eigenvector relation (5.2). Observe that the convergence condition (5.1)

1-z,yk
1-qz;yk

and also by suitably deforming the integration contours so that the factors (1 - w;/yx) and

may be satisfied by both considering an alphabet x1,...,x where is sufficiently small,

(1 - qu;yx) are sufficiently small for each 1 < i < n and k € N. Once these conditions are
satisfied, we may apply the eigenvector relation of Corollary 5.1 so that the right-hand side of
(5.41) becomes

‘75 dw1 jé‘ dw,, w; —w; 1 -quww, Hw (
V; w'L
(1- q)" o 2mi Jo, 2mi 1<Z<]<n w; —qw; 1-ww; [i7

x Y Gep(xr, ..., xp)Fo(wr, ... wy,). (5.42)

Now, using linearity of the integral, we may expand the right-hand side of (5.42), where
the spatial orthogonality result of Theorem 5.12 yields G/, (#1,...,21) which completes the

argument. OJ



Chapter 6

Asymmetric Simple Exclusion Process in

Half-space

6.1 Model outline

We consider the asymmetric simple exclusion process (ASEP) in half-space N := Z., with open
boundary conditions, and with finitely many particles. This is a continuous time Markov

process with state space given by
W={ScN:S is finite},

(note that W is countable). We index these half-space configurations by = = (z1,...,25) € W
satisfying z; > -+ >z > 1, and we think of the state X; = (X;(1),..., X;(N)) of the process

at time ¢ as the positions (in decreasing order) of N particles present at that time ¢.

The dynamics of the process are as follows: a particle at site z > 1 jumps to z + 1 at rate 1 and
to z — 1 (assuming x > 2) at rate ¢ > 0, with jumps being permitted only if the target site is
empty and, additionally, at rate o > 0 new particles enter the system at site 1 whenever this
site is empty and exit the system through site one at rate v > 0 (see Figure 6.1). More precisely,

the evolution of the system can be separated into bulk dynamics, with transition rates

x> (xy,...,m+1,... xy)  atrate 1 if z; g >x;+ 1,

x> (ry,...,0;—1,...,xy) atrateq ifa<x;-1 (1;22),

This chapter is based on the preprint [P2], except for Sections 6.2 and 6.3.1 which are based on the
publication [P1]. Minor modifications have been made for overall coherence and so that the thesis references
its other chapters where relevant.

101
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Figure 6.1: Dynamics of the ASEP in half-space N with generic open boundaries.

and boundary dynamics, with transition rates

(z1,...,xn5) ~ (21,...,2N,1) atratea if N=0orazy>1,

(1,...,x5) ~ (21,...,xNy-1) atratery ifaxy=1.

In this text we consider ASEP with generic open boundary conditions at the origin. Note that

the number of particles | X;| is a random variable which evolves with t.

The ASEP Markov generator . acts on functions f: W — C as

Lf(x)=a(l-m)(flxu{1}) - f(@) +ym (f (@~ {1}) - f(2))
+ ;ns(l =) (f (@) = f(2)) + Z:;qns(l =ne-) (f(@™7h) - f(2)), (6.1)

where z%*1 € W is the configuration obtained by the interchange of occupations at sites s and

s+ 1, and where we have used the notation 7, as the occupation of x at site s € N:

1 if z; = s for some j,
Ns =
0 otherwise.

Let us define an inner product with an orthogonal basis indexed by half-space configurations
W by (y|z) = 6,,. With this inner product, the transition matriz elements of the Markov
generator .Z are expressed as (y|.Z |x). That is, when y #  the matrix element (y|.Z |z) is
equal to the possible single-particle transition rates to go from state y to state x (if there is

no possible single particle transition from y to x then the matrix element is zero), while the

diagonal terms are equally defined as (y|.Z|y) = = X1, (y] 2L |2").

With this notation, the action of .Z on f: W — C can be expressed as

ZLf(y) =2, (x| L]z) £(2).
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6.1.1 ASEP transition probability

In this section we present the transition probability for the half-space ASEP with generic
initial conditions. We denote the transition probability by

P(y—z)=P(X;=2|Xo=y). (6.2)

The transition probabilities P;(y — x) can be formulated as the solution of the master equation,

or Kolmogorov forward equation

%Pt(y > )= 2 Pily > o) (2] Lx), (6.3)

subject to the initial condition
Po(y = x) = 0ya-

Explicit integral formula expressions for transition probabilities have proven to be fruitful for
obtaining exact asymptotic results for the ASEP under various boundary and initial conditions
conditions. Notably for the full-space Z (i.e. no boundary), solutions of the master equation
were obtained for TASEP (g = 0) [Sch97b| and for generic bulk rates [TWO08| using coordinate
Bethe ansatz techniques. In half-space, explicit expressions were similarly obtained for closed
boundary conditions (a =~ =0) [TW13].

The transition probability (6.2) is equivalently formulated as the unique® solution of the

Kolmogorov backward equation

d

oy~ o) = Z WLy )Py - ), (64)

with the same initial condition. Here we will employ (6.4) rather than (6.3) to derive a formula

for Py(y — x).

6.2 Reduction from six-vertex model

In this section we outline a method to obtain solutions to the half-line ASEP equations
of motion (6.3) via a reduction of the symmetric function (3.27). An explicit evaluation is

provided for generic open boundary conditions for the case of an empty initial configuration of

5Since our state space W is countable, the solution of the backward Kolmogorov equation is unique whenever
the process is not explosive (see e.g. Theorem 2.33 in [Ligl10]); non-explosivity holds in our case because the
sequence of jump times is clearly dominated stochastically from below by a sequence of independent exponential
random variables 75, with parameters | Xo| + k, which satisfy Y., 7k = oo almost surely.
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particles in Theorem 4.4. This is extended to arbitrary initial conditions with upper-triangular

boundary conditions in Theorem 5.15.

Let pu,v € W be arbitrary particle configurations. The transition probability can be expressed
as a formal solution to the evolution equation in terms of the Markov generator. This is given
as’

Pi(p = v) = (ulexp(tZL) |v), (6.5)

where the exponential is regarded as the formal operator exponential. We now proceed by
outlining the specialisation required to recover the ASEP transition probability from the

half-space six-vertex model.

Proposition 6.1. Fix configurations p, v € W and time ¢ > 0. The ASEP half-line transition

probability is recovered as the limit of the symmetric function

(6.6)

P = lim G, cooxnlY ;

=) Lo pul viY) y;j=1, zi=1-(1-q)t/(2L)
where we have specified the spectral parameters x; = 1 — (1 - ¢)t/(2L) and vertical parameters
yj=1forall 1<i< L and jeN prior to taking the limit L — oo. The limit (6.6) holds provided

that we choose boundary Markov rates as

0o acd-q) M S’
(I-a)(1-¢)’ (I-a)(1-¢)

where we are free to choose a, ¢ so that both a,~ > 0 while we restrict ¢ > 0.

Let us comment briefly on the sensibility of the specialisation (6.6) for fixed L e Nand 0 < ¢ < 1.
Much of the analysis of the partition function G,/,(x1,...,21) from Chapters 3 and 4 stems
the symmetry of the function itself. This in turn depends on the fact that the parameters
satisfy the constraints (3.13). Let us consider fixed vertical spectral parameters y; = 1 for all
j € N and inhomogeneous x; = 1 - (1 - q)¢; for all 1 <i < L where the ¢; << 1 are all small. Let

us consider then ¢ ~ ¢; for all 1 < # j < L, where as each ¢; = 0 we have

-z, q(1—2/yr)
1-quiye 1-qxj/yk

=qeie; + O (ef’) ,

yp=1l,2;=1-(1-q)e;,x;=1-(1-q)¢;

which may be easily made to satisfy constraint (3.13). In particular, this implies that under the
specialisation, G/,(21,...,21) becomes a symmetric function of the appropriate €;,..., e, <1

parameters which means that we may use many of the results from earlier in the thesis.

SWe will denote half-space configurations by the letters u,v rather than x,y locally in this section to
better match the conventions of Chapter 3, wherein x;,y; € C denote spectral parameters rather than particle
positions.
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We will first demonstrate a degeneration of the double-row.

Lemma 6.2. Fix e >0 let x = 1-(1-¢)e and y; = 1 for all j € N. Then the double-row operator
(3.2) is given by
A(2|Y)

=1+2eZ+0(e). 6.7
z=1-(1-q)e,y;=1 ( ) ( )
Proof. To demonstrate this, we choose z; =1 - (1 —-¢q)e, y; = 1 and observe that the weights
from (2.2) with horizontal parameters x;! and vertical parameters y; acquire the following

form.

jL,
l

1 e+ 0 (e?) 1-e+0(&2)

This table represents the weights of the upper row in the double row of (3.1). The weights of

the lower row can be obtained by rotating these vertices. The boundary weights have a similar

4 .
’ .
’ ’
’ .
’ ¢
’ ’
. .
N N
N N
. N 6.9
. .
N N

1-2ae+ 0 (€?) 2ae + O (€2) 2ve+ O (€2) 1-2ve+ 0 (€?)

form.

The double-row operator (6.7) can be determined by calculating for specific configurations
p,v € W the partition function using the weights in (6.8),(6.9) and matching with the action
of the ASEP generator (6.1). O

Proof of Proposition 6.1. Using the double-row operator definition of the partition (3.27) and
the scaling (6.7) with € = ¢/(2L), we can arrive at the following expression for the partition

function

Goplar ... 21]Y) :(M|(1+%$+o(%))L|y).

y;=1, x;=1-(1-q)t/(2L)
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In order to take the limit we use the definition of the operator exponential. This yields

, t IRV t\"
lim (1+Z.$+O( )) = lim (1+z$) = exp(tZ).

L—oo L2 L—oo

This recovers the formal solution for ASEP transition probability (6.5). O

6.3 Integral formula for transition probability

Recall that for a fixed integer N > 0, By = Syx {1} denotes the group of signed permutations
of {1,...,N}. The group By acts on functions of some alphabet (w1, ...,wy) of length N by

permuting the variables as

J(f(w1>' . ,U)N)) = f(wa(l)v' .- 7w0'(N))7

where the negative indices are defined by w_y, := 1/(quy,) for any 1 <k < N.

In order to state the transition probability as a complex contour integral we must explicitly

outline the domain of integration.

Definition 6.3. For a fixed integer N, let Dq,...,Dy be a collection of positively oriented

closed complex integration contours satisfying:

e For all 1 <i< N, each contour D; encloses the point 1 and does not enclose the points
0,¢7t and (1-¢-a)/a.

e For all 1 <7< j <N, each D; is completely contained within the interior of each D;.
Additionally, ¢D; lies completely outside the interior of D;, where ¢D; denotes the image
of D; under multiplication by ¢. This also implies that no part of D; is contained within

the interior of ¢ 'D;.

e For all 1 <k,¢< N, the contours Dy and ¢~'D,! do not intersect and have completely
disjoint interiors. The contour D,! is the contour which traverses the points which are
the reciprocal of those on Dy, and whose orientation is fixed so that ¢~'D;* encloses the

point ¢~ L.
A depiction of nested contours which satisfy the restrictions of Definition 6.3 is given in Figure
6.2.

We now present the main result of this section: an explicit multiple integral formula for the
transition probability of the half-space ASEP.
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Figure 6.2: Examples of nested complex contours D1, Do, D3 satisfying the restrictions of Definition
6.3 for some 0 < g < 1. The contours ¢D1, ¢Ds depicted with dashed lines while part of the contour
q_ng 1is depicted with a dotted line. This example depicts parameters satisfying a > 1 — ¢, however,
this is not a requirement.

Theorem 6.4. Let N > M >0 be fixed integers and let z = (z1,...,zx) and y = (y1,...,Ym)
be ordered coordinates of particles in the half-space ASEP. The transition probability between
y and x for the half-space ASEP under the specialisation v = 0 is given by

v dw dwy w; —w; 1-quw;w,;
Py - ) = Ve rraN-M atjg 155‘ j i
t(y $) N-MQ € > o > | |

1 2l v 2T gcion [ qwy —wi 1 - wiw

y N 1 - qw? 1-w; zi_lex (1-q)2wt
zg [wz‘(quOé— 1 - aw;)(1 - qu;) (1 —qwi) p((1 —w;)(1 _qwi))]

x Eja( I FW‘QWj1—wmh]fﬁ[l—q—a+&wdl—Qﬁw(1—qwj“41),(61@

a1 — iy _ 2 s — s
ceBy  \l<i<j<N [ Wi — Wj 1 —qu;w; | i1 1 -qu; 1—w 1—w;

where the contours surround singularities at w; = 1 and are defined according to Definition 6.3.

The overall normalisation is given by the following ¢g-dependent factor

@a-qr
M [(1-¢') (1+¢)]

Vi = (6.11)

We will present two proofs of Theorem 6.4. The first proof follows from the reduction of the
stochastic six-vertex model (Proposition 6.1) applied to the explicit integral formula obtained
for the partition function G, in Theorem 5.15. The second, alternative proof uses completely
independent techniques for the benefit readers not familiar with the technicalities of vertex
models developed in Chapters 2-5. For the purposes of the overall narrative of this thesis,
comments will be made within the alternative proof, where appropriate, to explain connections

with the stochastic six-vertex model machinery presented earlier.
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6.3.1 Proof using reduction from six-vertex model

First proof of Theorem 6.4. Note that in this proof we will use the six-vertex model conventions
of Chapters 3-5, whereby p,v € W are half-space configurations while z;,y; € C are spectral

parameters. And so, we will proceed to prove the integral formula of Theorem 6.4 for P,(u — v).

Consider the integral formula for G, (z1,...,z.) from (5.41) with contours {Ci,...,C,} taken
to surround 1 as well as the points x;...,zr. The conditions of the contours from Definition

5.8 also mean that the contours must be nested whilst they do not intersect.

Upon substitution in (5.41) and setting z; =1 - (1 - ¢)t/(2L), the limit L - co can be taken

on the integrand in a straightforward manner. We have also calculated under the ASEP limit

e ( (1-q)?wit )
= Xp .
2;=1-(1-q)¢/(2L) (1-wi)(L-qui)

lim
Luoo 27| wi—x; 1-qu;x;

L
qu; —x; 1-w;x; ]
j

In order to obtain the result of the theorem, the L — oo limit must must also be simultaneously
applied to the contours. This will deform the contours C; ~ D; using the contours from
Definitions 5.8 and 6.3. This deformation occurs without crossing over any other singularities
of the integrand. Note that in this limit we have written a = o/(a+¢q—-1) for a +¢q # 1.
The symmetrisation on the last line of the integrand of (6.10) may be identified with the
symmetrisation of the function F), from (5.4) whose spectral parameters are fixed at y; = 1 for
all j € N. This yields the result. O]

6.3.2 Alternative proof

The alternative proof of this result is based on studying the following function, which encapsu-

lates many of the essential algebraic properties of the half-space ASEP7:

Fy(ws. . wn) = Va3 0( I l“’"‘qwﬂ‘ 1‘wiwj]ﬁ¢yi(wi)), (6.12)

veBy  \1<icjen | Wi —w; 1 —quwyw; | i

where

py(w) = 1_q_0‘+o‘w(1—q)w(1_qw)y—1.

1 - qu? 1-w 1-w
For consistency with what follows, we define F,(w) = 0 whenever M > N. Our formula (6.10)

for the transition probability may then be expressed in terms of F:

"This function is equivalent, up to multiplication by an overall rational coefficient, the symmetrisation
formula for the partition function F}, of Proposition 5.2 with all vertical spectral parameters set to 1
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—aw; 1 - qusw,
P(y>a)=c § %ﬂi duv [wa w qu]]

1 2w N 2T gcion L qwy —wi 1 - ww

i1l wi(g+a-1-aw;)(1-qw;) \1-quw; 1—w;)(1-quw;)
(6.13)

The case of empty initial conditions is recovered from (6.13) as the special case M =0 or y = &,
following from the fact that

Fy(wy,...,wy) =a,

which is proven in Section 6.4.1. Note, in particular, that this special case has a completely

factorised integrand.

The next two results encapsulate the main identities needed in the proof of Theorem 6.4, which
follow from properties of the function (6.12). Their proofs are very technical, and we defer
them to Section 6.4.

The first of the two results shows that the function F,(wy, ..., wy) from (6.12) is an eigenvector
of the ASEP Markov generator, and is equivalent to diagonalising the generator using coordinate
Bethe ansatz on the Kolmogorov backward equation (6.4). The proof of this result appears
in Section 6.4.2. This result is equivalent to the eigenvector relation of Corollary 5.1 in the
ASEP limit as outlined in Section 6.2.

Lemma 6.5. For fixed integers 0 < M < N, let y = (y1,...,yn) be a half-space particle
configuration and let (wq,...,wy) € CN be a fixed alphabet. Then the function (6.12) has the

following eigenvector relation with the half-space ASEP Markov generator:

(—a+ ol (1-q)*w;
I (1-w)(1 - qu;)

Z W L) Fy(wn,...,wy) =

)fy(wl,. .. ,wN).

y/

The second intermediate result needed in the proof of Theorem 6.4 corresponds the initial
condition of (6.10). The proof of this result appears in Section 6.4.3. This initial condition is
equivalent to a homogeneous version of the spatial orthogonality property Theorem 5.12 at

the level of the six-vertex model. We now present it for the half-space ASEP.

Lemma 6.6. For fixed integers N > M > 0 let = (z1,...,zx) and y = (y1,...,yn) be
half-space configurations. The following orthogonality holds:

% dw; % dwy 1—[ W; — W; 1- qW;W;
Dy 27 Dy 27i 1<ici<N LqW; — w; 1 —wyw;

XH[ qwz ( 1 Wi ) ‘|Fy(w1,...7w1\[)=(5x7y.

1l wi(g+a—-1-aw;)(1-qw;) \1-quw;
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We can now use these two results to prove Theorem 6.4.

Second proof of Theorem 6.4. Consider the multiple contour integral expression on the right
hand side of (6.13), which we want to show is equal to the half-space ASEP transition

probability. This integral expression has the following factor in the integrand:

(1-¢q)wit
(1-w;)(1 - qu;)

gi(y) = e atHeXp( )]-'y(wl,...,wN).

Expanding the exponential and using Lemma 6.5 shows that

tm
m!

a(v)= 2 > Sz D) yO12 [y @) (y " D[2 ]y ™) Fyom (wr, . wn)

whence it follows that g; satisfies

W) = ZOLL W),

Letting p:(y, z) denote the right hand side of (6.13), this shows that

%pt(y’ )= 2 WLy ).

Hence p;(y,x) solves the Kolmogorov backward equation (6.4). Lemma 6.6 yields the initial
condition py(y,x) = d,,, finishing the proof. ]

6.4 Details of the alternative ASEP transition probability

proof

In this section we present the details of the alternative proof of Theorem 6.4 which were
omitted from Section 6.3, namely the proofs of the eigenvalue relation Lemma 6.5 and the

initial condition Lemma 6.6.

6.4.1 Preliminary results

Before proceeding to the proofs of the intermediate results of Lemmas 6.5 and 6.6, it is useful
to present some initial properties of the function (6.12). The following is a restatement of

Proposition 5.4
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Proposition 6.7. For any fixed integer N > 0 the following factorisation holds on any alphabet

(wlv"wwN):
w; — qw; 1 —w;w; ]) 1
o = —, (6.14)
Z (1gi1<_jIgN|: w; —w; 1-qww; Vi

O'EBN

where the constant Vy is given by (6.11).

Proof. Let us define the functions

-1.-1
zi—qzjl—qzi Zj
1.-1 |»

flw,...,wn) =[] [

w; — qw; 1 —w;w; ]
Y
1<i<j<N

g(z1,..,2n) = ] l

1<i<j<N Z;

w; —w; 1 -qww; j

zi—zj 1-2z;

so that f(wy,...,wy) is the summand of the symmetrisation (6.14). Let us also consider the
alphabet (z1,...,2y) defined by z; = ¢"2w;, so that f(wi,...,wy) = q‘(g)g(zl, ...,zn). The
standard identification for negative indices under the action of By is w_; = 1/(qw;) which may
be written in terms of z; as w_; = ¢~'/2z;71. And so, on the z-alphabet we make the identification

z_; =zt Tt follows that the symmetrisation (6.14) may be evaluated as

Z O'(f(wly--wwN)):q_(g) Z U(Q(Zl,...,ZN)),

oeByn oeBn

where the action of the signed permutations o € By on the z-alphabet now uses z_j, = 2!

for negative indices. The right hand side symmetrisation is equivalent to a known identity

from [Venl5: ¥ ¢ N o
1-¢")(1+q"~

Zg(g(zl,...,ZN))zg 1_q

oeBy

)

which follows from the fact that a BCy-symmetric Hall-Littlewood polynomial indexed
by the empty partition is equal to 1, i.e. Ky (25,...,2%) = 1, with boundary parameters
to=t; =ty =t3=0and a = -b=1. Application of this identity yields the result (6.14). O

Observe that the scattering has the following invariance under w; » w_; = 1/(qw):

w; — qw; 1 - w;w; _w - qw; 1 - ww;

w; —wj 1-qww;’
’U/'J’—VLU7J

w; —w; 1 -qw;w;

This observation allows for the symmetrisation identity of Proposition 6.7 has the following

extension to a partial symmetrisation:

S oo [ )y e ]

ceBy_y \lsi<jsN [ Wi = Wy 1 - qu;w; Vv-m it j=in | wi —wy 1 = qusw;

for any fixed integer 0 < M < N where B, N-m 2 By_pr is the subgroup consisting of all signed
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permutations which act on w by leaving wq,...,w)s fixed whilst permuting wps,1,...,wy.
While Proposition 6.7 implies that whenever indexed by an empty state Fy(wy, ..., wy) =V,
the following result allows for an alternative expression of the function (6.12) using a partial

symmetrisation.

Proposition 6.8. Let N > M > 1 be fixed integers and let y = (y1,...,yx) be a half-space

configuration. Then, the function (6.12) has the following alternative expression:

N L 1= _ s
}-y(wl’m’wN):aN—M Z Z H [wT(,m quT, ;) WT, ;) WT, (5 ]H%i (wTa(i))

TN o<Bay 1si<j<M W,y =~ Wiy 1= qur, 0T, ;) | i

M N — . — .
« H Wr, ;y — qW;j 1 Wt ;y Wy
j w

Ty — W 1- qurT, ,, W;j

]. (6.16)

i=1 j=1
J¢T

Proof. Consider the symmetrisation formula (6.12) and let us decompose the sum over By as

fy(wl, e ,wN) = VN,MOéN_M

SOOI

TA{1,..., N} oeByy pEBN_]\/[ 1<i<j<M
|T|=M

M
[Tew (wTam)

wr, ) = qUT,y L~ wr,,wr, ]
=1

W,y =W,y L= qur, W,

M N-M|wpr = —qwr 1—wr  Wsc Wre —qWpc 1 —Wpe Worc
o)~ TS, Tot) T T 1T, Ty Toti)
[T T
wr . —wpe 1 —qwrp, wWec o wee —wre  1-quwc wee |
oy = WIS,y + T A0 TS [1sicjsN-ar [ 0T, T W 2 T AWTe T,

(6.17)

We will proceed by explicitly evaluating the sum over p € By_p;. Now, observe that, for fixed
T, the first factor on the bottom line of (6.17) is invariant under the choice of p € By_p.

Consequently, we may evaluate the sum over p using Proposition 6.7 as

Wre = qu 1-wpe w
3 T~ 175 Do Loy |1
e 1sicjsN-a | W, T wre L= qure wre | Vv
which yields the desired result (6.16) once substituted into (6.17). O

Proposition 6.9. Let N > M > 1 be fixed integers and let w = (w1, ..., wy) be a fixed alphabet
and let y1, ...,y € Z be fixed so that y = (y1,...,ya) is a collection of integers®. The function
(6.12) satisfies the following recursion relation for all k€ {1,..., N}:

= aF, (Wi, ..., W1, W1, .-, WN).

Fy(wy,...,wy)
wi=0

8Typically we consider the case where y; > - > yps > 1 so that y is a half-space configuration. However we
will need the more general statement in the proof of Lemma 6.5 later on.
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Proof. Observe that, whenever wy = 0, the following property holds for any y € Z

@y(wk)’wkzo =Py (L)

qWg

=0.

W=

By setting wy = 0 within the the symmetrisation formula (6.12) observe that terms correspond-
ing to o(¢) = £k for any 1 </ < M vanish. Now observe the following property for any o € By
which satisfies o(¢) = £k:

Weo(i) = qWo(j) 1 = We(i)Wo(j) ]

112N | Wo(i) = Wo(j) 1 = qWo(i)Wo())

wg=0

_ lwa(i) — qWq(5) 1- We (i) Wo (5) ] y qN‘e if 0'(5) =+k
1izisy | Wo(i) = Wo(j) 1= qWo(i)Wo() | | g~(N-0 i 5 (0) = -k

i,j#L

The application of this specialisation to the symmetrisation formula (6.12) yields:

=M+1 oeB N 1<i<j<N
o(£)=+k [NE24

N i — - W M
s D VR Il s | D

N _ 1 —apapn. | M
V™M Y S o T [w% 1 2 w’wjll‘[soyxwi) . (6.18)

I=M+1 0By 1<icj<N | Wi — Wy 1- quW;Wj |51
o(£)=—k i,5#L
Now, for each fixed value of ¢, both restricted sums over signed permutations can be identified
as being proportional to Fy(w; ..., wg_1, W1, ..., wxn). We emphasise that this identification
is independent of ¢ so that we may re-write (6.18) by factoring out the F, function as
Vv

_ Z (QN_Z + q_(N_Z)) ) afy(wl vy W1, W1y - - - ,U}N)-

Fy(wl,...,wN) —V
wg=0 N-M-1 ¢=M+1

Finally, Proposition (6.9) follows by noting the following property of the normalisation factor
(6.11)

—_

V =

m-1 _
Vm ]:0

(¢ +q7),
which holds for any integer m > 0. O

Proposition 6.10. Let N > M > 0 be fixed integers and let w = (wy,...,wy) be a fixed
alphabet and let y1,...,yy € Z be fixed so that y = (y1,...,ya) is a collection of integers. Then
the function F,(w), given by the symmetrisation formula (6.12), is a meromorphic function in

each variable wy,...,wy whose singularities are all located at the points w; = 1,¢~! for each
1<i<N.
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Proof. Let us consider the function F,(wy, ..., wy) as a function of the variable wy, for some
fixed integer 1 < k < N. Excluding poles at wy, = 1,¢!, by observing the individual terms of
symmetrisation formula (6.12), the other possible singularities are at the points wy = w;, 1/(qw;)
for integers j # k and also at wy, = £¢~%/2. We will proceed by showing that these singularities
are removable, so that the function F,(w) may be defined to be analytic at those points.
Firstly, the simple poles at wy = w;, 1/(qw;) are removable by virtue of the symmetrisation

over By and is therefore symmetric under the action of any signed permutation.

Let us now consider the apparent singularities at wy, = +¢~1/2, which are due to factors (1 - qw,%)
which appear in the denominator of ¢, (wy) and ¢, (ﬁ) for some integer 1 <¢ < M. Let us
consider the terms in (6.12) associated with signed permutations o, ¢’ € By satisfying o(¢) = +k
and o’(¢) = —k but otherwise o (i) = o'(z) for all other integers i # ¢. It is sufficient to consider

the wg-dependent factors of the sum of these two terms:

1 [wk ~ QUWo() 1= wrwe(s) ] N [wo(i) —qui 1 - wpw, ()
Wy = Wo(s) 1 = qQUrWo(s) |24

]wyz(wk)

L quk —woiy 1-wrwoiy | & [ Wo) — qur 1 —wrw,y) 1
+]] o, |—1), (6.19)
it L a(wr = woiy) 1 = quipwogy |2 | Wo@) —wi 1= quiwe quy,

i=1 We (i) — Wk 1- qUEWq(3)

where overall shared factors are neglected. Now, observe that each of these terms both contain

the factor —% which changes sign under wy — 1/(quw,). This means we may write (6.19) as

1—qwg
1 N o(t) — 1- o(t
e (- (=)) 11 [“’ CRLR LS ] (6.20)
i=0+1

1 - quy qWy, Wo (i) — Wi 1 — quipwe(s)

where the following function is analytic at wy, = +¢~/2:

1-¢)(1-¢q- 1- ve E1 Ty, — qug ey 1 — wrw,(;
() < (L7 g oz+ozwk)( qwk) lk qWo(i) 1= wy ()]‘

(1 -wg) T—wy ) 3| we—Woay 1 - quiwe

From here, by showing that it has vanishing residue, we observe that the singularities in

expression (6.20) at the points wy = £¢~'/2 are removable. ]

The following evaluation of the function (6.12) is particularly useful.

Lemma 6.11. Let N >0 be a fixed integer and let w = (w1, ...,wy) be a fixed alphabet. The
function (6.12) indexed by the half-space configuration y = (1) is explicitly given by:
u (1-q)*ws

Foy(wy,...,wy) = a1 .
() =0T T (= )

(6.21)

Proof. Let us define the function P(wy,...,wy) as the right hand side of (6.21). Then observe
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that N
P(wi,...,wn) - JTI(1 = wi)(1 - qu;)] (6.22)

i=1
is clearly a symmetric polynomial of maximal degree 2 in each variable wq,...,wy. As such,

the polynomial (6.22) is completely determined by three independent specialisations. The
following are easily verifiable for each ke {1,..., N}:

(i) The residue at wy, = 1:

Res P(wy,...,wy) =a¥ 1 (g-1).

'Ll)k:1

(ii) The residue at wy = ¢~

Reslp(wl, cowy) =aN Tt (q_1 - 1) .

Wr=q~

(iii) The recurrence at wy, = 0:

= ozP(wl, coey Whe—1, Wty - - .,’LUN).

P(wy,...,wy)
wi=0

Lemma 6.11 follows by showing that each of these properties holds for the symmetrisation
formula (6.12) for the function F;y(w). But first we must show that

f(l)(wl,...,wN)-H[(l—wi)(l—qwi)] (6.23)

is a polynomial in each w-variable of maximal degree 2. By virtue of Proposition 6.10, the
function (6.23) is a meromorphic function whose only possible poles occur at wy = 1,¢7* for
each integer 1 < k < N. By observing individual terms in its symmetrisation formula (6.12),
we observe that F(;)(w) has at most simple poles at w; = 1,¢7!, so that (6.23) is indeed a
polynomial in w;. And so, we may determine its degree by investigating the behavior as
wy — oo term-wise for each individual signed permutation o € By. It is easily verifiable that

for each o € By:

ﬂ[(l—w»(l—qwo]-o—( I [“f“‘-’“” 1‘wiwj]sol<wl>)=0(wz)

i= 1<icjen | Wi —wj; 1= qu;w;
as wy, — oo for each integer 1 <k < N. So we conclude that (6.23) has maximal degree 2.

Let us now show that F(;y(wi,...,wy) satisfies the required properties (i)—(iii). In what

follows, let k€ {1,..., N} be fixed positive integer.
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(i) Observe that, in the symmetrisation formula (6.12), the only terms with singularities at
wy, = 1 are those where ¢, (wy) appears. In our case, these terms will correspond with signed
permutations satisfying o (1) = +k where there is a simple pole at wy = 1. Then observe that
the scattering factor has the following specialisation:

wy — qw; 1 - wiw; 1

k=1

wy —wj 1= quiw; "

This means that for individual signed permutations satisfying o(1) = +k, we may evaluate the

residue of the simple pole at wy = 1 by evaluating
Res o1 (wy) =¢-1.

Meanwhile, on the symmetrisation formula we have

_ w; —qw; 1 —-w;w,
Res F1y(wy,...,wn) =a™ ' Vy_y Z I a(l ‘ J e ])Resgpl(wk)
wr=1 oeBy 2<i<j<N Wi — Wy 1—qwiwj wg=1
o(1)=k

= aN_l(q_ 1)7

where we have used Proposition 6.7 to simplify the last line. This is the desired result.

(ii) It follows by a similar argument that

_  N-1(,-1_
Reslf(l)(wl, S LWN) = (q 1),

Wg=q~
where the residue isolates signed permutations satisfying o(1) = —k.

(iii) This property follows directly as a consequence of Proposition 6.9. O]

6.4.2 Proof of eigenvector property

Let us recall the result of Lemma 6.5 where, for a fixed half-space configuration with M

particles y, the following holds on any alphabet w = (wy, ..., wy):

Y WL Fy(wy, ... wy) =

y'eW

(—a+ y (1-q)*w;

i=1 (1—wi)(l—qwi))}—y(wl""’wN)‘ (6.24)

So that the function F,(w) from (6.12) may be regarded as an eigenvector of the transition
matrix of the half-space ASEP with ~ = 0.

Proof of Lemma 6.5. Let us first examine the left hand side of (6.24) more explicitly. Let us
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denote F,(wy,...,wy) = f(y) for some fixed half-space configuration y = (y1,...,ya). The

left hand side of (6.24) can be written as the following free-evolution equation:

M

M
> (yli”ly’)f(y’)=qu(y17-~7yi—1,'-.,yM)+Z;f(y1,m,yz-+1,m,yM)

y'eW i=1
+af(yr, -y, 1) —(M(1+q) +a)f(y1,---,ym), (6.25)

whose right hand side is subject to the following scattering conditions:
(i) Bulk scattering: for each 1< i< M, whenever y;_1 =y; + 1:

Qf(y17"'7yi7yi7"'7yM)+f(y17"'7y’i+17yi+17"'7yM)
=1+ f(yr, -y + Ly, ynm).  (6.26)

(ii) Boundary scattering: whenever y; = 1:

qf(yb s 7yM*170) + af(yla s YM-1, 17 1) = (Oé + q)f(y17 s YM-1, 1) (627)

Observe that both scattering conditions are relations between functions indexed by both
physical and nonphysical half-space configurations. For a fixed y € W, we may apply each
of the scattering conditions to the right hand side of (6.25) to remove any nonphysical
configurations. In this way, the bulk scattering (6.26) enforces the particle exclusion condition
and the boundary scattering (6.27) enforces the boundary dynamics at v = 0. One can readily
check that this is consistent with the multiplication by the transition matrix on the left hand

side, thus yielding the time-evolution of the half-space ASEP.

We first prove that the function (6.12) satisfies the free-evolution equation (6.25) before showing
both scattering conditions (6.26), (6.27).

(a) Free-evolution equation: We begin by showing that f(y) = F,(w) satisfies the following:

(—O./"']ZV: (1_Q)2wl )f(ylvayM)

= (- wi)(1 - qu;)
M M
:af(yla"'ayM71)+q2f(y17"'7yi_17"'7yM)+Zf(y17"'7yi+17-"7yM)
i=1 i=1

~(M(1+q)+a)f(y1,...,ym). (6.28)

Firstly, we may immediately eliminate terms —a f(y) from each side of (6.28). Then, on what

remains, consider the term corresponding to o € By within the symmetrisation formula (6.12)
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individually within the remaining terms of (6.28). The following property will be useful:

(1-q)*w;
(1= w;)(1 - qu;)

qpy—1(wi) + oy (wi) = (1+q) oy, (w;) = Py (W07).

Application of this property within the the right hand side of (6.28) yields the following

$ oGy (o by

izt (1= wi) (1 - qug) oeBy w; —wj 1 - quw;w,

1<i<j<N i=
W; — qwj 1- wiwj ] M (VN—M—l M (1 - q)ka
= o @y, (w;) o1(ware1) + .
ags;w (15K1;[3N[ w; —w; 1= qu;w, E y VN-m ' k; (1—w)(1 - quy)

By re-arrangement, we can see that (6.28) holds if the following vanishes under symmetrisation:

w;i — qu; 1 —wiw, ] T (VNM1 J (1 - q)?ws
Py (w;) p1(ware) = :
1<i<j<N[ w; —w; 1 - quw; E ! Vn-m : k:%u (1= wg)(1 - qug)

(6.29)
Observe, as a consequence of Lemma 6.11, that (6.29) vanishes under symmetrisation of the

variables w1, ..., wy whilst leaving wy, ..., wys fixed and the result follows.

(bi) Bulk scattering: Consider, for some fixed alphabet w = (wy,...,wy) and configuration

y=(y1,...,yn) with yx_1 =y + 1 for some 1 < k < M, the following

qf(yl ~~~~~ Yk >Ykseoos yM)(w) +‘7:(y1 77777 Ye+Lyp+l,..., yM)(w) - (1 +Q)~7:(y1 ~~~~~ yk+1:yk7~--ay1\/l)(w)

- 1 — s | M
- VoV M Z o H w; — qu; 1 —wiw; 0y, (Ww;)
= _ Yi K3
0By 1<i<j<N w; —wj 1-qww; [
(4,9)#(k=1,k)

y Wg_1 — QW [q+ 1 - quwi-_11-quy _ (1 n q)%] ) (6,30)

Wip—1 — Wi 1- W1 1- Wy, 1- W1

The top-line of the summand on the right hand side of (6.30) is symmetric under the interchange

of wy_1 and wg. Whereas the bottom line may be simplified as

1-g¢ (w-1 = quy,) (wy, — quy_1)
(1 —wp-1)(1 —wy) Wk-1 — Wk

Y

which is skew-symmetric under the same interchange. Therefore, the sum over over all
permutations o € Sy on the right hand side of (6.30) vanishes. The bulk scattering condition
(6.26) follows as a result.

(bii) Boundary scattering: Let us, for a fixed alphabet w = (w1, ..., wy), consider the following

C]f(yl ----- ynm-1,0) (w) + Oéf(yl ----- nyLLl)(w) - (q + O‘)‘F(yla-n,yzvphl)(w)’ (631>



Chapter 6. Asymmetric Simple Exclusion Process in Half-space 119

which will ultimately be shown to vanish. Let us first consider (6.31) in the case N = M
separately. It is convenient to treat this case separately since the function F,(w) from (6.12)
vanishes whenever the half-space configuration y has more parts than its alphabet w. This
means that the middle term in (6.31) does not appear whenever N = M. In this case, the
symmetrisation formula (6.12) can be compared term-wise, where the following function which

appears in the summand

qpo(wn) = (g +a)pi(wy), (6.32)

while all other factors in the summand are invariant under the action of wy +~ 1/(qwy). Now

note the property whereby

901(w)+901(i): 1 (wo(w)JrSOo(i))- (1-q)*w

qu) q+a qu/)  (1-w)(1-quw)’

This property may be used to show that (6.32) changes sign under wy ~ 1/(qwy). And so,
whenever N = M, (6.31) vanishes.

Now let us consider (6.31) for M < N. We will ultimately show that the following function

f(wM,...,wN): H [wi—qwj 1—wiwj]

Meidjen | Wi —w; 1= quw

Vv (ag0(ar) + 2 () (ware) = (g + i) (639

vanishes when summed over signed permutations of the sub-alphabet (wyy,...,wy). The
function f(wyy,...,wy) is part of the summand of the combined symmetrisation formulas
for the functions in (6.31). The fact that the vanishing partial symmetrisation enforces
the vanishing of the fully-symmetrised functions in (6.31) follows in along the same lines
as the partial symmetrisation formula (6.15). The vanishing of the function (6.33) under
symmetrisation is equivalent to the following condition in the function (6.12) for any N > 2:
q o

F ey +
g+« o (w1 wy) g+«

f(l,l)(wl,...,wN):f(l)(wl,...,wN). (634)

Let us then denote the left hand side of (6.34) as the function G(wy, ..., wy), which is is clearly

a symmetric function. Moreover, we claim that the function defined by

G(wy,...,wy) - 13 [(1-w;)(1-quw;)]

is a symmetric polynomial of maximal degree 2 in each or the variables wy, ..., wy. This claim
follows from the observation that the function (6.23) is also a polynomial of maximal degree
2 when the configuration (1) is replaced by either (0) or (1,1) by following an analogous

argument which we do not explicitly present.
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Before we proceed further, let us come up with an alternative expression for the function
G(wy, ..., wy). First, by invoking the alternative expression (6.16), the function Fgy (w1, ..., wx)

has the following expression:

1-
1-¢

f(o)(wl, e ,w]v) =N Z

1<li|l<N

w; —qw; 1 —w;w; ]
gp w; , 6.35
i )I_I||:wz wj 1 - quw;w; ( )

where the sum over i is over {-N,... 1} u{l,..., N} where w_; = 1/(quy) for each k > 0.
Similarly, we may apply the expression (6.16) to express

w; — qw; 1 —ww;
Fay(wy,...,wy) = o1(w;) ]
(1.1) 1<%;N H —w; 1-quww,;

J*\ I

N ; — 1 —ww;
xa¥2 Y oi(wy) [] | “’“’J], (6.36)

1<|k|<N j=1 W; — Wy I- qu;W;
|k |4| g#lil,5#l k|
where we may recognise the bottom line of (6.36) as F(1)(w1, ..., Wy-1, Wji+1,- - -, wn). Then

using Lemma 6.11, we may write (6.36) as

N 1= 0)2w: N - 1 —waws
q)*w qu W; W
Fann ) =02 5 o) 3 s | [T [ St i |
Jj=1 K3
J#lil

1<i<N = (1 - w;)(1 - quy) —w; 1 - qw;w
(6.37)
Now, we claim that the function G(w) = (¢F)(w) + aF1,1)(w))/(q + o) can be written using
expressions (6.35) and (6.37) to yield:

G(wr,...,wy)

_alN? g-w; X (1-¢q)%w; N w; - qu; 1 —ww;
5 a1y Y o L R
j=1
J#lil

Q+O‘1<\Z\<N 1 -w; j:l(l_wj)(l_qwj) i —w; 1 - quw;

where, again, the sum over i is over {-N, ..., 1}u{l,..., N} where w_; = 1/(quwy,) for each k > 0.
Now to complete the argument to prove the identity (6.34), we show that (6.38) constitutes a
suitable expression on which to demonstrate the properties (i)—(iii) from the proof of Lemma
6.11.

(I) The residue at wy, = 1:
Res G(wy, ..., wy) = N (g -1).
W=

To see this property let us expand (6.38) to separate the positive and negative sum over i:
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g;(iulv 7QU]V)

alN-1 JZV: () JZV: (1-q)%w; ﬁ w; - quw; 1 —w;w;
= w;

q+az’:1%01 1 qu; - - w;)(1 - quy) - | wi —wy 1= quiw;

]#l JF

> %1

q+061 1

aN 1N ( ) 1—qwiJr N (1-¢q)%w; ﬁ[qwl w; 1-qPww; ] (6.39)

qui )\ 1-w; = (1-w;)(1-quy) w; —w; q(1 - qu;w;)

JEi
Now, recall that ;(w;) has a simple pole at w; = 1 while ¢ ( ) is analytic at w; = 1. Hence,
we may recognise that each term in both sums in (6.39) has a simple pole at the point wy =1
for each integer 1 < k < N. So evaluating the residue of G(ws,...,wy) at wg = 1 amounts to

calculating this residue on each term in both sums. This yields:

aN-1(g-1) & (1-q)2w; q-w; 1-qw;
Res G(wy,...,wy) = . a1t (g-1) . ’
wy=1 q+a Z wj)(l—qwj) H 1 -wjq(1l-quw;)
]i
OCN aN1(g-1) & 3 () - w; lLV[ w; — qw; 1 —w;w;
q+a o - qu; e w; —w; 1 - qw;w;
LoV - & Z ( ) 1- 2w, & |qwi—w; 1-q*ww, (6.40)
q+o i= 1 quw; Q(l wz) j=1 w; —Wj Q(l_qwiwj) . '

J#i,j+k

The first two terms in (6.40) are due to the residues of the terms in each sum of (6.39)
corresponding to i = k, while the remaining sums correspond to the terms in (6.39) which are

due to the terms corresponding with ¢ # k.

For some arbitrary integer 1 < ¢ < N satisfying ¢ # k, let us denote the right hand side of (6.40)
as a function of wy by g(wy). From here, we claim that g(wy) is in fact a constant. In order to
demonstrate this, we first show that g(w,) is an entire function of w,. The possible singularities
are at the points wy = w;, 1/(qw;) for j # ¢, j # k and also w, = 1,¢7", +¢~*/2. However, by virtue
of Proposition 6.10, G(wy,...,wy) is a meromorphic function in w, whose only singularities
occur at wy = 1,¢71. It then follows that the singularities at w, = w;, 1/(qw;) present in g(wy)
are removable.

It remains to show that the singularities at w, = 1,¢~! are removable. Let us first consider
the apparent singularities of (6.40) at w, = 1, where each term has a simple pole. And so,
neglecting the overall constants, we compute the residue of the first two terms on the right

hand side as
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N (1-q)%w, (ot a q-w; 1-q*w;
w Z(1 w;) (1 = quy) (@ )H[l wj q(1 - qwg)]

J=1
j*k Jj*k

oo lara)(1-¢®) & fg-w; 1-¢*w 6.41
=q-1+ H 0 . . (6.41)
q el - w; q(1 - quy)

A simple computation shows the contribution of the same residue on the two sums over 7 in

(6.40) exactly cancels (6.41). From this we may conclude

Res Res G(wy,...,wy) =0

we=1wg=1
so that the g(wy) is analytic at w, = 1. Although we do not present it, an analogous computation
also shows that g(wy) is also analytic at w, = ¢!, and thus we conclude that it is an entire

function of wy.

By looking at each individual rational factor in the terms of the right hand side of (6.40), it is
straightforward to see that the g(wy) is bounded in the limit w, - oco.

And so, we may conclude that g(wy) is a bounded entire function in w,. Since ¢ was arbitrary,
we may conclude that it is a bounded entire function in the remaining wy, ..., wg_1, Wgs1, ..., WN
alphabet, and by Liouville’s theorem, it is a constant. As such, we may evaluate the right hand
side of (6.40) by taking any specialisation of the remaining w-alphabet. It is convenient to
choose wy = +++ = wy_1 = Wiy1 = - = wy = 0 so that all terms in (6.40) vanish except the second

one which yields the desired result:

=a™ 1 (g-1).
wy=1 1-w,; q(1-quw;) ( )

j*k =-=wyn=0

Resg(wl,..., ) Nl(q 1)1—[[61—%’ 1—q2wj ]

(IT) The residue at wy, = ¢g7:

Res G(wi,...,wy) = a1 (gt -1),

WE=q"
which follows by a analogous argument to the one used to calculate the residue at wy = 1.

(IIT) The function G inherits the property

g(wl)"'7wN) :ag(wla"‘awk—lvwk+17"'7w]\7)

W=

from Proposition 6.9. [
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6.4.3 Proof of initial condition

Let us recall the result of Lemma 6.6, where the following orthogonality statement on the
function F,(w) from (6.12)

% dw; % dwy H W; — W; 1- quW;W;
D1 27 Dy 27i L<ici<N LqW; — w; 1 —wyw;

N 1—qw.2 1 —w: zi—1
- - F =8,.,, (6.42
xglwi(qu@_l—Oéwi)(l—qwi) (1—qwi) :| v, o) v (642)

serves as the initial condition of the half-space ASEP transition probability (6.10). The

integration contours of (6.42) satisfy the requirements of Definition 6.3.

Proof of Lemma 6.6. The proof of this result is rather technical, so we will proceed in several
steps. For some o € By and half-space configurations x = (z1,...,25),y = (y1,---,ynm), let us

define the following integral expression:

d d i i 1- iW; Wo (i) = qWq(; 1_waiwo'
Zzﬁy(o’%:ﬂi ws yg wy lw w; 1 = quiw; Wo(i) = qWo(y) () Wa(j)

1 27l N 2T gy [ Wi - quy 1 - wiwg We) — We(s) 1 - Qo) We(j)

N M
x n W, (w7) l_{ oy (Wory), (6.43)

where the function defined by

Y (w) =

1 - qu? (1—w)x_1
w(g+a-1-aw)(l-qw) \1-quw

is analytic at w = 1 for all integers = > 0. It is important to emphasise that the contours in
the integral (6.43) are defined according to Definition 6.3 and do not depend on which signed

permutation is being considering. The orthogonality statement (6.42) can then be restated as:

V™M Z Toy(0) = 0sy,

O'EBN
where in particular, the constants outside the sum reduce to 1 whenever M = N. Our argument
is then split into the following claims which together imply the result.
(i) For any configurations with 0 < M <N, Z, ,(0) = 0 for any o € By\Sn.

(ii) For any o € Sy, Z,,(0) = 0 whenever M < N.
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(iii) Whenever M = N the following summation vanishes:

Z Z,y(0) =0.

oeSy\{id}

(iv) When o =id and M = N, the integral may be evaluated Z, ,(id) = d,,,,.

We will proceed by proving these claims individually. Before proceeding, it is useful to remark
on the strategy within the proof regarding the order of integration of the contour alignments
of Definition 6.3. The multiple integral expression (6.43) may be evaluated by successively
taking residues at w; = 1, followed by wsy = 1, and so on. However, we may switch the order
of integration by deforming the contour of the ws-integral from D, to lie completely within
the interior of D;. Due to the residue theorem, this deformation comes at the expense of the
evaluation of residues due to possible poles at the points wy = qwy,w;!, or any other so-called
dynamic poles that are crossed by this process. Due to the scattering factor in the integrand,

the dynamic poles which are crossed will depend on the signed permutation o.

In order to proceed, the following expressions will prove to be useful

1 1 (1-w \" %

1—wi1—qwi(1_qwi) ’

a+qui(l-q-a) ¢ O™ (1 —w; \* Y16
( 1- qwi) .

¢$i(wi)¢ya—1(i)(wi) =(q-1)

1
T; i g\ )T -1
wz(w )QOZJG 1(1)(qwi) (q ) 1-qg-a+aw; (1_wi)2

In particular, since all individual coordinates are positive, the second expression has a removable
singularity at w; = 1. Additionally, whenever o € Sy is an element of the symmetric group (that
is, a signed permutation without any sign flips) then the scattering factor in the integrand of

(6.43) may be presented as product over the inversions of o:

wi —wj 1 = quiw; Wo(j) ~ qWo(i) 1~ WowyWo(y) | _

(_1)\a| Wo (i) = qWo(5)
1<icjen LWi = qj 1 = wiw; Wo(i) = Wo(j) 1 = qWe(i)Wa()) sisgeN Wo(5) — qWo (3)
o(2r)>0(g

We now proceed with the proof of (i)—(iv).

(i) Let o be a fixed signed permutation which contains at least one sign-flip, so that o ¢ Sy.
Let ke {1,...,N} be the fixed integer that corresponds to the left-most sign flip within o.
That is, let £€ {1..., N} be the index satisfying o, = —k, so that we may represent the signed
permutation as

g = (0-1)"'70-6—17_kao-f+17-"70-]\7)7

where 01, ...,0,.1 >0. We now show that Z, ,(c) = 0. First consider the integral expression

(6.43) for a signed permutation with & = 1. The D; contour is the inner-most contour according
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to Definition 6.3, and so, we may evaluate the Z, (o) by taking the residue at w; = 1. The

wi-dependence of the integrand is given by

N -1 1N -1
wy —w; 1 - quyw, We, — W wi'/q - qug,

1 — . _ -1 _
jzlwr —quy 1 —wiw; iy we, —wy /Qj:£+1 wi/q Wo;

) 1- wazwll/q Ve, (W1) 0y, (qw ) if0< M
it 1= we g, () 0> M

which is analytic at w; = 1. We thus conclude that when k =1 the integral expression (6.43)

vanishes.

Now let us assume that & > 1. We aim to evaluate the wy-integral in Z, , (o) by first deforming
its contour from D, to be contained within the interior of D;, and consequently also within
the interiors of Dy, ..., Dx_1. The possible dynamic poles of wy in the integrand of (6.43) are

listed below. All of these poles are either simple poles or removable singularities.

o w, =g lw,; forall i <k

o wy =quw; forall j >k

o wy=w;! foralli+k

o wi=q 'w,, forall i </ (where (i) > 0)
o Wy = w‘g(m,q‘lw';l(j)' for all j >/

® Wy, = We(;) for all 7 # £ whenever o(i) >0

By virtue of the contour alignment in Definition 6.3 and the numerator of the integrand of
(6.43), the only possible singularities crossed by deforming the contour of the wy-integral are
those at wy, = w#! for all i < k. Note that the factor [T;.,(w; —wy) in the numerator of the
integrand implies that poles of the form wy = w; are removable, so that we only need to consider
the effect of poles of the form wy = w;!. We will now show that the contribution of these
residues vanishes for all 1 <4 < k so that the contour of the wy-integral can be deformed to lie

arbitrarily close to 1.

We first detail how the singularities wy, = w;! appear in the integrand of (6.43). For a fixed

i
o € By whose left-most sign flip is oy = -k, consider all possible values p € {1,...,k -1} such
that p # o1,...,00.1. These possible values of p precisely correspond to the simple poles of the
form wy = w,' that are present in the integrand. For each such p, we also define m = o~1(+p),
which is the index that maps to either +p or —p under . We note that due to the restrictions on
the values of p, it follows that m > £. The residue of all simple poles wy = w,! ultimately do not

contribute to the evaluation of Z, ,(o) so that we may deform the contour of the wy-integral.
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If no such p exists then the prescribed deformation can be performed freely without crossing

any singularities.

Denote by A the set of all possible values of p as described above. In order to show that
T, (o) =0, we will have to show that the any contributions due to residues at wy = w,! vanish
for all possible combinations of p. More explicitly for any non-empty {pi,...,p,} € A with

p1 > - > pp, we will show that the following combination of successive residues vanishes:

d
ji % Res Res - Res Goy(wr, ..., wN) =0, (6.44)
D

1 —w-1 —w-1 —w—
2mi WE=Wpy Wpy =Wy, Wpy, 1 =Wy,

where g, , is the integrand of (6.43) and D is a small circular complex contour, enclosing the
point 1 with an arbitrarily small radius. For any value p as described above, consider the

following residue on the wy, w,-dependent factors of g, ,:

w; —wj 1 - quw; W, — qQWs, 1 — W, W,

res, 11|

—apn—1
WE=Wp" 1<i<j<N

o (Wi )b, (10) P (q%k)am (ws)).
(6.45)

w; —qw; 1 —ww; we, —w,, 1-qus,w,,

where

_ 0y (2) Hl<M
Pu(2) = .
1 ife>M

Should there be a simple pole at wy = w,!, then (6.45) can be evaluated which yields a factor

of the form:

(1 —wy)zwter=2 if {,m>M
(1 - wy)®rreptye=3 it < M,m>M

p

e, (wi) 0y () (22 i () -

(1 - wp)mer@rr@eym)=3if { m < M,o(m) = +p '

(1 — wp)@rreptyerym=4 if &, m< M,o(m)=-p

We note here that since z;,y; > 1 for all 1 <7 < N,1<j < M, all contributions are of the
form (1 -w,)’ for some non-negative integer b > 0. The third item can be seen to have a
non-negative exponent since m > /¢, it follows that y, — y,, > 1. For each successive residue
evaluation in the chain p; > -+ > p, in (6.44), we obtain a factor of the same form. Evaluating

all the residues leads to a factor (1 - wpn)b1+"'+b”

in the w,, integral of (6.44) which is analytic
at w,, =1 since all b; > 0. Therefore, the w,, integral of (6.44) vanishes. Finally, since this is
true for all non-empty sets A, the multiple residues at the points wy = w,! do not contribute
to the evaluation of (6.43). Thus we can deform the contour of the wy-integral to lie closely
around wy, = 1 without picking up additional residues. The integration over wy then vanishes

and we thus conclude that Z, ,(c) = 0 whenever o € By\Sy.
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(ii) For a fixed o € Sy and configurations x,y satisfying M < N, we will prove here that the
multiple integral expression (6.43) vanishes. Let us define k € {1,..., N} such that oy = k.

Our proof strategy will be similar to the previous part, whereby we aim to deform the contour
of the wy-integral from Dy, to be arbitrarily close to 1. Since M < N, the integrand of (6.43)
does not contain a ¢ function with w; as an argument. Hence, due to the form of the
function, the integrand is analytic at wy = 1. With this in mind, consider the w;-dependent

factors in the integrand:
Wa(;) — qW
(-nFt [ T

1zicN WE = qWq(4)

o(i)>k
From this expression we can conclude that the only possible singularities are of the form
Wy, = QW) for o(i) > k. The alignment of the contours outlined in Definition 6.3 ensures that
these singularities are not enclosed by the Dy contour so that the integrand is an analytic

function of wy both on and within the interior of Dy. As a result, the integral (6.43) vanishes.

(iii) For any fixed permutation o € Sy and configurations x,y both containing M = N particles,

the integral expression (6.43) can be written as

dw, dwy Woi — 4Wo,
Z,.(0) = (g—-1 Njg y{ ~1)ll —
a(0)=(g-1) D 2ri  JD 27 (=1) 1sz‘1<—1jsN Wo; — qWo;

Ui>oj

xﬁ[ L1 (1‘“” )xi_y”_l(“]. (6.46)

i1 LI —w; 1 —quw; \1-quw;

We emphasise here that in the absence of sign flips in the signed permutation, the contours
have been deformed to coincide, D; = D, where D is a positively-oriented contour enclosing
1 with an arbitrarily small radius. From here, we claim that the expression (6.46) has the

desired property

>, Zuy(o) =0, (6.47)
seSy\{id}

which is equivalent to a claim within the proof of Theorem 2.1 of [TW08]. We do not replicate
the argument needed to prove the statement (6.47) due to its technical nature. However, the

precise details of the matching with [TWO08| are provided explicitly in Appendix C.

(iv) Consider finally the integral associated with the identity signed permutation id € By for
half-space configurations x,y with M = N :

zx,y(id)z(q_an %é) dwa‘VI[ L1 (1‘wi )%y]

Dy 2mi ~ 2 Ll -w; 1 —quw; \1-quw;

This integral is readily evaluated by taking successively taking residues at w; = 1 which yields
Z,,(id) = 6., by the residue theorem. O
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6.5 Pfaffian formulas for the half-space TASEP

6.5.1 Schiitz-type Pfaffian transition probability

This section will be devoted to explicit Pfaffian expressions for the transition probabilities of
half-space TASEP, that is, the totally asymmetric version of half-space ASEP where particles
only jump to the right. The TASEP transition probability is obtained by taking the limit
q — 0 within the integral formula of Theorem 6.4. We will present the general expression for

this result under both empty and general deterministic initial conditions.

Definition 6.12. Let us denote by (8 a positively oriented closed complex integration contour

which is sufficiently large so that it surrounds the points 0,1, and 1 - a.

Empty initial conditions

Theorem 6.13. Let N be a fixed integer and let x = (x1,...,2y) be the ordered coordinates
of half-space TASEP particles. Then the half-line open TASEP has transition probability from

an empty state to x given by the following: when N is even
Py(2 - z) = (-1)(2)e PF[Q], (6.48)

and when N is odd the underlying matrix is augmented with an addition row and column

. Q
P2 - z) = (~1)(Deot Pf[ P ]

Here, Q is a skew-symmetric N x N-dimensional matrix and p is a column vector of length N

whose entries are given by

[Q]i,j :Qi,j(l‘anhiCijn)a

[P]i =pi(TNiv1),

for all 1 <4,7 < N. We define the integral kernels

du fdw u-w wizet(w-1) wi-vet(u-1)
i = @ — P — . . 6.49
Qij(r,9) = a jéQWiyéﬁ.QWil—u—w(w—a)(w—l)z(u—a)(u—l)i’ ( )
and . T
w wl—xe w—
i =0 — - 6.50
pile) jé%rl (w-a)(w-1) (6.50)
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whose contours surround poles at w,v = 1,0, a, 1 — a whilst omitting all other singularities of

the integrand.

Theorem 6.13 is a special case of Theorem 6.17 which appears later in the text. As such, we
only present the proof of the later result. The skew-symmetric nature of the Pfaffian kernel is

assured by the following property of (6.49)

Qk,é(xa y) = —Qe,k(yﬂﬁ).

In particular, this implies that the function Q) is anti-symmetric.

Remark 6.14. We note here the resemblance of the transition probability (6.48) with its Pfaf-
fian kernel to Schiitz’s solution of the full-line TASEP [Sch97b] presented with a determinantal

kernel.

Remark 6.15. The w and u contours of (6.49) can be deformed to coincide with each other
despite the apparent singularity due to the factor of 1 —u —w appearing in the denominator of
the integrand. Without loss of generality, assume we perform the w integration first. Then
the pole at w = 1 —u can be understood to be a removable singularity since the remaining

u-integrand has vanishing residue at infinity.

Remark 6.16. Our overall probability measure for the transition probability of Theorem 6.13

is over all numbers of particles in the system. That is, for all £ > 0 we have the normalisation

i S P2 (71,...,78)) = 1.

N=01<xy<<x1
General initial conditions

Theorem 6.17. For fixed integers N > M >0, let x = (z1,...,xy) be the ordered coordinates
of TASEP particles at time ¢ and let y = (y1,. ..,y ) denote the ordered initial coordinates of
the particles. In the case yy; > N — M + 1, the half-line open TASEP has transition probability

from an empty state to x given by the following: when N + M is even

N Q U
Py(y — z) = (-1)(2)e ot Pf : (6.51)
-uT 0
when N + M is odd
Q p U
Py(y - z) = (-1)Be Pt —pT 0 0o |. (6.52)

-U” 0 0
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Here, Q is a skew-symmetric N x N-dimensional matrix and p is a column vector of length N
which are the same as those in Theorem 6.13, while U is a N x M-dimensional matrix whose

entries are given by

[Q]i,j ::Qi,j(xN—i+1a $N—j+1),
[P]z‘ 3=Pi($N—i+1)7
[U]i,k ZZUi—k(xN—Hl - nykn),

for all 1 <7,j <N and 1 <k < M. The functions @;; and p; are defined by (6.49) and (6.50)
respectively while we define the integral kernel

dw (w - 1)N—M—ket(w—1)
~ 27 w?k+N-M+1 ’

Uk(z) =

(6.53)

where the contour ~ encloses the (possible) pole at the origin.

Remark 6.18. The restriction y5; > N — M + 1 on the initial conditions is technical in nature,
and arises in the proof of the limit stated in Lemma 6.20 below. While this limit could, in
principle, be computed without the restriction, the relatively simple Pfaffian structure obtained
in the lemma appears not to persist beyond this case, so we do not attempt a generalisation
here. On the other hand, and despite arising in a purely technical manner, the restriction to
ym > N — M + 1 admits a clear physical interpretation: it is precisely the assumption ensuring
that
P(IXi] = N | Xo=9) =P (X = N - M | Xo = 2).

In other words, given M particles initially in the system at positions y, the probability that
exactly N — M additional particles enter the system is independent of the specific configuration

y provided that it satisfies the constraint y,;, > N - M + 1.

Before proving Theorem 6.17, let us show how it recovers Schiitz’s classical determinantal
formula for the full-space TASEP.

Corollary 6.19 (Schiitz’s formula). For fixed integer N, let x = (z1,...,zy) and y =
(y1,-..,yn) be fixed configurations of the full-space TASEP. The transition probability for the
full-space TASEP is given by the following determinantal expression

lim Pe(y — x) = det [Uij(@n-is1 = Yn-jo1) ] i jen - (6.54)

The expression (6.54) exactly coincides with Schiitz’s determinantal expression for the full-space
TASEP transition probability from [Sch97b].

Proof. Since N = M, we consider the even version of the transition probability (6.51) where
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x,y are half-space coordinates satisfying the conditions of Theorem 6.17. Using Proposition
A.1 observe that this Pfaffian reduces to a determinant, so that the transition probability

evaluates as

Py —» ) = e det[U—j(xn-is1 — yN—j+1)]1sz’,jsN'

In particular, we note this expression is completely independent of the kernel Q) so that
the determinant is independent of a. The result follows by setting a = 0 and extending the
coordinates x,y to become coordinates of the full-space TASEP by simultaneously shifting

x—x-(c,...,c)and y~y—-(c,...,c) for any chosen constant integer ¢ > 0. O

The key to the proof of Theorem 6.17 is the following result:

Lemma 6.20. Let (wq,...,wy) be an alphabet of length N and let y = (y1,...,yn) be a
half-space ASEP particle configuration of length M < N satisfying yp; > N — M + 1. Then the
function (6.12) has the following Pfaffian limit: when N + M is even

1- wzwj Pt S(wsz])1<z]<N gkyk(wl)szz:ﬁ

)

gii%lfy(wl,...,w]v) = (-1 oV M H

1<i<j<N W; — Wy —gk,yk(wj)lgkgM 0
1<j<N
(6.55)
and when N + M is odd

hr%fy(wl, Ce ,’LUN) = (—1)(A2/[)OKN7M
q—)
S(wzu w])1<z J<N 1N [ yk(wl) 1:}22\\74
1—w;w;
« 1 ——Lpf -1% 0 0 . (6.56)
l<i<j<N Wi — Wj
9k yk(wy)ljcjg 0 0

Here the skew-symmetric function S is the kernel of the Stembridge Pfaffian (see Lemma A.2)

S(v,w) = 1v—w

—vw

while the function g, for y > N =i+ 1 is defined by

(1-a+aw)wN-k+l
(1-w)y

Gry(w) =

Proof. Recall the symmetrisation formula (6.12). Let us define the function ?y as the sym-
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metrisation formula (6.12) where the overall constant Vyy_j; is replaced by

N—]M)

%q(z it N>M
1

)

otherwise

so that lim,_o F, (w) = lim,_o F,(w) for all appropriate alphabets w = (w1, ..., wy). We will
now consider the ¢ - 0 limit on the function fy in the case N > M only. The N = M case

follows by a very similar argument. For N > M, the symmetrisation formula becomes:

L 1 — . | M
Fywn, o ww) = 53 Do Za( [T ["‘“ L w"“f]}‘[wyxwi)). (6.57)

oBy  \1cicjen | Wi—w; 1 -quyw; |4

We first separate this symmetrisation over signed permutations By into a sum over the

symmetric group Sy and a sum over signs. Observe that the factor

w; —qw; 1 —ww;

w; —w; 1-qww;

in (6.57) is invariant under w; - 1/qw;. By separating the product over ¢ into 1 <7 < M and
M +1<i< N we may re-write (6.57) as

T 1 v-m
Fy(wla---,rl,UN):éq( 2 )aN*M Z Z

{ei=x1} 0eSn

xﬁ[ l]_V[ [w%—qw(,j AL ]wyi(w%)]). (6.58)

i=1 Lj=i+1 | Weioo — Woy 1- We;o; Wo,

[T II

i=M+1 j=i+1

( Al N lweioi — qWg,; 1- We;0; Wo ]
X

weiai - waj 1- qweiai waj

The sum over the signs {¢; = +1} in (6.58) can now be performed independently for each .
N-M

Using w_; = 1/quw; for i =1,..., N, and absorbing the pre-factor q( > ) we thus get

fy(wl,...,wN)

N-1 N w1 — . N w1 = 2w,
o NM ZU{ I (qN_Z.H[w, quw; 1 wlw]‘|+H[qwz wj 1 qwzw]])x

oSy Li=M+1 jmin | Wi —wj L—quiw; | 55| wi-wy 1 - quw;

wi — qu; 1= wiw, poNeic1 Ty | qwi w1 = Pwaw; |
(w,,) + q¥i (w1

(6.59)

where

i)_ qu —a (1—q)w( 1_w)y—1'

D. = _y+1 =
Zy(w)i=q (py(qw l-quw? 1-qw \1-quw

The assumption yys > N — M + 1 implies more generally that y; > N -i+1 foreachi=1,..., N

(because y; > y2 > -+ > ypr), and under this condition the limit ¢ — 0 can be taken term-wise in
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(6.59)%. By using the symmetrisation to simplify, we arrive at the following expression:

e R [ [T [T S [ - wwy))

oeSN 1<i<j<N Wi — Wy -1 i=1 1 u}l)yI j=i+1
(6.60)
Overall factors can be removed from the symmetrisation over permutations (6.60), which
yields:
~ 1 —ww;
lim 7y (wi,...,wy) =™ ] —
-0 1<i<j<N Wi — Wy

‘ Z(_1)|ag( M —— 7 e 18 02;0“;);;” - ) (6.61)

oSy M+1<i<j<N L —wjw; ;pi i=1

From here, we may decompose the sum over the symmetric group using the following identity:

Z (_1)|0|f1(w017 te 7wUM)f2(waM+17 te 7w0’N)

O'ESN
N+1 ]W+1 3
- (-n% > (pET

T<{1,..., N}
|T|=N-M
X Z ( 1)|p|f1 (’lUTC . .,U)TPCM) Z (—1)|a|f2 (wTal,...,wToNiM), (662)
peSns geSN-M

for arbitrary appropriate functions fi, fo, where T'¢ denotes the complement of T' ¢ {1,..., N}.
And so, the symmetrisation (6.61) can be simplified using identity (6.62) to yield:

. ~ N+1 M+1 _ 1- W; W4
lim Fy(wy,...,wy) = (- 1) aN M —
-0 1<i<j<N Wi — Wj

BRI | BRI s R | K
Tﬁ{\-l}'v”’ﬁ} oeSn_n 1<i<j<N-M Wr,, W, =1 '

N-i+1

1l-a+ow c)w
( To) 7T,

(6.63)

&y

Yi
peSnr i=1 (1 - prC' )
7

Now, for each fixed T'c {1,..., N}, the sum over ¢ in (6.63) can be identified as

9The ¢ — 0 limit still exists when this restriction is not satisfied, however, the evaluation is more complicated.
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1 N-M

_1\lol N-M-i
INCICIN S y S
oESN_M 1<i<j<N-M Toi Taj =1
Pf [S (le, wTJ)]ISZ,J<N_M if N - M is even,
_ wr, Wy _
1<i<j<N-m 1 —wrwr, S (wTi,wTj)lqu_M Inv-m . .
Pt T if N - M is odd,
iT
1y 0

where we have used the evaluation of the Vandermonde determinant and the Stembridge
Pfaffian of Lemma A.2. The sum over p in (6.63) is then also identified with the following

determinant

(1 — o+ qwypc ) wh!

S ML

peSn

Using both of these identifications, both the odd and even cases of the right hand side of
(6.63) may be simplified using Proposition A.1. The result for both even (6.55) and odd (6.56)
N + M follow once the following identity is applied

(DD E) = (pEremD, =

Proof of Theorem 6.17. We proceed by considering the ¢ =y =0 case of the half-space ASEP
transition probability which is obtained as the ¢ — 0 limit of the expression (6.13). The
evaluation of the ¢ - 0 limit on F,(w) follows from Lemma 6.20. For simplicity, we will only
present the case where N + M is even, where the odd case follows similarly. In the case where

N + M is even, the this limit is given by

limP(y - x) = a™e ™ 95
q-0 D

o dwNﬁ[(l we)! exp( L)

27 N 27 ] wN T o -1 - aw;

S(w“w])lq j<N Gk yk(wl)llf;iﬁ
« Pf , (6.64)
—gkz,yk(wj) 1<ksM 0
1<j<N

where all contours D; satisfy the constraints of Definition 6.3. In particular, they all surround
the point w; = 1. It is important to note that, precisely when ¢ = 0, we are able to deform all
contours to be the same without crossing any singularities of the integrand. That is, for all ¢

we deform D; — D, for some appropriate contour D which surrounds the point 1. Since all
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integrations are over the same contour, we may symmetrise the integrand of (6.64) to obtain

NMemot / N ex
q—)

N! D 2mi  Jp 2mi ol 1 - 1 ow;
_ S(w;,w;) Gy (W;) 1<isn
1= im 1 iy Wi )1<i,j<N k,yk i) [si<
xdet[%] Pf = (6.65)
W; 1<i,j<N _gk,yk(w]‘) Lsksnt 0
<j<

while the odd case follows similarly with an enlarged Pfaffian as in Lemma 6.20. We then

make the change of integration variable w; = 1 —w;! and suitably deform the contours.

We note here that whenever y = @ (or M = 0), for both odd and even N, the Pfaffian in (6.65) is
reduced to [Ty¢icjen m, which is equal to Stembridge’s Pfaffian from Lemma A.2. Theorem

6.13 follows by appropriate manipulation after applying de Bruijn’s integration formula from
Lemma A.4.

Whenever M > 0, regardless of whether N + M is even or odd, we apply generalised version of
de Bruijn’s integration formula of Lemma A.5 to (6.65). When N + M is even, this yields the

following single Pfaffian expression

QN-ist,N—j+1(Zis T)1<ijen Uncivi—k (@ — Yni—kar) 1sisN
limP,(y - 2) = e Pf |, (6.66)
q—0

—UN_j+1_k(:L"j - yM—k:+1) 1<k<M 0
1<j<N

where the factor of a™~M has been absorbed into the Pfaffian by simultaneously multiplying
into the first V rows and columns and dividing the last M rows and columns by a factor of a.
The Pfaffian expression (6.66) can be brought into the form (6.51) by simultaneously reversing
the order of the first NV rows and columns which generates an overall factor of (—1)(1;). The

case where N + M is odd case follows analogously to yield (6.52). O

6.5.2 Kernel recurrence relations

The Pfaffian kernel functions of Theorems 6.13 and 6.17 satisfy important recurrence relations.
Analogous relations have been used to construct a determinantal point process from Schiitz’s
transition probability for the full-space TASEP in [Sas05, BFPS07] and will be used to define a
Pfaffian point process for the half-space TASEP in Section 7.1.

Lemma 6.21. The functions defined by (6.49),(6.50) and (6.53) satisfy the following recurrence
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relations

Qi+1,j(xi;xj) = Z Qi,j(yiaxj)a

Yi2T;

Qi,j+1($i,$j) = Z Qi,j(xiayj)7

Yj2Tj

Ur1(2) = Y Ui(y),

y2z

pre1(2) =Y pe(y).

Y2z

Proof. The argument follows a straightforward geometric series where uniform convergence is

assured by deforming the contour radii of (6.49), (6.50) and (6.53) to be sufficiently large. [

The recurrence relations also have a useful finite-summation version.

Lemma 6.22. The functions defined by (6.49),(6.50) and (6.53) satisfy the following recurrence

relations

z;—1

Qi (si,25) = Qi (i, zy) = Y. Qi (yir ),
Yi=si
wj—l

Qi,j+1(xi>5j) - Qi,j+1(i€z’>$j) = Z Qi,j(%»yj),

Yj=sj

Ui (5) ~Urn(2) = 3 Ruly),

Yy=s

pk+1(5> _pk+1(z) = Z_ijk(y)'

6.5.3 Joint distribution

From Theorem 6.17, we can derive directly by summation a similar formula for the joint
distribution of the particle currents in the half-space TASEP.

Proposition 6.23. Let N > M >0 be fixed integers and consider integers s; > §o > - > sy > 1
and 1, >y > --- > yps. Then the joint distribution of particle positions in the half-space TASEP,
given initial condition y = (y1,...,ya) satisfying yp, > N = M + 1, is given by the following
Pfaffian formulas: when N + M is even

N . Q U
]P’(ﬂ {X,(k) > s} and |X;|= N ‘ X = y) = (-1)()eet Pf[ N ] : (6.67)
k=1 -ur 0
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and when N + M is odd

Q p U
N N
P(ﬂ{Xt(k)ZSk} and |Xt|=N‘X0=y)=(—1)(2)e‘atPf 3T 0 0 |. (6.68)
k=1
-UT 0 0

Here, Q,U are N x N and N x M-dimensional matrices respectively and p and a vector of

length N whose entries are given by

[6]” =Qi+1,j+1(SN-i+1, SN-j+1),
[P]; =pis1(Sn-is1), (6.69)

[U]Zk = i—k+1(3N—z’+1 - yM—k+1)7

for all 1 <i,j <N and 1 <k < M where the functions are given by (6.49), (6.50) and (6.53)

respectively.

A formula of this type can be derived also for TASEP on the full-line, either by arguing
similarly directly on (6.54), or by specialising the half-space formula to full-space as done in the
proof of Corollary 6.19. The disadvantage of such a formula is that it appears to be ill-suited
for asymptotic analysis (although for periodic TASEP the idea has been used fruitfully, see
e.g. [BL18]).

In our setting, we are interested in the proposition mostly due to the following corollary, which
computes the probability of observing exactly N particles in the half-space TASEP at time ¢
(this is equivalent to observing the integrated particle current at the boundary). This yields
the normalisation constant which will later appear in the conditional joint distribution in

Section 7.2, and the explicit formula will be useful in the derivation there.

Corollary 6.24. Let N > M > 0 be a fixed integers and let y = (y1,...,yn) be a fixed
half-space configuration satisfying yy; > N — M + 1. Then the probability of the half-TASEP

having exactly IV particles, i.e.
P(Xif=N[Xo=1y),

is given by the Pfaffian on the right hand sides of (6.67) when N + M is even and (6.68) when
N + M is odd, where the matrix entries are given by (6.69) with s; == sy = 1.

Proof of Theorem 6.23. The joint distribution may be calculated from the transition probability

as
oo  x1-1 rn_1—1

P(}é{Xt(k)ZSk} and |Xt|:N‘X0:y): Yo Y Py ), (6.70)

T1=81 L2=52 ITN=SN
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where the transition probabilities are given by the Pfaffian expressions of Theorem 6.13 when
y =@ and Theorem 6.17 when y is non-empty. Note that all these sums are over non-empty
ranges thanks to our assumption on the s;’s. Let us consider the particular case of the
Schiitz-type Pfaffian transition probability where N + M is odd (6.52) since the even case is
simpler. We evaluate the sum over zy in (6.70) first, where we note that the zy-dependence
only appears in the first row and column of the underlying matrix (6.52). The first row can be

written as

[0 Q1,2(37N>35N—1) Ql,N(-fN,ZEl) pl(l"N) UO(QSN—?JM) Ul—M(xN_yl)]a

where the sum over x can be evaluated on the individual rows and columns of the Pfaffian
simultaneously using the multi-linearity of the Pfaffian. And so, the sum over xy is evaluated

readily using the recurrence relation of Lemma 6.22. This leads the the first row becoming

[0 Q272(8N,9UN—1) QQ,N(SNaxl) pz(SN) Ul(SN—yM) U2—M(3N_y1)]

_[0 Q2,2($N—1uIN—1) QQ,N(-TN—hxl) p2($N—1) U1($N—1—?JM) U2—M(317N—1_y1) ];
(6.71)

while the first column is modified simultaneously in the analogous way. Observe that, beyond
the first entry, the second term in (6.71) is the equal to the second-row of the subsequent
matrix after the xy-summation has taken place. So, we apply the simultaneous row and
column operations, rq + 1 + 79 and ¢ = ¢1 + ¢, which do not affect the value of the Pfaffian.

These operations leave the first row of the resulting matrix as the first term in (6.71).

We will now perform the subsequent summations over xy_1,..., 22 along the same lines. That
is, for each 1 < k < N we evaluate the sum over xy_x,; in (6.70) by applying the recurrences of
Lemma 6.22 simultaneously to the k-th row and column of the matrix. This is then followed

by the simultaneous row and column operations rj — 7 + 71 and ¢ = ¢ + Cry1-

Finally, after performing this procedure for all in order for all k£, we may perform the summation
over 1 in (6.70) using Lemma 6.21. This process results in the joint distribution given as
the Pfaffian over the matrices (6.68) or (6.67) depending on whether N + M is odd or even
respectively. O

Proof of Corollary 6.24. Setting s, = N+1—14 for 1 <4 < N in Theorem 6.23 we get immediately
that P (|X;| = N | Xo =v) is given by the claimed formulas with that choice of s;’s. Now from
Lemma 6.22 we obtain the recursions Q; ;(7,7) = Qi (i —1,7) — Qi-1,;(i — 1,7), Qi;(i,j) =
Qij(i,j=1) = Qij1(i, 5= 1), U(s) =Ui(s = 1) =U;1(s = 1) and pi(s) = pi(s = 1) = pi1(s - 1),
so applying repeatedly row and column operations to the Pfaffians in the formulas, in a similar
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way as done in the previous proof, we can successively lower the values of the s;’s to obtain

the same formula evaluated at s; =--- = sy = 1; we omit the details. O



Chapter 7

Pfaffian Point Processes from TASEP in
Half-space

7.1 Pfaffian point processes

7.1.1 Overview

Here we provide an overview of the essential definitions and properties of Pfaffian point

processes.

Definition 7.1 (Pfaffian point process). Let Z be a set of points and let u: 22 - C be a
measure on the powerset 22. This measure is called a Pfaffian point process if there exists a

matrix valued kernel K : Z x Z — C?*2 which is skew-symmetric, i.e. K;;(z,y) = -K;i(y,x),

given by

Kll(xvy) KIQ(xvy)

K(z,y) = :

KZl(xuy) K22($7y)
such that correlation functions p(z1,...,2y) = u({A€22: 2,..., 2, € A}) have the form

K 1y <] K 1y <]

p(z1,. .., 2m) = Pf n(z2) 122 2) )

Ko (zi,2) Kooz, 25) Leijem
for all finite subsets {z1,..., 2, } € Z. The kernel K is known as the correlation kernel of the
process.

If 1 is a Pfaffian point process on Z and B ¢ Z then the gap probability corresponding to

This chapter is based on the preprint [P2]. Minor modifications have been made for overall coherence and
so that the thesis references its other chapters where relevant.

140



Chapter 7. Pfaffian Point Processes from TASEP in Half-space 141

seeing no points in B is given as a Fredholm Pfaffian:

>, 1(X)=Pt(J - K)ps). (7.1)
XcZ\B
This follows e.g. from Theorem 8.2 in [Rai00]. The Fredholm Pfaffian of a 2 x 2 matrix kernel

K acting on a space L2(X,)\) can be defined through its series expansion

1 . .

PI( + K)p =1+ 30 [ ) PE[K ()]
see Section 8 of [Rai00] or Appendix B of [OQR17| for more details on and properties of
Fredholm Pfaffians. The kernel J here is defined as

0 1
J(l‘,y) :[ 1 0 ]&c,ya

for x,y € Z.

Definition 7.2 (Pfaffian L-ensemble). Let Z be a set of points, and let L: Z x Z - C>2 be a
skew-symmetric 2 x 2-matrix valued function. A measure p on 22 is a Pfaffian L-ensemble on

Z if its correlation function p is given by

Pf Ly

X)=—77——, XcZ. 7.2
Here Ly denotes the (2|X]) x (2|X|) matrix [L(z,2')];ex, while Pf(J + L) denotes the
Fredholm Pfaffian of L on ¢2(Z) (which coincides with the Pfaffian of the matrix J + L when

Z is finite).

Definition 7.3 (Conditional Pfaffian L-ensemble). Let Z be a set of points with subset D ¢ Z
and complement D€ = Z\D, and let L : Zx Z - C?*2 be a skew-symmetric 2 x 2-matrix valued
function. A measure i on the powerset of the subset 2P is a conditional Pfaffian L-ensemble

on D within Z if its correlation function p is given by

Pf LYU'DC

p(Y) = Pf(Jp+ L)

(7.3)
where Jp denotes the kernel J restricted to D, i.e.

JD(:Ea y) = J(l’, y) ﬂz,yeD-

Note that the conditional Pfaffian L-ensemble (7.3) reduces to the regular Pfaffian L-ensemble
(7.2) when the chosen subset is the whole set of points D = Z.
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Figure 7.1: The Gelfand—Tsetlin pattern GT4(x) with left-edges fixed by x = (z1, x2,z3,24).

The following proposition is due to Borodin and Rains, Proposition 1.7 in [BR05].

Proposition 7.4. Let Z be a finite set of points with subset D ¢ Z and let 1 be a conditional
Pfaffian L-ensemble on D within Z as in Definition 7.3. Then p is a Pfaffian point process on

D whose correlation kernel is given by

K=Jp+(Jp+L)"

DxD’

where the second term denotes the inverse of the matrix Jp + L indexed by Z x Z restricted to
D xD.

7.1.2 Half-space TASEP measure

We will now proceed to develop the Schiitz-type Pfaffian formulas for half-space TASEP
from Section 6.5.1 into a Pfaffian point process. Theorems 6.13 and 6.17 give the transition
probability for both odd and even values of N + M. However, for simplicity, we will restrict

our analysis to the even case henceforth.

Let us denote the set of all integer valued triangular arrays of size N as
A = {2 = () e ZN OV, (7.4)

where an individual entry on the triangular array is denoted by the coordinate zF € Z for
1<i<k<N. We must also define a more restricted subset of Ay: the Gelfand—Tsetlin patterns
(sometimes spelled Gelfand—Zetlin or Gelfand—Cetlin) which we define as

GTy = {z: (zf) e ZNWNFD/2 okl ok bl 1 <i<k < N}.
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We also let, for z = (z1,...,2x) with z1 > 25 > -+ > xy,
An(z) ={z e Ay: 2F = 21}, GTn(z) ={zeGTy: 2} = 2.},

which are the spaces of triangular arrays and Gelfand—Tsetlin patterns whose left-edges are
fixed by the coordinates of x. An example of the Gelfand—Tsetlin pattern GT y(z) appears in
Figure 7.1.

To simplify the exposition, and in particular the presentation of the proofs, we treat separately

the cases of empty and general initial conditions throughout most of the remainder of the

paper.

Proposition 7.5 (Triangular array marginal for empty initial conditions). Let N be an
even integer and let x = (z1,...,2x) be the ordered coordinates of TASEP particles. Then
the half-line open TASEP transition probability from an empty state to x can be written

as a sum over Pfaffian kernels indexed by Gelfand—Tsetlin patterns with endpoints fixed by

T = (1’1,...,I‘N)I

N
P2 — z) = (-1)(2)e ot S PE[U(Y, 2 ]1§i,j§N’ (7.5)
2eGT N (z)
where we have defined
du fdw w-w  wlzetlw-1)  yl-yet(u-1)
U(z,y) = , =2ﬂ§_?§_ , 7.6
(#,y) = Quiz,y) = p2mi Jp2nil—u—-—w(w-a)(w-1) (u-—a)(u-1) (7.6)

where contour 3, as in Definition 6.12, surrounds poles at u,w = 1,0, a, 1 —« and omits all other
singularities of the integrand. The kernel ¥(z,y) is skew-symmetric under the interchange of

x and y when x,y > 1.

The proof of this proposition will use the following result, which appears in [BFPS07].

Lemma 7.6. Let f be an anti-symmetric function in N variables and let = = (x1,...,2y)

where x; > --- > x are integers. We have the following identity of sums over triangular arrays:

Z f(z{v,...,z%)= Z f(z{v,,z]]\\,])

zeAn (z) zeGT N ()
zk"’lZzlf;
i+1 =71

Proof of Proposition 7.5. The result will follow from an expansion of the Pfaffian from (6.48)

where we identify the coordinates (z1,...,xx) = (2],...,2):

PF[Qi (a1 5]
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0 Qi (2,21 ) Qin-1(2Y,27)  Qun (2, 21)
Q21(21 71, 21) 0 Qon-1 (217 27) Qon (2171, 21)
- Pt : : (7.7)
Qn-11(z3,2Y) Qo (23, 2071) 0 Qn-1.n (22,2])
Qna(21:2Y)  Qua(zl, 2 ) Qnv-1(21,27) 0

Recall the property whereby Pfaffians are linear in expanding along rows and columns simulta-

neously. We may use the recurrence relations of Lemma 6.21 in the last row and column of

(7.7). Expansion along this row and column yields

[QW(ZN i+l {V g+1)]
0 Qua (2,21 )
Qa1 (271, 27) 0

Ql,N—l (Z{V,Z%) Ql,N—l (Z{V,ZS)

Qan-1 (271, 27) Qanoa (271, 23)

- 2

22 >z1

Qn-11 (Z%azfv) Qn-12 (Z%azfvfl) 0 QN-1,N-1 (Z%»'Zg)
Qn-1.n-1(23,2%) 0

Qn-11 (23,2Y) Qn-12(23,2071)

This step can be repeated so that it occurs N — 1 times in total:

[Qm(zN Hl N J+1)]

0 Q12 (Z{V,Z{V_l) Qi1nN-1 (Z{V, 2) Q11 (vay N)
Qo 1(ZN ! fv) 0 Q2,.n-1 (va_l 2) Q21(z {V ! 1]\\/[)
= Pf :
2N> 222521 2 N
N 2 Qn-11 (21721 ) Qn-12(22,2N71) - 0 Qn-11 (ZlazN)
Q1,1 (ZNazl ) Q12(2N, 1) Ql,N—l (z%,z%) 0

A similar procedure can then be applied to each row and column so that the j-th row has the

recurrence relations of Lemma 6.21 applied j — 1 times. This yields

PE[Qi (2 )] =

N> i>x25,1
ZN 2225227 2

N

N-1

2228227

2 N5, N-1

Qua (2, 2N_1)

Q1 (2, 2y)

0 Qi (27, 2)
Qua(z,2) 0 Qua (29, 25y_) Qui(2d,2Y)
x Pf : : )
Ql,l (Z%—p Z{V) Ql,l (Z]]\\fl—lv Zév) 0 Ql,l (sz\g—l? ZJJ\\IZ)
Qui(zy,21)  Qui(zy,2) Qi1 (2N, 28-1) 0

which can be identified as a sum over integer valued triangular arrays with endpoints fixed by
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the coordinates x1 > .- > zn:

Pf[Qi (2N, 2 ! (7.8)

)]1si.,jsN - ]1si,jsN :

Recall the property whereby a Pfaffian is anti-symmetric under the simultaneous interchange

of two rows and columns. Therefore the function defined by

pf [\I/(ZZN, Z]N)]

1<i,j<N
is an anti-symmetric function under the permutation of the alphabet 2V, ..., z¥. Then, using
Lemma 7.6, the sum on the right hand side of (7.8) can be restricted to be of Gelfand—Tsetlin
patterns which completes the argument. O

Proposition 7.7 (Triangular array marginal for general initial conditions). Let 0< M < N
be integers such that N + M is even and let x = (z1,...,2x) and y = (y1,...,yn) be ordered
coordinates of TASEP particles satisfying yy, > N — M + 1. Then the half-line open TASEP
transition probability from y to x can be written as a sum over Pfaffian kernels indexed by

Gelfand—Tsetlin patterns with endpoints fixed by x = (z1,...,2y):

\I/(ZN ZN)1<‘ i<N EN_k(ZN) 1<i<N
v 7] REVAS % b
Py 1) = (-1)Fet T pf L (19)
2eGT N () —EN_k(Zjv) 1<k<M 0
1<j<N

where we define for each 1 < k < M the function!®:

dw (w — 1)N-ket(w-1)

~ 27 w? Yk +N-k+1 ’

Eni(2) = (1) Uk_p(z =) = (-1)F

(7.10)

where the contour v encloses the origin.

Proof. The proof follows a similar argument to the proof of Proposition 7.5 while using the
recurrence relations of Lemma 6.21 for the kernel U,. This leads to a sum over Gelfand—Tsetlin
patterns whose terms are given by

‘I’(vayzjv)m,js]v Ui k(2 = Ynr-ka1) 1sisn

1<k<M

(-1)(eet (7.11)

—Ul_k(ZN - yM_k+1) 1<k<M 0
J 1<j<N

Now, we may reverse the direction of last M rows and columns so that an element of the

10The choice of indexing (Ex_)r-1
below.

 is made to better match notation in the literature, see Remark 7.9

.....
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upper-right block of (7.11) has elements

Up-ns (21 =),

whose rows are represented by 1 <7 < N and columns by 1 <k < M. The process of performing
these swaps contributes an overall factor of (—1)(131) to the Pfaffian expression. Following
this, we multiply each of the last M rows and columns by (-1)* for each 1 < k < M. This

multiplication then exactly cancels the overall sign from which the result follows. O]

The goal of the rest of this section is to show that the Pfaffians appearing as summands in
Propositions 7.5 and 7.7 constitute Pfaffian point processes supported on Gelfand—Tsetlin
patterns, whose correlation kernels can be computed thanks to Proposition 7.4. We now proceed
in deriving them, following the analogous derivation for TASEP on the full line [BFPS07],
adjusting it to the Pfaffian case using the framework developed in [BRO5] and [Rai00].

We are thinking of the summand Pf [¥ (2, ZJN)]1<ij<N

as measures on Gelfand—Tsetlin patterns z. It will actually be more convenient to extend them

in (7.5) and the analogous one in (7.9)

to measures over the whole set of integer valued triangular arrays (7.4), by simply assigning

zero weight to configurations outside GT 5. To this end we employ an identity due to [BEPS07],

for any triangular array z € Ay satisfying 2f*1 < z¥ for k=1,..., N - 1, one has
N
Lecomy = gdet[ﬂzf_l>zf]1si,j3k’ (7.12)
where z3,..., 258! play the role of virtual coordinates (added due to technical considerations)

which should be thought of as taking the value oo, so that ]]_lez—l>y =1 for any y € Z. We will
also add an additional virtual coordinate z{ which does not appear in (7.12) so that there
are N in total; doing that, the product on the right hand side can be extended up to k=1
straightforwardly. To easily distinguish these virtual coordinates from the coordinates on the
triangular array, we will henceforth denote them by ,,...,T5 (so that {, plays the role of

ZE ).

Note that the last row in each determinant in (7.12) has all 1’s. Subtracting it from each of
the other rows flips the inequalities in each indicator function and (after accounting for the

minus signs which result from this) leads to the following: letting!!

1,y ifxeZ,
1 ifl':—rk,

e(z,y) :{

"'Note that the only difference between the different ¢;’s is that they are evaluated at different virtual
variables. We could well have introduced a single function ¢, but keeping the dependence on k makes some of
the coming computations a bit more transparent.
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for k=1,...,N and for x € Zu{t,} and y € Z (T, should now be thought of as taking the value

0), and assuming z{*1 < 2% for k=1,..., N -1, we have
) 1 k-1 k
Loeory = (~1)G) [T det[x (25 ,zj)]m,j(k, (7.13)
k=1 b
with zf~! =, for k=1,..., N. This version of the identity will turn out to be more convenient

for us than (7.12) (see Remark 7.14).

Definition 7.8. Given integers N > 1 and M > 0 such that N + M is even, and given an
ordered set of coordinates y = (y1,...,yn) satisfying ypy > N-M +1 (y =@ if M =0), we

define a measure on Ay corresponding to half-space TASEP with initial condition y as follows:

N A CL) P V(=Y 2 hsien Envr(3Y) amey
Wi (2ly) =[] det i e PEL N - (7.14)
ke Or(f4: 2] )1£jsk “Ev-i(2) )ﬁﬁ% 0

Due to (7.13), the restriction of this measure to Ay(z), with 21 > x9 > --- > xy, is supported

on Gelfand—Tsetlin patterns.

Note that when M =0, which corresponds to half-space TASEP with empty initial condition,
only the block W(z¥, ZJJ-V)KMSN remains in the Pfaffian on the right hand side of (7.14).

Remark 7.9. Just as in Corollary 6.19, the case N = M recovers the known results for
TASEP on the full line. In fact, the Pfaffian on the right hand side of (7.14) becomes
det[En_k(2N;1)] 1sisy thanks to (A.2), while the Zy_;’s in this case become, modulo a sign
can be thought of follows: W% is the Charlier orthogonal polynomial of degree k, multiplied
by the Charlier (i.e. Poisson) weight, and shifted by yx_x. In our case (for general N), the
family (Zx)k-n-nr.. n-1 can be interpreted similarly: =y is the Charlier orthogonal polynomial
of degree N — M + k, multiplied by the Charlier weight, and shifted by yy;_x.

Using Propositions 7.5 and 7.7, the transition probability of the half-space TASEP can be

recovered as a marginal of the measure from Definition 7.8 as:

Py —>ax)=e > Wya(zly), (7.15)
zeAn(z)

for x of size N > 1 (with z; > 29 > - >2zx > 1) and y of size M >0, and with N + M being

even.
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7.1.3 Half-space TASEP as a Pfaffian point process

In this section, the measures defined in Definition 7.8 are shown to be conditional Pfaffian
L-ensembles (see Definition 7.3). From this, using Proposition 7.4, we define a Pfaffian point
process. We will first present the case of empty initial conditions using (7.14) with y = & (or

M =0) before presenting the case of more general initial conditions.

L-ensemble for empty initial conditions

For fixed N, consider the spaces
X={1,...,N}xN,  V={t,....ty}, and X=Vud. (7.16)

We think of X as the state space of a point process; the T,’s correspond to the virtual coordinates,
while (i, ) correspond to physical variables, representing a point with label i at . We will

refer to a point (7,x) € X' as belonging to the i-th fiber of X.

We may identify a collection of points A c X' as a triangular array, A € Ay, if A has exactly
i elements in its i-th fiber for all 1 <7 < N. In this way, we may (and will) identify Ay as a
subset of X. For example, the collection A = {(1,2),(2,2),(2,3)} is in As.

Theorem 7.10. Let N be a fixed even integer. Let L: X x X - C22 be defined as follows:

(10 -1 0
L(Ti?Tj) = ]1i+1—j+[ 0 0 ]]ljﬂ_i,

| 00
] = — 0 0 iy
L(Tz?(]7x2)) - _ ¢1(Tz,x2) 0 ]]11]7
L((i7$1)7Tj) = _L(Tja(iaxl))T> <717)
L((i7$1)7(j7x2)) = |: gb(x? 1‘2) 8 ]]li+1—j<N+|: 8 (bj(xé?xl) ]]1j+1—i<N

+ 0 0 1
O \IJ($1,[L'2) =N

for 1<4,7< N and z1,79 € N. Then for A c X we have

{WN,O(A@) if AeAy,

0 otherwise.

Proof. The first part of the proof will consist of showing that for A € Ay, the measure



Chapter 7. Pfaffian Point Processes from TASEP in Half-space 149

Whio(A|@) defined in (7.14) can be written as the Pfaffian of the matrix L|vuA‘

The measure Wy o(:|@) is defined over triangular arrays z = (2),_,, € Ay. For 1<k <N
let Z() denote the set of points corresponding to the k-th row of the triangular array, i.e.
{2F,...,2F} and set Z(0) = @. Let also (Z2(®))" and (Z(*))" denote identical copies of Z(*) (this
is just a notational device to help keep track of the two rows and columns associated to the 2x2
matrix entries of L). For k =0,..., N-1 we introduce kernels V}, on ((Z(k))" U {Tk+1})x(Z(k+1))’
defined by

Vk ((Zlk)”’ (Z]’ﬁl),) = (bk*'l(zf’ Zj]‘ﬂl ) Vk(TkJrh (Z;'Hl)/) = ¢k+1(—‘-k+1, Z;'Hl)-
We also regard ¥ as being defined on (Z(M)" x (2(M)",

Using the Pfaffian identity (A.2), we may write the measure (7.14) as

[0 V, - 0 0 0]

e Z A | S 0 0 0
Wyolzle)=pe| &0 oz, 7.18
No(z|2) 0 0 - 0 Vs 0 ( (7.18)

0 — V&, 0 0

I 0 - 0 0 v |

where the rows and the columns of the matrix are indexed by

(o (20 () i) (20) w0 (20 i) (209) 0 (20

and where Z denotes a version of z with duplicated Z(¥) variables for k=1,..., N and with
the virtual variables added, all in the order specified by the above space. The kernel V}, can be

split into its physical and virtual coordinate dependence as
|44
Vk = |: g :I )
€k
with W, a kernel on (Z(#))"” x (Z#+1D) and ey, a kernel on {t,,,} x (Z#+D)’ given by

Wk ((sz)”’ (zﬂlﬁl),) - qbk*'l(zlk’ Z;'Hl ’ €k (Tk+1’ (Zjl‘ﬁl),) = ¢k+1(Tk+17 Z]"ﬁl)'

We emphasise here that Wj depends only on the physical coordinates of the triangular array.

Note also that W, is an empty array.
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We aim to define a measure on the space of duplicated physical coordinates
Z = (Z(l))' U (Z(l))" U--U (Z(N))' U (Z(N))”.

It will be convenient first to duplicate the alphabet of virtual coordinates so that there are
two copies 1}, 15, of each T,. For each 0 <k < N -1, henceforth we will regard e, as a kernel on
{111} x (Z2¢+D)' | The first copy of the virtual coordinates will then be identified through the

kernel on {{1,..., TN} x{f1,..., Ty} defined by the matrix'?
AN (15 15) = 0ijur = Oivn - (7.19)
When N is even, the Pfaffian of the matrix (7.19) satisfies Pf [Ax (1, T;)]m ey = L so that

(7.18) can be expressed as

Ay 0 0 0
0 W 0
VN 0
Wi o(z|@) = Pf : : : (%,2),
0 0 0 Vo1
0 0 —~ VI, 0 0
_ 0 0 0 U |

where Z is now a version of z with duplicated physical and virtual variables. Now, recall the

property by which a Pfaffian changes sign under the simultaneous interchange of two rows and

columns. Performing row and column swaps shows that

[ Ay O 0 0 0 0 0
0 0 |E, 0 E 0 Eng O
0 -ET 0 0 0 0
0 0 0o W 0 0

Wyo(zl@) =Pf| 0 -ET . 7 0 0 |(2,2), (7.20)

0 0 0 Wxya 0
0 -ET, 0 WL, 0 0

| 0 0 0 0 0 V|

2In principle, we could have used any skew-symmetric N x N matrix whose Pfaffian is equal to 1.
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where, for each 0 < k < N -1, the kernel Ej, over {1],..., 1%} x (2(®)" is defined by

" +1\/ ek(Tk ,Z]'H—l) ifi=k+1
Ey (17, (1)) = 0 o )

otherwise

for each 1 <4< N,1<j<k+1. Note here that, since each 7} has to be swapped with all of the
duplicated virtual variables of lower index, the number of simultaneous interchanges of rows

and columns is even.

The rows and columns of the matrix in (7.20) are both indexed by the space
(V’ U V”) U ( (Z(l))’ U (Z(l))" U--U (Z(N))' U (Z(N))")

(and the duplicated variables in Z are expressed now according to this ordering). Now we may
permute rows and columns simultaneously so that pairs of duplicate variables appear next
to each other. This corresponds to applying the permutation appearing in (A.1) separately
to the blocks V' U V" and (Z®) u(2®)" k=1,... N, so using that identity we get, after
reordering, an extra factor of (—1)(27)*2]/::1 () = (—1)(1;), which equals 1 since N is even. If we
now identify z with a set A € X', we may regard the resulting identity as the Pfaffian of the
minor of a suitable 2 x 2 matrix kernel L over the variables YV u A. The kernel L as given in
(7.17) can now be identified by reading from the entries of (7.20). This shows that

Pf[L|

VUA] - WN70(2|@)

whenever A € Ay.

It remains to extend the identity to A € 2¥ \ Ay, in which case we need to show that the left
hand side vanishes. Fix such an A and suppose first that there is no point in A in the -th
fiber of X. Then the (2i)-th row of L‘VU ,, (corresponding to the second row coming from the
2 x 2 blocks indexed by row f, in (7.17)) is clearly just zero, which means that the Pfaffian of
the matrix has to vanish. So in order for the Pfaffian not to vanish there necessarily have to
be points in all of the N fibers of X.

Now suppose that A has at least two points in the first fiber of X, say (1,a) and (1,b), and
consider rows 2N + 1 and 2N + 3 of L|vu - They correspond to the first rows coming from the
blocks indexed respectively by rows (1,a) and (1,b). Each of these two blocks vanishes except
at the second coordinate coming from the f; column, so the two rows are linearly dependent
and thus the Pfaffian again vanishes. So there has to be exactly one point in the first fiber of
X. The same argument allows one to show inductively that there have to be k£ points in the
k-th fiber. O
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Now, we define the following measure on X' = {1,..., N} x N:

Pf[Lyua]

v (A) = S LT

(7.21)

The following result follows from the last theorem and Proposition 7.4:

Corollary 7.11 (Pfaffian point process for empty initial configuration). The measure py

given in (7.21) defines a Pfaffian point process with correlation kernel given by

K= Jx-i-(Jx—i-L)_l

XX

Moreover, px is supported on configurations in Ay, and is proportional to Wy o(:|@) (defined

in (7.14) with M =0) there.

Proof. Fix m € N and let ;%! denote the restriction of the measure puy to &, = {1,..., N} x
{1,...,m}. Proposition 7.4 implies that p* defines a Pfaffian point process with correlation
kernel given by

K= Jx, +(Jx, + L) ]

XmXXm'
This means that given any collection of points x1,...,x, € X,
pR({Ac X, xq,...,x,€ A}) =Pf [Km(zi7$ﬂ')]i,j:1' (7.22)

Now we take m — oo on both sides of the identity to get
,LLN({A cX: T1yeeoy Ty € A}) =Pf [K(xi’xj)]zj':l

with K as in the statement of the result, which means precisely that the point process uy is

Pfaffian, with correlation kernel K. That the left hand side of (7.22) converges as claimed follows

directly, while for the right hand side it is enough to use that (Jx,, + L) ‘ (zi, ) =
X,

mXAm

(Jx, + L)' (24,2;) for each i,j as long as m > max{z1,...,z,} while Jx, converges to Jy in
operator norm and L defines a bounded operator (which can be checked from its definition; we
omit the details).

The remaining claims follow from Theorem 7.10. O]
L-ensemble for general initial conditions

Our goal now is to extend the above construction to the case of general initial configuration.
In this case, in addition to the spaces X and V from (7.16), and for fixed integers M, N and
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half-space TASEP ordered coordinates (yi, ...,y ), we need to introduce the space

U= {TN+17-~7TN+M}

and redefine X as
X=VulluX.

We state the result corresponding to Theorem 7.10 and Corollary 7.11 as a single result:

Theorem 7.12 (Pfaffian point process for general initial conditions). Let N > M > 0 be integers
such that N+ M is even and fix y = (y1, ..., yar) satisfying yas > N-M+1. Let L: X x X — C2<2
be defined by (7.17) where the domain of L(f;,7;) is extended to 1 <4, j < N+ M. Additionally

we require

L((i7x)vTN+€):|: ) ! :|ﬂi=N7

0 EN,g(SC)

L(fnars (3, 7)) = =L((J, ), JfN+k)T>

for 1<4,j< N, 1<k, /<M and x € N. Then

(7.23)

Pt [LVUL{UA]

Aly) = .
i (Aly) Pf[Jx + L]

defines a Pfaffian point process on X with correlation kernel

K=J+(Jy+L)"

(7.24)

XxX

(with (Jx + L)_1 now computed on the whole space X=Yulu AX') which is supported on
configurations in Ay, and is proportional to Wy ar(-|y) (defined in (7.14)) there.

Proof. We will keep the notation employed in the proof of Theorem 7.10. We also let U’ and

U" be two copies of the new set of virtual coordinates ¢ and introduce a kernel = acting on
(ZMY)' xUY" as

= (G tve) = Envee (),
for each 1 <4< N and 1< ¢ < M, where the function =y _ is defined by (7.10) (with explicit

dependence on the initial coordinate ).

Now, beginning with the measure (7.14), we follow the same procedure as the proof of Theorem
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7.10. This leads us to the Pfaffian expression (analogous to (7.20))

[ An,u 0 0 0 0 0 0 |0 ]
0 0 |E, 0 E 0 Exy 0 |0
0 -ET 10 0 0 0 0 |0
0 0 0o 0 W 0 0 |0
0 “ET |0 -wWT 0 0 o (o __
Wh o (2zly) = PE , R ! _ , (2,2),
0 0 0 0 0 0 Wxy 0 10
0 -EL. |0 0 0 WL, 0 0 |0
0 0 0 0 0 0 0 v | =
|0 0 0 0 0 0 0 -=7|0

whose rows and columns are indexed by the space
(V’ vl U V”) u ( (20) u(2M) u-u(2M) U (Z(N))") ul”.

Here we are taking Ay, to be indexed by V' uld’ in the obvious way. Now, we move the U"

rows and columns to end up with a matrix indexed by

(V’UZ,{’UV”UU”)U((Z(l))/U(Z(l))”U”'U(Z(N)),U(Z(N))”), (725)
leading to
Ay 0010 0 0 0 ___. 0 0 ]
|
0 : 0 01 Ey 0 Ey 0 En_q 0
0o ' 0 0[O0 0 0 0 0 -7
0  -EF 0|0 0 0 0 0 0
|
Wi (zly) =PE[ 0 0 000 W L 49
0 ' -ET 0|0 -W{ 0 0 0 0
: ! : : : :
0 . 0 0 0 0 Wyq 0
0 -FEL_, 0 0 -wI, 0 0
o 0 E 0 0 0 |
(7.26)

The arguments and evaluations of the L-ensemble (7.17) and (7.23) can be identified from
(7.26) in the same way as in the proof of Theorem 7.10. A careful counting of the number of

interchanges of rows and columns gives the same prefactor of (—1)(13Y)7 which may now not
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equal 1 since N may be odd. This shows that, for A € Ay,
N
Pt [L|quuA] = (_1)(3)WN7M(A|?J)'

All that is left to prove is that if A € 2¥ \ Ay then Pf [L|VUUUA] = 0. But this follows from
exactly the same argument as the one used in Theorem 7.10 (noting that the relevant rows in

the argument have been augmented with 0’s on the U’ UU" coordinates). O]

7.2 Conditional joint distributions

We begin this section by explaining how (7.1) can be used to extract information about
the finite-dimensional distributions of half-space TASEP. Consider the case of general initial

conditions, and fix 1 <p; <. <p,, <N and aq,...,a, >0. The identity (7.15) implies that

P[ﬁ{mm)mk},|Xt|=N]:e-at ST Wzl

T >>x 21t ZGAN(m)
sz>ak,k:1 ,,,,, m

—et Y Y T, W)

z1>>rN21 zeAy(z) k=1

Using Theorem 7.12, this can be rewritten as

Pt [L|VUUUA]

| 0> ) =8|y 3 e

Ae2X¥\B vi==vy=1

for some ¢y # 0 and for B ={B €2%: (py,z) € B for some k=1,...,m and some = < ai}. The
summand on the right hand side corresponds to the measure py a(Aly), which defines a
Pfaffian point process thanks to the same theorem, with the correlation kernel K given in
(7.24). So (7.1) implies that

~~~~~

-----

This implies that the Fredholm Pfaffian on the right hand side of (7.27), which comes from

representing half-space TASEP as a conditional Pfaffian L-ensemble, computes the finite-

13We note that the inverse of the normalisation coefficient ¢y coincides with result of Corollary 6.24
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dimensional distributions of the system conditioned on the number of particles at time ¢:

P[ﬁ {Xi(pr) > ar}

k=1

|Xt| = N] = Pf(J - XQKXO’)ZQ({]H pk)XN) . (729)

-----

The goal of the rest of this section is to obtain an expression for the kernel K appearing on
the right hand side of (7.29).

7.2.1 Preliminaries

In order to explicitly evaluate the kernel, we must first introduce some notation and some
preliminary computations. Given two kernels A, B we will denote their half-space convolution

as

(Ax B)(x,y) = Y, A(z,v)B(v,y).

v>1

Similarly, if A is a kernel and f a function of a single variable, we write

(Ax f)(@) =) Az, v) f(v).
v>1
We will also need to employ a convolution over the whole integers: we will denote the full-space

convolution as

(Ao B)(z,y) = Z A(x,v)B(v,y).

veZ

We use the half-space convolution to define the following family of kernels on N x N: for
1<k, l,<N,
(G %% @) (w,y)  for k<,
ke (w,y) = {id(z,y) for k=¢, (7.30)
0 for k> /.

These kernels play an important role in the arguments that follow and we will now demonstrate

some of their properties. For k < ¢ the kernel (7.30) can be evaluated explicitly as

r-y-1 _ k-1
dw w (y r+l-k )chy, (7.31)

Pealty)= g oGy o\ k-
where 7y encloses only the singularity at the origin w = 0. This follows from a simple
computation which is in fact more general, and which we state as a lemma (see also [MR23],

Lemma 5.6, for a full space version):
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Lemma 7.13. Let S; and S5 be two kernels defined on N x N, which are given by

1
Si(z,y) = = flédw w” Vg (w),

where ¢, go are complex functions which are both analytic on the disk {z € C: |z| < r} for some
r >0 and v is any simple closed contour contained in that disk. Then the sum defining the

convolution S » Sy is absolutely convergent and

S1* Se(x,y) = jlgdww g1 (w) gz (w) (7.32)

for all z,y e N.

Proof. We have

S 5:(r.9) = ¥ g f dwf dvw™ "Y1 g, () g (v)
z>1 7”) 71 Y2
1

wr1y=v 1 R
o §odw A g ()ga(0) = 5§ dorT g (0)ge(0),
" V2 w = 2mi Jy

where in the second equality the contours are chosen so that |w| > |v| and in the third one we

have computed the residue at w = v (note that there is no residue at w = 0 because x > 1). [J

The formula (7.31) follows from this and the simple fact that ¢;(z,y) = o %wfifﬂ_l (recall

that ¢;(x,y) actually does not depend on i, see the footnote in page 146).

We introduce another family of kernels on N x N, defined for 1 <j<m < N as

6 G () = yf S (=)™ = (1) z(’;_‘i)ﬂw (7.33)

where v again encloses only the singularity at the origin w = 0. Thanks to (7.32), the kernels
(7.33) satisfy the following annihilation relation with those defined by (7.30):

gb(g’j] if <y,

¢(z,N] * ¢—(j,N] =
(b—(jl] if E > j

We extend the notation ¢ ¢ t0 e = Gk-1, and @i ey = Pre-1], and we also extend ¢_y )

analogously.

The kernel ¢, which is originally defined on N x N, has a natural extension to virtual
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coordinates: we define it on {{,} x N by

1 -x
¢[k,£](Tk7I) = @ * ¢(k,£](Tk:x) = Z ¢(k,z](7/,l‘) = 2_7r1 jgdw dmﬂk% (7-34)

v>1
where we computed again a geometric sum, with the contour 7 chosen so that |w| < 1.

Remark 7.14. The identity (7.34) is the reason why it is useful to flip the indicator functions
in (7.12). In fact, it is straightforward to check that if the ¢y (x,y)’s were defined as 1.,
instead of 1,,, the convolution after the second equal sign above would be divergent. An
alternative, though more cumbersome solution in our setting, would be to introduce additional
parameters to our measure which, under the right ordering, make the convolutions convergent,
and then to extend the final answer analytically to the original situation; see e.g. [BF08, MR23|,
where this is done for full-space models, and where the additional parameters play the role of

particle speeds.

z+l-k-1
-k

polynomial in x on the positive integers of degree ¢ — k. It will be convenient for us to extend

For x > 1 and k < ¢ the integral in (7.34) can be computed explicitly as ( ), which is a

the definition of @z, (f, ) to a polynomial in all x € Z, which may be done as follows:

1 1-w)™ _
ot = 5 faw 5 - e (7.35)

where (x),, = z(z+1)--(x + n—1) is the Pochhammer symbol (with (x)o =1 and (z),, =0 for
n <0). Note that this extension coincides with the right hand side of (7.34) for all > 1 and
all k, ¢, that it vanishes for k£ > ¢, and that it defines a polynomial of degree ¢ — k for k < £.

One reason why the extension (7.35) will be useful is the following full-space convolution
identity!'4
Pre,N © -GN (Te, ) = ey (Te, ) (7.36)

for every j,£=1,...,N and any x € Z, and where ¢_(; y1(z,y) is being extended to a kernel
in Z x Z straightforwardly using (7.33). To prove (7.36), compute the convolution over N

dw dy =)™

and over Z \ N separately through geometric sums to get ﬁ $ f‘ SN T (wra D) ~

u|<|1-w|

L ¢' y§ dwdu _u(u ) and then shrink the « contour in the second term to cancel
(27i)2 [ul>|1-w| wN=7+ 1 (w+u-1)’

the first, picking up a residue a u = 1 —w which gives ¢ j1(t,, ).

This identity fails in general if the full-space convolution ¢ is replaced by its half-space version x; for
example, one has ¢yy_1 N7 * ¢-(v-1,8](Tn_1,7) = Lz=1, While ¢rn n-17(Tx,2) = 0 by definition. It is not strictly
necessary to convolve over all integers to get this identity in our setting, where we are only interested in
evaluating at = > 1: convolving over Z._n would do. But since it makes no difference and it makes the
presentation simpler, we stick to the full-space convolution in (7.33).



Chapter 7. Pfaffian Point Processes from TASEP in Half-space 159

The functions (7.30) also allow for a natural extension of the kernel (7.6):
T
\Ijé\li;,é) = (¢(k,N] * W (¢(£,N]) >, (7.37)

where (gb(g,N])T (,y) = ¢@,n1(y,x). Noting the form of the functions (7.31), the convolutions
in (7.37) may be explicitly calculated as ., 3,5, @~ (2, V)W (v, V")) N1 (v, y), Which can

be expressed explicitly as

2
N o« N . 1 1
Vo (0:9) = G 555595 dudadw dw G gy

U— W w2T 2y et(w-1) et(u-1)

l-u-wl-wdl-vi(w-a)(w-1)(u-a)(u-1)

whose contours satisfy |ut| > 1 and |ww| > 1 so that the & and w contours include the
singularities at w = 1/w and @ = 1/u while the u and w contours need to be large enough and

include 0, 1, & and 1 — «. The simple poles at @ = 1/w and @ = 1/u can be evaluated to give

N-k+1-z ulN-l+1-y et(w-1) et(u-1)

Vo (®9) = (27r1 ﬂgﬁ’gd“dwpu-w(w-nfv—kﬂ(u-1)N—f+1(w-a)(w-n(u-a)(u-n'

The kernel \Ifé\;C 0

variables through

is defined on N x N, but we can extend the definition naturally to virtual

Ul (1) = (mw\v*( M) )@t U (o) = (G = = (b)) (ferw),

k;e (ThsTe) = ( Ppeny * U * (0 [e,N])T) (Te> Te)-
(7.38)

7.2.2 Empty initial conditions

We are ready to state our main result on the conditional multipoint distribution of half-space
TASEP. We do it first for empty initial data.

Theorem 7.15 (Conditional multipoint distribution for empty initial condition). Let N >0

be a fixed even integer and let ®¢(x),..., Py 1(x) be a family of polynomials where @ is of
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degree k. Let these polynomials satisfy the following skew-biorthogonality relations:

i Do (2) ¥ (z,y)P2;(y) = 0,

z,y=1

S Boinr ()T (2, )yt (y) = 0, (7.39)

z,y=1

Y, Poi(2) W (x,y)Pajr (y) = =iy,

z,y=1
for all 0 < i,5 < N/2. These polynomials are specified uniquely up to N free parameters
which play no role in the sequel (see Remark 7.16). Then for a fixed integer m > 0, let
{p1,..-,pm} €{1,..., N} be indices denoting particle labels such that p; < ps <--- < p,,. The

half-line TASEP with empty initial conditions has conditional joint distribution given by a
Fredholm Pfaffian of the form

P [ﬁ (Xu(pe) > o)

|Xt| = N] = Pf (J - XGKXQ)ZQ({pl .... pm}XN) 9 (740)
where Yq(p, ) = Ly<q, as in (7.28), where a4,...,a; > 0. The kernel K can be expressed as the

sum of two terms
K=K"- K" (7.41)

which have 2 x 2 block matrix entries given as follows:

Vi  —Llida

K°(i,21; 7, 22) = [ :|(x1,x2) (7.42)

1j<i¢€‘7i] 0
and
o any * Tn* gy —Vany * Tv o ¢-(n
KA(%%?];M) = [ T ’ T ! (21, 22), (7.43)
SNy © T W) =02 n © T 0 d-in
with
N/2-1 N/2-1
TN(V17V2) = Z q)Zk(Vl)q)Zkﬂ(VQ) - Z (I)2k+1(V1)(I)2k(V2)-
k=0 k=0

Remark 7.16. Choosing the family of polynomials {®,..., ®y_1} corresponds to specifying
$N(N +1) parameters, while (7.39) corresponds to solving £(N - 1) N equations, which leaves
us with N free parameters. On the other hand, a skew-biorthogonalisation problem of the
form (7.39) always has N/2 free parameters, because the solution is preserved under the
replacements

Dopr1 —> Popsr + BrPos

for k=0,...,N/2-1 and any choices of ..., Bn/2-1 € R. But the final answer (7.41) for the
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kernel K is clearly also preserved under these replacements, due to the structure of K*, so
we are indeed free to choose those N /2 parameters freely. This leaves us with N/2 additional
free parameters, but they can be accounted for similarly from the structure of KA, which
only depends on the products ®or(x)Por1(y) for £=0,...,N/2 -1, and not on each function

separately!®.

Remark 7.17. While the ®,’s are defined implicitly in the statement of the theorem as the
solution of the skew-biorthogonalisation problem (7.39), in the proof they will be constructed
somewhat more explicitly in terms of the functions ¢p; n1(1;,+) and the skew-Borel decomposi-
tion of the matrix [\I'f\ii,e]ﬁk’ TZ)]Zgzl, see (7.53). In Appendix B we provide formulas which
can be used in principle to derive explicit formulas for the ®;’s (and, hence, for the solution of

the skew-biorthogonalisation problem) based on that representation.

Before presenting the proof of the theorem, we need to state the following simple lemma.

Lemma 7.18. The following skew-symmetric matrix written in block form has an inverse

given by

-1
A B
BT D |

assuming that all relevant inverses exist.

H ~H-1BD-!

- 1 pT
D—lBTH—l D-1_ D_lBT%_lBD—l ) H=A+BD 'B ,

Proof of Theorem 7.15. Recall that the kernel K is given as

K=Jy+(Jy+L)™" (7.44)

XxX

with L as in Theorem 7.10. Consider the matrix form of the kernel L indexed by the space
X x X. It involves duplicate sets of variables as in the proof of Theorem 7.10, which we may

order as in that proof'6. With this ordering convention, L can be expressed as the matrix on

1530, for instance, we could specify the N free parameters by insisting that ®o4,1(2) is monic and its ¥

coefficient vanishes.
16 As seen in that proof, this reordering does not change the sign in front of the Pfaffian (and, in any case, we
will undo it once we get to the final formula for K in this proof).
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the right hand side of (7.20), and then Jy + L is represented by the matrix

[ Ay 0 0 0 0 0 0 0]
0 0 |E, 0 E 0 Eyag O
0 -EF [0 id o0 0 0 0
0 0 |-id 0 W 0 0 0

(Jx+L)|_ _={ 0 -Ef | 0 -Wl 0 0 0 0 (7.45)

0 0 0 0 Wy O
0o -EL |0 0 0 - -WZ, 0 i

| 0 0 0 0 —id W |

Let us define the following kernels using the blocks of (7.45)!7:

A(Ti?Tj) = L(Ti7Tj)a
B(1;, (j,2)) = L(1;, (4, 72)),

D((ir21), (. 22)) [ o ]

0i; + L((2,21),(J,22)).
o 5+ (G0, G 2)

In a similar way to [BR05|, the matrix inverse of the function D is calculated explicitly as

i . Ui (o, 22)  =di, (w1, 22)
D 1,21),(7,22)) = i 7.46
((i,21), (j, 72)) [ (6)" (,2) 0 ] (7.46)

In order to invert the matrix (7.45) using Lemma 7.18 we are required to take products like

BD-!. These are evaluated as matrix products indexed by X, as

B*Dil(—l—iv(jax)): Z B(in’(k>V))D71((kvl/)>(j7x)):B(Tiv(iv'))*Dil((if)v(ij)%

(kyw)eXx

for 1<7,7 < N and x € N. Here, due to the form of the L-ensemble (7.17), the matrix product
reduces to a half-space convolution. Through a slight abuse of notation, we will denote this

and similar products as (B« D7') (1,,(j,x)). So, the matrix may be inverted using Lemma
7.18 as

[(Jx + L) '] ((G,21), (joa2)) = [D7F = D7 % BTH B« D7 ((i,21), (j, 22)), (7.47)

where H is the N x N-dimensional skew-symmetric matrix where entries are given by 2 x 2

1"The last kernel is defined explicitly on X x X as D = J + L|xxx-
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matrices defined by
(M}, = (A +Bx D7 BT) (TarTe),

and as long as H is invertible. The matrix entries of H are explicitly evaluated as

[H]k,é =

(Al 0O
0 [N,

where Ay and N are the N x N-dimensional skew-symmetric matrices defined by (7.19) and

[N]k,z - \Dﬁ,z](Tm te) (7.48)

respectively. Note that this means [N]u = Q(r,N] * TN & (d)(ng])T(—'_ka t,), 0 (7.35) and Le .
B.3 imply that mim
[N]k,e = Qn-k+2.N-r+2(1,1).

In particular, PfIN] = (-=1)M2Pf[Qi11,5:1(1,1)],.; which is non-zero by Corollary 6.24 (it
being proportional to the probability of there being N particles within the system at time t).

Hence N is invertible.

We now turn our attention to the calculation of the second term from (7.47). This is

[D_l * BTH_IB * D_l] ((i7‘r1)7 (]7 132))

N0 Waw(a,te) .
= H
Wﬂ[ 0 (Cb[k,i])T (1, 1x) ][ ]k’e

0 0 ]
Ve (o, 72) —P[e,4] (T, 22) '

The matrix multiplication is calculated as

(D7« B"HT B x D7 ((i,21), (4, 22))

_ N \P(i,k]§$17 tx) [N_l]k,é ‘I/[f,j)(era T2) Wik prh tx) [N_l]k,é ¢[€,j](Tea T3) ] ‘
k=1 (Cb[k,i]) ($1, Jfk:) [/\/‘—1]“ ‘I’[Z,j)(Tz,M) - (¢[k,z']) (Ih Tk) [N_l]k,e gb[@,j](T(a 5(72)
(7.49)
Now define the following skew-symmetric kernel Ty on Z x Z:
N T
Tv(ive) = > (Gpny) (Visty) [N_l]k,z bre,ny(Tes v2), (7.50)
k=1

Then using (7.36), we may rewrite (7.49) as

[D_l * BTH 1B « D_l] ((i,.ﬂfl), (j, xg))
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(‘I’(i,N) ;TN * \I’(N,j)) ($1, $2) - (‘I’(i,N) ‘;TN © ¢—(j,N]) (951, $2)
((¢—(i,N]) o Ty * ‘I/(N,j)) ($17$2) - ((¢—(i,N]) o Ty ¢—(j,N]) (Ith) .

(7.51)

Recall now the skew-Borel decomposition of a skew-symmetric matrix (Proposition B.1)

whereby the matrix A can be uniquely factorised as
N =RyJINRY, (7.52)

where Ry is a uniquely determined upper-triangular N x N matrix and Jy is the N x N

block-diagonal matrix defined by

e[ 23] [0

(so that there are N/2 blocks in total). The inverse of A/ can be expressed as
N = —RTINRAL,

where R;! is the inverse transpose of Ry. With this in mind, let us define a family of

polynomials ®g(z),...,Py_1(x) by
N
Cy-i(w) = 3 [RN ], Syt 2). (7.53)
=1

Recall from (7.35) that each ¢p; n1(t;,2) is a polynomial of degree N —j so, since Ry is
upper-triangular, ®_,(z) is a polynomial of degree N —k, as desired.
The kernel (7.50) can then be written in terms of these functions as

N NJ2-1 NJ2-1
TN(V1,V2) == Z (I)N—a(Vl) [JN]ayb (DN—b(VQ) = Z ‘I)zk(V1)‘I>2k+1(V2)— Z q)2k+1(V1)q)2k(V2)-
k=0 k=0

a,b=1

Substituting into (7.51) we obtain the kernel of the Fredholm Pfaffian (7.40) and using the
result together with (7.46) and (7.47) in (7.44) leads to the desired formula (7.41) for K, with
KO=J+ D and KA=D"1» B"H'B« D1

To derive the skew-biorthogonality, recall the definition of N in (7.48) and the skew-Borel
factorisation (7.52). They yield

N
[JN]k,é - [R;\}NR;VT]kj - ‘Zl [R;Vl]k,z \Ij[iyj](me ]LJ) [R;VT]]‘,Z :
i,5=

Using (7.38) and the definition (7.53) of the functions @y, this identity can now be expressed
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using the half-space convolution as
[Inlge=Pnogx W x Oy y.

so the ®’s solve the skew-biorthogonalisation problem (7.39). O

7.2.3 General initial conditions

In this section we will present an extension of Theorem 7.15. That is, a Fredholm Pfaffian
expression for the conditional joint distribution of the half-space TASEP in the case of a
restricted subset of general deterministic initial conditions. In order to state the result we need
to introduce a new family of functions: for fixed 1 <¢< N and 1 <k < M, we let

=01 (@) = din) * Ev-r(2),
where Zy_y, is given by (7.10) (note in particular that when i = N we have Egvj\i)k(x) = ZEn-k()).

We can compute the convolution explicitly as

k -1 _ 1\N-k t(u-1)
( 1) yﬁ' dw du w* N u-1) e

Oa,N) * En-k(@) 1)2 (1= w) NNk 1u gy — 1

with contours enclosing w = 0 and u = 0 but not w = 1, and such that |wl||u| > 1; note that,
assuming the contours are taken to be circles centered at the origin, this implies that |u| > 1.
Since x > 1, the w integral has no singularity at the origin, and computing the remaining

residue at w = 1/u we get

Il uE Ykt k+1

—=(i ; du (1-w)i=* .
=)= (1 § St LU e, (159

where the contour vy ; now encircles the singularities at both v =0 and « = 1. It is important
to emphasise here that this function has explicit dependence on the initial particle coordinate
yr € N due to the definition of the function =y_; (to be more precise, =, depends explicitly on
yn—¢)- It is useful to think of this as a dependence on the virtual coordinate Ty, ,, which we

may identify with g, but in any case we will omit this dependence from the notation.

In the proof of the theorem that follows we will also need to use an extension of = N ., to virtual

coordinates:

du (1- u)i_k_let(u—l)'

L I2m1 uYE +i—k+1

=0 (1) = 6+ 0, (G) = (~1)*! 95 (755)
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From this it follows that, for fixed k€ {1,..., M},
D (1) =0 foralli>k ifye>i-Fk. (7.56)

Theorem 7.19. Let 0 < N > M >0 be fixed integers such that N + M is even. Consider two
families of polynomials ®g(z),..., Py p1(x) and T p(x),..., Tn_1(x) which are such that
®, is of degree k and Y, is of degree ¢. Additionally, for all 1 <j < N,1<k < M, define

TP (2) = T 0 d_in (2), (7.57)

so that in particular TEV]\?,{ =T n_. Suppose that the first family of polynomials satisfies the

following skew-biorthogonality relations:

i Do (2) W (z,y)P2;(y) =0,

z,y=1

S Dot ()T (2, )Py (y) = 0, (7.58)

z,y=1

Y, Poi(2)U(z,y)Pojur(y) = =05,
z,y=1
for all 0 <4,57 < (N - M)/2. Next, suppose that the second family of polynomials satisfy the

following biorthogonality relation:
> TN k(@) Eno(w) = O, (7.59)
z=1

for all 1 <k,¢ < M. Additionally, suppose that both families satisfy the following orthogonality

relation:

S Y () U (2 )iy = 0 (7.60)

zy=1
forall 1 <k <M and 0 <i< N-M. Then for a fixed integer m > 0, let {p1,...,pm} €{1,...,N}
be indices denoting particles such that p; < py <--- < p,,,. The half-space TASEP with initial
conditions given by y = (y1,...,ya) where yy; > N — M + 1 has conditional joint distribution
given by the Fredholm Pfaffian

-----

P [ﬁ (Xum) > au)

| Xi| = N] =PL(J = Xa K Xa) 2 ((py,... pm}x1) - (7.61)
where Xo(p, ) = 1,<,, and K is the kernel given by

K=K (K"+K®+KC)
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with the blocks on the right hand side specified as follows. Firstly, K° is given by (7.42),
namely

Vg Lol
]<Z¢(j 1 0

while KA is given as in (7.43) but with Ty replaced by Ty_as, namely

Ko(i,ﬁl;j,l’z) _ [ ](ml,xQ), (7.62)

‘I’(i,N) * T * ‘I’(N,j) —\Il(z',N) * Tnom © Qbf(j,N]

KA(i, 2137, 29) =[ ](xlafz)a (7.63)

CbT(i,N] ©Tn-m * V(N —be(i,N] o Tn-m o G_(j,N]
Next, KB is given as

KB (i, anijors) KB(i,a1:.2) ] (7.64)

KB(i,Il;j,I2)= . . . .
K§1(27x13j7$2) K§2(Zax1;]7x2)

with

KT (4,215 5, 42) = Z (“N (1) (TN k*qj(NJ)) (z2) + (\P(l Ny * e k) (1) _(]) (fz)),

bl
—

M
K& (i 013 j,22) = = Y2V (21) T (22),
k=1

M

K8 (i1 4,20) = Y0, (1) EQ, (2)
k=1

KQB2(i7 ﬂfl;j,l'g) = O

Finally, K€ is given by

S ED () (T * W Ty) Z9 (20) 0O

K@i, x1:,29) =
(4,215 J, 22) 0 0

(7.65)

Remark 7.20. Determining the combined family of polynomials

{(I)Oa e '7(I)N—M—1>TN—M7 s >TN—1}

corresponds to specifying $N(N + 1) parameters. Just as in Theorem 7.15 (see Remark 7.16),
the family of polynomials {®g,...,Px_p-1} is specified uniquely up to N — M parameters
which do not affect the Pfaffian since they only appear explicitly in the kernel through the form
of K* (7.63). So it remains to determine the family of polynomials {Yn_ps, ..., Tn_1}, a task
which ultimately requires specifying $ M (M +1) + (N - M )M parameters. They are determined
partially from the biorthogonality relations (7.59) for 1 < k < ¢ < M, which correspond to
M (M +1) equations.
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The (N — M )M remaining parameters are determined by the orthogonality relations (7.60),
which yield precisely that number of equations. However, we need to make sure that the
outstanding N — M free parameters involved in the choice of the ®; polynomial family do
not interfere with the uniqueness of the Y y_; family (and hence do not affect the KB and
K¢ parts of the kernel). To see this, recall that these N — M free parameters arise from the

freedom we have in making the replacements
Popr1 > Popsr + Bp Do

for £ =0,...,(N-M)/2 -1 and any choices of ..., B(n-wm)2-1 € R and the simultaneous

replacements

Dopi1 > Y Pok1, Dop, —> Doi /i

for k=0,...,(IN-M)/2-1 and any choices of 7y ..., Y(n-r)2-1 € R\ {0}. It is not hard to see
that the solution of the T _; polynomials in the orthogonality relations (7.60) are independent
of the values of the free parameters f3;,~; for all 0 <4,5 < (N - M)/2.

Proof of Theorem 7.19. The argument will follow the proof of Theorem 7.15 very closely. We
will assume first for simplicity that N and M are even, and explain later how to extend the

proof to the case when N + M remains even but both N and M are odd.

The kernel K is given as
K=J+(Jy+L)"

XxX

Using (7.26), we may represent Jy + L as the following matrix

Ayiy! 0 0] 0 0 0 0 0 0
|
0 : 0 0 EO El 0 EN—l 0
0O ! 0 0[]0 0 0 -Z7
|
0 ! -EF 0] 0 id 0 0 0
(JX+L)| -l o 1 0o o/-dd o W 0 0 (7.66)
XxX I
0 1+ —ET 0 -wr o 0 0
|
: [ : : : : :
|
o ! 0 0 0 0 Wya 0
0 \-EL, 0 0 - -Wi, 0 id
o0 0 E 0 ~ 0 -id T |

Note that we are presenting the right hand side with rows and columns in the order prescribed
by (7.25); this incurs in a sign change in front of the Pfaffian, which will be undone once we

get to the expressions for K in the theorem, so for simplicity we omit it.
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We define the following kernels as extensions of those that appear in the proof of Theorem
7.15:

At 1) = Lt 1),
Bty (4,%)) = Lt (4, 2)),

for each 1<m,n< N+ M and 1< j < N,z €N and where the L-ensemble is defined by (7.17)
and (7.23). We emphasise here that the definitions of A, B agree with the definitions of A, B
from the proof of Theorem 7.15 when 1 <m,n < N, but are otherwise extended to incorporate

the extended virtual alphabet. The kernel denoted by D remains the same as in Theorem 7.15.

The X x X block of the inverse of the matrix (7.66) can be written, using Lemma 7.18, as

(Jy+L)" =D '-D '« B"H B« D™ (7.67)

XxX

with # = A+ B » D~' « BT. This matrix is represented as a matrix of 2 x 2 blocks which is

explicitly calculated to yield

[Anvsml,, O ifa.b< N
| 0 [N]a,b
[AN+M]a,b 0 ifa<N,b> N,
[7:2] L 0 - [P]a,be
a,b r
[AN+M]a,b 0 ifa>N,b< N,
| 0 [PT]a—N,b
[AN+M]a,b 0 ifa,b>N
0 0 o

where N is the N x N-dimensional skew-symmetric matrix defined by (7.48) while the N x M-

dimensional matrix P is defined by

[Plasy = ZW4(1a) (7.68)

for 1<a< N, 1<b< M, where the function EE\‘;)_k(Ta) is defined by (7.55). The inverse of H
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can be calculated using Lemma 7.18 again, after suitably reordering rows and columns, giving

[ rA-1
[AN+M]a,b 0 ifa,b< N
I 0 [N-1 - N‘lpM_IPTN_l]a,b
[ rA-1
[ANBM]a,b [N_IP./\(/)I_I] ifa<N,b>N
[ﬁ_l]a b T 1 - 7
A= 0
[ N+M]a,b R ifa>N,b< N
I 0 — [MPTN- ]a—N,b
e
[ N+M]a,b ) 0 if a,b> N
| 0 (M) npn

where M = PTN-1P. M is M x M-dimensional and skew-symmetric, and we will see shortly
that it is in fact invertible (recall also that A is invertible under our assumptions, as was
checked in the proof of Theorem 7.15).

And so, the Pfaffian kernel can be identified, using (7.67), as
K=K'-(KA+K®+K)=J+D'-D'«B™ 'B+«D".

The first term in the kernel is identified as K9 = J + D=1, This is explicitly calculated as (7.62)
using the explicit formula for D=! given by (7.46) (and is the same as K° in the case of empty
initial condition).

Ultimately, in order to calculate the remaining terms in the kernel we will identify KA+ KB+KC =

D' » BTH-1B « D-'. This may be written explicitly as

I:l)_1 * ETﬁ_lE * D_l] ((i7$1)7 (J? x2))

0 \Ij(i,a](mla Ta) ] [7’_271] |: 0 0 :I
0 (¢[a,i])T(931>Ta) L Wy (Tp2) = @pe1(Tyr 72)

NMLIO  VUia(z,t,) -1 0 0
+ Z Z[ 0 ( ][H ]a,N+d[ _=0) (z5) 0 :| (7.69)

T
“ld-1 Do) (21,14) —N-d

MNTo 20 (21) |y 0 0
+zz[0 . )][% ][ ]

et 0 Uy (T, 72) =B, (Ty, 72)

N
7b:

a,b=1

Q

[+

0 -2 (x1)

M
+cdz;1 0 0

Recall from the proof of Theorem 7.15 that the matrix N has the skew-Borel decomposition

7]

0 0
N+c,N+d _Eg\jf)—d(@) ol

given by (7.52) whereby the upper-triangular matrix Ry defines the family of skew-orthogonal
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polynomials ®¢(x),...,Py_1(z) by
N
Oy-i(2) = 3[RV ], dum(t) @) (7.70)
j=1
We emphasise here that, while this defines a family of N functions &y, only the first N - M

will explicitly appear in final expression for the kernel.

Now consider the matrix P defined by (7.68). Using (7.56), and due to the restriction on the
initial coordinates yy; > N — M + 1, which implies that y, > N —k + 1 for each 1 <k < M, the

matrix P may be decomposed as

P:

Su

where &y is an upper-triangular M x M-dimensional matrix. Its diagonal entries are calculated
using (7.55) as [Sm]y,, = EE\’;Zk(Tk) = (=1)k+t du L et = (~1)k for 1<k<M

Y01 27 (1—u)u Yk*i=Fk+l
(again due to our condition on y,/), so it follows that this matrix is invertible.

From this and the skew-Borel decomposition of A/, the skew-symmetric matrix M is given by
T -T -1 Su
M=-] 8I, 0 |RJINRS Nt

Since the matrix Ry in the skew-Borel decomposition of N is upper-triangular, one checks
directly that if ﬁAN/[ is the M x M-dimensional minor of Ry consisting of only the first M rows
and columns!®, then the top left M x M block of Ry} is (RY,)~!, and thus the above can be
written as

M = =83, (Ry) " T (Ry) ™ S

Thus the inverse of M can be calculated as
M =S RN Ty (RANTSE. (7.72)
Let us now define the family of functions Yn_p(x),..., Tn_1(z) by
N —
Tni(e) = LSRN D 0 |RY ] dum () (7.73)
i :

foreach 1<k < M.

We now proceed to evaluate each of the sums in (7.69) individually in order to calculate the

18Tn general, the minor RY; is not equal to the matrix Ry, which emerges from the skew-Borel decomposition
of the analogous matrix N for a system of size M. Rather, Ry is the minor consisting of the last M rows and
columns of Ry.
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terms KA, KB, K€ in the Pfaffian kernel explicitly.

(A) The function KA(i,x1; 7, z2) is identified with the first sum of (7.69) which is over 1 < a,b <
N. The calculation of this sum follows in a similar way to that of the proof of Theorem
7.15. We note that, using (7.72), we may express the product N-'"PM-TPTN -1 as

S —~ ~
RZ_VTJNR]_VI[ K]SﬁRJJ\\}JM(Rﬁ)TSMT[ Sy 0 :IRJ_VTJNRZ_VI

—~

-T -1 721\]\[4 5 -T -1 -T Ju 0 -1
=RY VRN | JM[ (RY)T 0 ]RN IRy =Ry | R
In this calculation we have used the fact that Ry} [ﬁ(;nvf] = [Igf ], which follows from the

upper-triangularity of Ry. And so, we may express

NT-NTPMIPIN = —R;VT[ 00 ]R]‘Vl. (7.74)
0 Jn-m
Now let us define a kernel Tp : Z x Z - C by
N
ﬂ(ul, 1/2) = Z ((]5[]97]\7] )T (Vl, Tk) [N_l —N_IPM_IPTN_I:Ik ‘ ¢[Z,N](T€7 VQ). (775)
k=1 ’

Using this kernel, we may write KA given by the first sum in (7.69) as

KA((iaxl)a (j,l‘Q))
(‘Ij(i,N] * Ta * “I’[N,j)) (xlu I2) - (‘I’(i,N] * T * Qb—(j,N]) (9517%2) (7-76)
T T )
((¢—(i,N]) * Ta * qj[N,j)) ($17$2) - ((Qb—(i,N]) * Ta x ¢—(j,N]) ($1,$2)

where, using the matrix decomposition (7.74) and (7.70), the kernel (7.75) can be expressed

as
N
77A(V1,V2) == Z q)N—a(Vl) [JN]a,b (I)N—b(iv)
a,b=M+1
(N-M)/2-1 (N-M)/2-1
= Y Do) Pk () = Y Porr (1) Por(1n),
k=0 k=0

so that 7Ta coincides with the definition of Ty_js. After substituting this into (7.76) we
may identify the form of the kernel (7.63).

(B) The function KB(i,z1;7,x2) is identified with the sum of the second and third sums of
(7.69) which are over 1 <a< N,1<d< M and 1 <c<M,1<b< N respectively. We will
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(€)

explicitly calculate the third sum since the second sum follows in a similar fashion via

skew-symmetry.

We have
MAPTN = =Sy RY Ju(RY) ST [ ST, 0 | R IRA = SR [ T 0 ]R3

We may then calculate the third sum of (7.69) as

M N =0 (z1) || O 0
B8l 0 st agea |

Tl o]
bJ)(Tb’xQ) b] (Tbva) '

Using the definition of the family of functions Y y_j (7.73), the previous expression may be

written as
3 0 0 0
e=1i=1]| O 0 0 [IM]CJ{; —(Crer * ‘I’(Nj)) (22) (Ywvor o d-(n) (22)

_ %4: [ E%),k(%) (TN—k * \I/(N,j)) (72) _‘N k(ffl) (TN kO O-(,N] ) (2) ]
k=1 0 ’ |

in which the function Tg{,zk defined by (7.57) may be identified. Now accounting for both
the second and third sums of (7.69), we may express the kernel term as the expression

(7.64) for KB.

The function K<(i,21;7,22) is identified with the fourth sum of (7.69) which is over
1 <ec,d< M. This is explicitly calculated as

M E(l) M—l E(]) 0
KC(i,1;5,72) = )] vl O]C’d ) 0
c,d=1

To see that this coincides with the expression for K¢ given by (7.65) we need to show that

I:Mil]c,d = TN—c * U x TN—d-

In order to check this we use the definition of the functions YT, to write the right hand side
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as

N . I —~
i,j= ’

Jd

Nt P
=Azl[5MlRJAV4[IM 0 | R IV, [RNTI g](Rﬁ)TSMT]
INE ) jd
= [SuRN I (RY) ST . 4

where we used again the skew-Borel decomposition of N. In view of (7.72), the right hand
side is exactly [M™1]. 4.

With these calculations, we have explicitly determined the Pfaffian kernel in terms of known
functions and the new functions ®¢, ..., Py_p-1 and Y y_ps, ..., Ty-_1. In order to finish
proving that the kernel coincides with the one in the statement of the theorem, we need to
prove that these functions are polynomials of the correct degrees and that they satisfy their
defining relations (7.58), (7.59) and (7.60).

The functions @y, ..., Py_p-1 were defined by (7.70) in the exact same way as the extended
family ®g,...,Px_1 was in the proof of Theorem 7.15, so, the first N — M of these functions
are polynomials of the correct degrees and they inherit their skew-orthogonality relations
in exactly the same manner. Note that the relations (7.58) for the first N — M functions
are self-contained, so these functions are determined by these relations (up to N — M free

parameters which are not consequential) as in the previous proof.

That Y, is a polynomial of degree ¢ follows from (7.73) because [Sﬁﬁﬁ[[ M O]R]‘Vl]kj =0 for
j >k and each ¢ n1(f;,7) is a polynomial of degree N — j. In order to determine the relation
(7.59) we use the decomposition of the matrix P from (7.71) to write (¢pjn] * En-e) (t;) =

[ S ]je’ so that
o0 N —
21 YT r(x)Zn_e(x) = Z; [SJQ}RJA\Q [ Iy O ]ijl]k] (¢[j,N] * EN—f) (1;)
z= j= ’

[oumi[ 1 o | 1], ([ o ]I, e

where in the third equality we used once again the fact the top left M x M block of Ry} is

(RY)~1 and where the value of the A block is irrelevant.

To prove the skew-orthogonality relation between the two families of functions, (7.60), we
write, for 1 <k<M and 1 <1< N - M,
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N
Z TN k($1)\11($1,$2 (I) (513'2 = Z[ 17/?\/5\\[4[ IM O ]R;\]l:lkjgb[j’N] *‘If*(bi(Tj)

x1,x2=1 J=

=§;[Sﬁﬁ]\]\f4[ Iy 0 ]]k7€¢N—£*qj*q)i= [Sﬁﬁﬁ[ Ju 0 ]]

—_

k,N—i

where we have used both the definition and the skew-biorthogonality relation of the entire
family of functions {®g,...,Py_1}. The relation (7.60) follows by noting that the matrix

entries of the final expression above are equal to zero whenever ¢ < N — M.

To finish the proof we need to extend the result to the case of odd N and M. We will do
this by comparing with a system with M = M + 1 initial particles and N = N + 1 final ones,
placing an additional initial particle very far to the right. To this end, given the initial particle
positions y = (y1,...,yn ), we introduce a new collection of particle positions ¢ = (41, ..., ¥ir)
by

=1L, Ui =Yi-1, 1=2,-M+1,

where L is an auxiliary parameter which we will ultimately take to infinity. Note that, for
large L, ¢ satisfies 4, > N — k + 1 thanks to the analogous conditions for y. Then from the case
with N and M even,

..........

(7.77)

where we have included the initial condition 7 explicitly in the subscript, where p; = p; + 1

k=1

By |1 (0> )

with 1 <p; < - <p,n < N and where K denotes the kernel K computed above, with N and
M replaced by N and M and K(i,-;j, )=K(i+1,5+1,-). Now for very large L, the first
particle (which starts at L) is very likely to not interact with the rest of the system by time
t: in fact, the probability that the second particle is blocked by the first one at any moment
before time ¢ is bounded by the probability that a Poisson random variable with parameter ¢
is greater than L —y; — 2. Using this, and after suitably shifting the particle labels, it is not

hard to see that the left hand side above converges as L - oo to

X - N].

So what remains is to compute the limit of the Fredholm Pfaffian on the right hand side of

P, Lﬁ (Xo(pe) > ax)

(7.77). The argument is relatively simple, so we will only sketch it.

Consider each of the terms making up K. The first one is K 0. which does not depend on N,
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M or L, and which clearly satisfies K = K°. The second one is given by (7.63), and now reads

‘1’(1‘+1,N) * T * \I/(N,j+1) —‘I’(i+1,z\7) * Tnon © ¢_(j+1,1\7]
T (ZL‘hZEQ).

KA(ivxl;j7x2) =
—(+1,N] © Tn-m * U(5,j+1) _¢:—F(i+1,1\7] o Tn-wm © ¢—(j+1,1\7]

Note that it also does not depend on L and that, in fact, KA = KA.

For the remaining two terms we need to compute limits in L. But this is simple once one notes

that Z5_q(x) — 0, as follows easily from (7.10) since y; = L. So, for instance,
> M, (i+1) (j+1)
Llim KB (i,21;7,29) = - Z Exp (1) Tjé_k (22) = KB (i,21; 7, 22).
—00 =2

Similar expressions hold for the other limits, and we deduce that lim;_,., KB = KB. In a similar
way we get limy_, o KC=KC. A bit more work shows that the limit holds in a strong enough
sense (e.g. trace class) so that it can be taken inside the Fredholm Pfaffian. Using this on the
right hand side of (7.77) yields the claimed formula. O

7.2.4 Reduction to full-space TASEP

One important consequence of Theorem 7.19 is that the conditional joint distribution of
the half-space TASEP reduces the well-known joint distribution of the full-space TASEP. In
this way, Theorem 7.19 may be regarded as a generalisation of the Fredholm determinant

expressions obtained in the literature.

Corollary 7.21 (of Theorem 7.19). Let N >0 be a fixed integer and let y = (y1,...,yn) be
an ordered set of coordinates, and assume that yy > 1. Moreover, let To(x),..., Ty _1(x) be a
family of polynomials where Y is of degree k. Let these polynomials satisfy the biorthogonality
relation (7.59). The full-space TASEP with initial conditions given by y has joint distribution

given by the Fredholm determinant expression

P [m X(p) > ak}] et~ TR X, ey (779

pel TR T AT AR

whose kernel is given by

J . )
K(i,x1;,22) = —Licjopjy (@1, 22) + Y. E%)_k(xl)T%Zk(@) (7.79)
o1

More generally, if y = (y1,...,yn) is any ordered set of coordinates in Z, the full-space TASEP

joint distribution with initial conditions given by y can be written as (note that the Fredholm
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determinant is now over 2({p1,...,pm} x 7))
P lﬂ {Xe(pe) > ak}] =det( = XaK Xa) e2((p,....pm3x2) (7.80)
k=1

and the kernel K can be expressed as

oo .
K(i,21;§,22) = —Licjop jy (21, 22) + ). fio(@1) g (22), (7.81)
pr

with
fip@) = (-D)FE (@),

which we regard as being defined on Z directly through (7.54), and where the family {g?, ..., 9?—1}
is defined as follows: gz is a polynomial of degree ¢, and these j polynomials satisfy the (full-

space) biorthogonality relations

> Fi(@)gi(x) = b (7.82)

zeZ

Moreover, the formula (7.80) recovers the one derived for this model in Proposition 3.1 of [BF08].

The formula derived in [BF08] is for a more general model in full-space, namely PushASEP
with jump rates which depend on time and on the particle; to compare their formula to (7.80)
one needs to set all their v;’s to 1 and take a(t) =1 and b(¢) = 0. Similar formulas were derived
earlier for full-space TASEP in [Sas05, BEPS07], under a formalism where the ¢;’s are flipped

with respect to our setting.

Proof of Corollary 7.21. If ynx > 1, the probability on the left hand side of (7.78) can be
computed from Theorem 7.19 with a =0 and M = N, and is given by the Fredholm Pfaffian
on the right hand side of (7.61) satisfying |X;| = N. Now, since M = N, we note that the only
(bi)orthogonality relation of the T polynomials is (7.59), while K vanishes. In particular, the
Ky of the kernel completely vanishes. Now recall the following property, found in Section 8

of [Rai00], whereby a Fredholm Pfaffian reduces to a Fredholm determinant:
Pf(J - K)LQ(X) = det([ - K12)L2(X)7

whenever Kyy(x1,22) =0 for all x1, 25 € X. This property implies that the right hand side of
(7.78) reduces as

,,,,,
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K can be expressed explicitly as
S (1) ()
K(i, ml;j7$2) = —1i<j¢[z',j)(951,$2) + Z Eka(xl)T]\]Lk(IQ)' (7'83>
k=1

Now note that since g © ¢_¢; j17(x) = g(¢) — g(x - 1) and since Y y_, is a polynomial of degree
N —k, then T y_j ¢ ¢_(j j1] is a polynomial of degree N —k -1, and thus TE\J,)_,C is a polynomial
of degree j — k if k < j, while

TP, =0 ifk>j.

In particular, the formula (7.83) becomes (7.79).

Now, assuming still that yy > 1, define f/, as in the statement of the corollary and let

g (@) = (DY (@),

so that (7.79) can be expressed as (7.81). We know already that gg is a polynomial of degree ¢
for =0,...,7-1, and we claim that the two families of functions satisfy (7.82). In fact,

Y @) gl ()= Y =0 @)Y noe() - (1, 7) = 3 by © E0(2) Tv-e(2)

xe x, Y€l Tel

- ZZ Eni(2)Tn_o(),

and the last sum can be restricted to x > 1 because Zy_i(x) = 0 for < 0 thanks to the

condition yx > yy + N —k > N —k, so (7.59) ensures that it equals Jj ¢

Consider now a general choice of initial condition y = (y1,...,yx). By translation invariance,
if we fix L > 0 and shift all the y;’s and all the a;’s by L, the probability on the left hand side
of (7.80) does not change. Then letting y; = y; + L and a; = a; + L, if L is large enough so that

yn > 1 then previous case yields

[T R RS — (784
where K is defined as in (7.81) but using 7 instead of y. But it is easy to see, from the definition
of ¢p; ;) and f/,, and using the fact that the g/ ,’s are defined through the biorthogonalisation
problem (7.82), that K(i,71 + L;j, 2o + L) = K(i,21; j,72) (i.e., shifting the variables in the
kernel is equivalent to shifting back the y;’s). So performing this change of variables in the

kernel inside the Fredholm determinant in (7.84) we get

,,,,,
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Taking L — oo yields (7.80). Checking that this formula coincides with the one given in [BF08|
in the case of full-space TASEP is straightforward. O]



Appendix A

Properties of Pfaffians

A.1 Definition and identities
A Pfaffian is defined for a skew-symmetric 2n x 2n-dimensional matrix A with entries a; ; as

PfA-= % S (D) T ao(@i-1),0020)-
N es, i=1
The determinant of the same even dimensional skew-symmetric matrix A is the square of a
polynomial in its entries. It can be shown that the determinant is exactly the square of the
Pfaffian:
det A = (Pf A)*.

The Pfaffian of a skew-symmetric 2n x2n matrix A changes sign under simultaneous interchange
of rows and columns of the same index. A simple consequence is the following: if A is given

and A is the reordered matrix
[A].; = Astyoti

with o € Sy, specified as
o(2i-1) =1, o(2i)=n+i for eachi=1,...,n,

then
Pf(A) = (-1)5) PE(A). (A1)

This Appendix appears in the preprint [P2]|, where Lemma A.3 has been added.

180
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Pfaffians may also be thought of as generalisations of determinants: for an arbitrary m x m-

dimensional matrix B, the following identity also holds

0 B

det(B) = (-1)(2) Pf[ . (A.2)

-BT 0
The following Pfaffian identity, found in [Okal9], is a generalisation of (A.2).

Proposition A.1. Let A be a skew-symmetric n x n-dimensional matrix and let B be a

n x m-dimensional matrix. The following Pfaffian evaluation holds: whenever n +m is even

Z(—l)zisi PfAsdet B(SC;[m]) ifn>m
S

A B B
Pt = (1) x{4et B ifn=m>

-BT 0

0 ifn<m

and whenever n +m is odd

A in B AS in—m
~ n Z(—l)ZiSi Pt . detB(Sc;[m]) ifn>m
Pf| -17 0 0 |=(-D)Emm g 17 0 ,
-BT 0 0 0 if n<m
where the sum is over subsets S ¢ {1,...,n} of cardinality n—m and S¢ denotes its complement.

We have used the shorthand notation [m] = {1,...,m}.

Proof. The version of the result where n+m is even is given explicitly as Corollary 2.4 of [Okal9].
Meanwhile, the odd version can be obtained as a special case of the even version where the
last row and column of an extended skew-symmetric matrix A are set to be +1 appropriately

and the last row of an extended matrix B is set to zero. OJ

The following identity, due to Stembridge [Ste90] is crucial to our work.

Lemma A.2 (Stembridge’s Pfaffian). Let x1,...,2,, be an alphabet of fixed length m. The

following Pfaffian identities hold: when m = 2n is even

ZEZ‘—Ij

=Pf[S(x;, x; y
1<icjzon 1 = TiTj L5z ])]lgmgn’

and when m =2n -1 is odd:

T — 1 S(@i, xjhsijeon—1 Lop-1
. = Pf ,
1<i<j<2n-1 1 = il -iT
1<j<2n J 12n—1 0
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where
Xr; — Ij

S(ZEZ',ZL‘]‘) =

1- T '
The following identity also appears in [Ste90].

Lemma A.3. Let A and B be skew-symmetric m x m matrices. Then we have

PE(A+B)=3(-1)" T (-1)%5 Pf (As) Pt (Bs.), (A3)
r=0 Sc[m]
|S|=r

where S¢ denotes the set which is the complement to the set S w.r.t. [m].

A.2 Pfaffian integration formulas

The following result, due to de Bruijn [dB55], is the Pfaffian analogue of the Andréief identity.

Lemma A.4 (de Bruijn’s integration formula). Let m >0 be a fixed integer and let x be an
appropriate measure on a region X. Let gy, ..., g, be functions and let h be an skew-symmetric
function of two variables which are all integrable over X with respect to p. Then the following

identities hold: when m = 2n is even

it ) s, et 0,10 PIAGE ) 1 = PECA).

and when m =2n -1 is odd

h(w;, w;)1<ij<on-1 Lon-1

1
mLdu(wl)...'/Xd/ub(wh_l)det[gj(wi)]1<i7j<2n_1Pf _ig* 1 0

A b
i oo |

where A is a skew-symmetric m x m-dimensional matrix and b is a vector of length m. The

= Pf

matrix elements are given as:

(AL = [ duw) [ du()giw)g;()h(w,w),
[0), = /. duw)gi(w).

for each 1 <4,7 <m.

The following Lemma is generalisation of Lemma A.4 which appeared in the work [KG10].
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Lemma A.5 (Generalised de Bruijn’s integration formula). Let £ > m > 0 be fixed integers and
let 1 be an appropriate measure on a region X. Let fi,..., fe-m, 91, .-, gm be functions and let
h be an skew-symmetric function of two variables which are all integrable over X with respect
to p. Additionally let S be a constant skew-symmetric matrix of dimension (¢ —m) x (£ —m).

Then the following identities hold: when /¢ is even

h(w’u w] )1<7, ,J<m fk(wl) 1<1;izmm

I (wy) rgestm S
A C
-cT S

(D 2wy [ i) det g5 PE

= Pf

]m@

and when ¢ is odd

h(wiij)léi,jgm im fk‘(wl) 1<i<m

1<k<l-m

(D fWW)waWMM%Wﬁf -ir 0 0
~fe(w)igesm 0 S

A b C

=Pf| b7 0o 0

-cT 0 S

where A is a skew-symmetric m x m-dimensional matrix, C' is an m x (¢ — m)-dimensional

matrix and b is a vector of length m. The matrix elements are given as:

= [ dutw) [ du(w)giw)g;(h(w,u),
Clix= [ dn(w)gi(w) filw),
= [ dutwgi(w),

foreach 1 <i,j<mand 1<k<{-m.

In fact, a more general version of Lemma A.5 appeared in [KG10] involving a additional
constant matrix augmented to the rows of the matrix in the determinant of (A.4). However,

this more general result is not needed for our purposes here and we will not present it.

The well known Andréief integration identity can be recovered from (A.4) by taking ¢ = 2m
with h(w,u) =0 and [S];; =0 for all 1 <4,5 <m.



Appendix B

Skew-biorthogonal Polynomials

In this appendix we provide explicit formulas for the skew-biorthogonal polynomials which
are characterised by the relations (7.39). We start with a general result for the Cholesky type

skew-Borel factorisation of a skew-symmetric matrix.

Proposition B.1. Let m be a fixed integer and let M be a fixed 2m x 2m-dimensional

skew-symmetric matrix such that the minors
(Mg, for2j-1<k <2m
are invertible for all 1 < 7 <m. Then M has a skew-Borel factorisation of the form
M = Ry Jom R,

where R,,, is an upper-triangular 2m x 2m-dimensional matrix which is uniquely determined

up to setting [Rom]y; 19, =0 and [Ran ]y, =1 for each 1< j <m. Also where

ol 22) (22

A proof of this result can be found in [BBF*00] with an alternative formulation for the matrix
Jom. Instead of presenting a proof of Proposition B.1, we demonstrate that the matrix Ry,
can be explicitly given in terms of 2 x 2 blocks of Pfaffian minors. For a 2m x 2m matrix, let

us denote its construction in terms of 2 x 2 blocks by:

(A)ij =

[A]2¢—1,2j—1 [A]2i—1,2j]
[A]Qi,Zj—l [A]Zz}?j

This Appendix appears in the preprint [P2].
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for 1 <i,7 <m.
Proposition B.2. Let I c {1...,2m} be an ordered list and let

Pf M[ = Pf[Mk,Z]k,ZeI

denote the Pfaffian of the sub-matrix of M consisting of columns and rows labeled by I with
the convention that My = 1. The matrix R,,, of the skew-Borel factorisation of M has the

explicit form given in terms of 2 x 2 blocks as:

Pf Misic1gjyor2i+1.2m) - PEMisic1gj-13025+1,2m]
Pt M2j:1,2m) Pt M2j-1,2m) o
, 1<i<j<m
Pt Mpgigjorzjerem)  PEMgigj1yopzje,2on
Pt M2j11,2m] Pt M2;-1,2m]
Pt Mi9i_1 9m
<R2m>i,j = # 0 )
[2i+1,2m] : i=j
0 1
0 0 .
) 1<j<i<m
0 0

for each block 1 <4,j <m. The inverse R;} similarly may also be written in terms of 2 x 2

blocks and is given explicitly by

PEMpgioiompg2i2i-1y  PEMgici 2mp\2i25)
Pf M[QZ'_LZm] Pt M[Qi—l,Qm]

L 1<i<j<m
 PEMpaiom2j-13 P Miaiam\(25)

Pt M[2i+1,2m] pf M[2i+172m]
_ Pt Misi1.9m
<R2n11>”_* 2i12m]
pt M[Qi—l,Zm] , 7 :j
0 1
0 0
7 1<y3<i<m

0 0

Recall that ¥(x,y) = Q11(z,y), where Qy¢(z,y) is defined in (6.49) as

dv pdw v-w wh-zet(w-1) vlyet(v-1)
ﬁé%l—v—w (w-a)(w-1)F(v-a)(v-1)¢

Que,y) =a* §

5 2mi

The following is a simple application of the generalised binomial identity on the integrand of

Qk,z(%y)
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Lemma B.3. Let us denote, by 0;, the polynomials from (7.34) so that for a fixed integer N

dzl( )x_(x+i—2)

omizi\1-2) "\ -1 )

where the contour surrounds z = 0 while omitting all other singularities of the integrand. Then
the following holds for all 1 <i,7 < N:

O4(x) = - m(fio1) = §

i i @i(x)Q1,1(l’, y)@j(y) = Qi+1,j+1(1, 1)-

z=1y=1

Recall the definition of the skew-symmetric matrix A" from (7.48). Lemma implies that the

entries of this matrix are given by

[N]k,g = Pre,Ny * U ox (Qb[z,N)T (thy Te) = QNkaa,N-e+2(1, 1),

for each 1 <k, ¢ < N. The following result follows by the application of the explicit skew-Borel
factorisation of N = Ry JyRY from (7.52), so that Ry is an upper-triangular N x N matrix
and determined by Proposition B.2. Let us also denote, for I ¢ [1, N] which has an even

cardinality, the following sub-Pfaffian of the matrix which appears in Corollary 6.24:

Pf @I = P [Qiv1,5+1(1, 1)]%]’61’

Proposition B.4. Let us define the family of polynomials @, ..., ®y_; which satisfy the

skew-biorthogonalisation relations from (7.39), so that ®(z) is a polynomial in z of degree k:
Z Z $N—k($)\1’(x>y)61v—é(y) = [JN]W, 1<k, L<N. (B.1)
z=1y=1

These polynomials are constructed explicitly as

N

aN—k(ﬂU Z[ ] @N—g+1(l’)

where R} is the inverse of the upper-triangular skew-Borel matrix of . Moreover, it is
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constructed explicitly out of 2 x 2-blocks, where!?

Pf Q1 n-iv2]\[N-2i+1,N-2j+2} Pt Q1 N-2i+2]\ [ N-2i+1,N-2j+1}
Pf Q1 n-2iv2] Pf Q1 n-2i+2] ,
~ ~ , 1<i<y
 PEQpuv-2ianv-2je2) Pt Qi nvo2is1\(v-2j+1}
Pf Qi nv-2i) Pf Qi nv-21)
<Rz_\71>” = ~ Pf?[l,N—?i] 0
Pf@[l,N—2z‘+2] , 1=7
0 1
(0 0), 1<y<
0 0

for each 1<4,j < N/2.

Recall Remark 7.16, whereby the skew-biorthogonal polynomials which satisfy (B.1) are defined

up to N free parameters. Proposition B.4 constructs an explicit family of these polynomials,

®;,, which corresponds to the choices [Rilgj 105 =0 and [Ry]y,,; =1 for each 1< j < N/2; as

is made in Proposition B.1.

9The signs have been modified from the conventions of Proposition B.2 since the underlying matrices satisfy

PN = (D)2 PE[Qrs1,001 (1, 1) 1 e e



Appendix C

Matching with Tracy—Widom Transition
Probability

Let us consider the following expression from the proof of the initial condition of Theorem 2.1
of [TWO8]. In the aforementioned work, the authors consider ASEP on Z is considered with a
left-hoping rate of ¢ and a right-hoping right of p, subject to the normalisation p+¢=1. We
will consider a modification of their integral expression where the normalisation is relaxed and

we set p =1. This is given by:

d§1 dgN o
e ° IN—i+1 ¢~YN—i+l
Ley(0)= fom ﬂg 27 HN F (& s%m)l—lia(l & , (C.1)

where
1+q&& - (1+ )&

1+¢&& - (1+ )57

and where 0 is a contour surrounding the origin, & = 0, with a sufficiently small radius to avoid

f(& &) = -

all other singularities. Let us also emphasise that the convention of labelling individual particle
coordinates in (C.1) are consistent with the main body of this text. We note that the particle
coordinates of [TWO8| are the reverse to our conventions. That is, we consider x1 >--- > zy as

opposed to x1 <--+ < xy, which is the reason for zx_;;; appearing in (C.1) rather than x;.

For any configurations x,y, it is proven in [TWO08] that the following sum vanishes:

>, IiV(o)=0. (C.2)

oeSy\{id}

The proof of this statement is involved. It is made necessarily more complicated by the fact

This Appendix appears in the preprint [P2].
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that individual terms in the sum (C.2) are in general non-zero after the integrals are evaluated.

Now recall the integral expression from the proof of Lemma 6.6 given by (6.46). We will show
here that this integral expression obeys the vanishing summation property (6.47) by explicitly

matching our expression with (C.1). Let us consider the integral expression (6.46) under the

change of integration coordinates w; — 11_;5 After straightforward algebraic manipulation, for

any 7 € Sy, (6.46) is given by:

d& | [dén .
Lo = $oi$om I S &m)H& &u (€3)
T(1)>7(5)

From here, for each individual fixed 7, we may simultaneously relabel the integration coordinates
of (C.3) by & = ;) for the permutation defined by p = (r(1))", where r(7) = (7(N),...,7(1))
is permutation which is the reverse ordering of 7. We emphasise here that we are allowed to
freely change the order of integration after relabelling since all contours may be deformed to

be the same. Under this procedure, the quantity (C.3) associated with 7 is

d
Ix,y (T) = }g& €N H f(gN z+1a£N ]+1) Hffg,)l(;lf YN-ie1” 1 (C4)

5 27 § 2m giisn
T(@)>7()
We now claim that the integrands of (C.1) and (C.4) agree whenever their respective permuta-

tions are related by the following
T=r ((7“(0))’1) )

This relationship is precisely equivalent to saying that 7 is the marror image of o. That
is, if, as expressed a reduced word in simple transpositions s; which generate Sy, we have
T = Sk, Sk, for some sequence ky,...,k, € {1...,N —1}. Then we have the corresponding
expression o = Sy_k,+1-*SN-k,+1- Additionally, we note that this correspondence preserves the

identity, i.e. 7 =1id corresponds with ¢ =id. Using this correspondence, we may conclude that

Y Ly(n)= ) I)(9)=0,

reSxn\{id} oeSy\{id}

which is the desired result.
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